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Abstract. This paper is dedicated to the expansion of the framework of general
interpolant observables introduced by Azouani, Olson, and Titi for continuous
data assimilation of nonlinear partial differential equations. The main feature of
this expanded framework is its mesh-free aspect, which allows the observational
data itself to dictate the subdivision of the domain via partition of unity in
the spirit of the so-called Partition of Unity Method by Babuska and Melenk.
As an application of this framework, we consider a nudging-based scheme for
data assimilation applied to the context of the two-dimensional Navier-Stokes
equations as a paradigmatic example and establish convergence to the reference
solution in all higher-order Sobolev topologies in a periodic, mean-free setting.
The convergence analysis also makes use of absorbing ball bounds in higher-
order Sobolev norms, for which explicit bounds appear to be available in the
literature only up to H?; such bounds are additionally proved for all integer

levels of Sobolev regularity above H?2.
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1 Introduction

In recent years, several efforts have been made to develop a first-principles under-
standing of Data Assimilation (DA), where the underlying model dynamics are given
by partial differential equations (PDEs) [2,6,8,11,13,20,39,40,54,56,57], as well to
provide rigorous analytical and computational justification for its application and
support for common practices therein, especially in the context of numerical weather
prediction [1,3-5,24-30,32,36,38,41,42,50-52,55]. A common representative model
in these studies is the forced, two-dimensional (2D) Navier-Stokes equations (NSE)
of an incompressible fluid, which contains the difficulty of high-dimensionality by
virtue of being an infinite-dimensional, chaotic dynamical system, but whose long-
time dynamics is nevertheless finite-dimensional, manifested, for instance, in the
existence of a finite-dimensional global attractor [16,31,59]. Given a domain QCR?
the 2D NSE is given by

Ou+(u-V)u=—-Vp+vAu+f, V-u=0, (1.1)

supplemented with appropriate boundary conditions, where u represents the velocity
vector field, v denotes the kinematic viscosity, f is a time-independent, external
driving force, p represents the scalar pressure field. The underlying ideas in the
works above, though originally motivated in large part by the classical problem
of DA, that is, of reconstructing the underlying reference signal, has since been
extended to the problem of parameter estimation; we refer the readers to the recent
works [17,18,53] for this novel application.

Central to the investigations of this paper is a certain algorithm for DA which
synchronizes the approximating signal produced by the algorithm with the true sig-
nal corresponding to the observations. The algorithm of interest in this paper is
a nudging-based scheme in which observational data of the signal is appropriately
extended to the phase space of the system representing the truth, (1.1). The interpo-
lated data is then inserted into the system as an exogeneous term and is subsequently
balanced through a feedback control term that serves to drive the approximating
signal towards the observations. In particular, we consider the approximating signal
to be given as a solution to the system

O+ (-Vv==Vq+vAv+ f—u(lv—Iu), V-v=0, (1.2)
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where u represents a solution of (1.1) whose initialization is unknown, I,u represents
observed values of the signal u, appropriately interpolated to belong the same phase
space of solutions to (1.1), h quantifies the spatial density of the observations, and
[t is a tuning parameter, often referred to as the “nudging” parameter. The algo-
rithm then consists of initializing (1.2) arbitrarily and integrating it forward. The
remarkable property of (1.2) is that although the feedback control —pu(Iv—Inu)
only enforces synchronization towards the observations, full synchronization of the
signals v and wu is nevertheless asymptotically ensured. Indeed, this property is
conferred through a nonlinear mechanism, referred to as a Foias-Prodi property of
determining values in the context of the 2D NSE, that is inherent to the system it-
self [19,33,34,44,45]; this mechanism asymptotically enslaves the small scale features
of the solution to its large scale features in the sense that knowledge of the asymp-
totic convergence of the large scale features of the difference of two solutions auto-
matically imply asymptotic convergence of its small scale features as well. Morally
speaking, any system which possess this property “asymptotic enslavement” of small
scales to large scales would guarantee the success of the nudging-based algorithm.

The “nudging algorithm” was originally introduced by Hoke and Anthes in [37]
in 1976, for finite-dimensional systems of ordinary differential equations. In a sem-
inal paper of Azouani, Olson, and Titi [2], this nudging scheme was appropriately
extended to the case of partial differential equations via the introduction of the “in-
terpolant observable operator,” denoted by I, above. There, it was shown that for
i,h >0 chosen appropriately, that v and u asymptotically synchronize in the topol-
ogy of H'(2), that is, in the topology of square-integrable functions with square-
integrable spatial derivatives. On the other hand, it was observed in the computa-
tional work of Gesho, Olson, and Titi [36] the convergence, in fact, appeared to be
occurring in stronger topologies, for instance in the uniform topology of L>(2). This
phenomenon was analytically confirmed in [10] in the setting of periodic boundary
conditions, where the observational data was given in the form of Fourier modes. In
this setting, it was furthermore shown that synchronization occurs in a far stronger
topology, that of the analytic Gevrey topology, which is characterized by a norm
in which Fourier modes are exponentially weighted in wave-number, provided that
sufficiently many Fourier modes are observed. A distinguished property of this norm
is that its finiteness identifies a length scale below which the function experiences an
exponential cut-off in wave-number, and thus, can be reasonably ignored by numer-
ical computation. In the context of turbulent flows, this length scale is known as the
dissipation length scale and is directly related to the radius of spatial analyticity of
the corresponding flow [7,31,35,49]. Hence, the result in [10] rigorously established
that the nudging-based algorithm synchronizes the corresponding signals all the way
down to this length scale.
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The case of other forms of observations, e.g., volume element, nodal values, etc.,
was not, however, treated in [10]. One of the central motivations of this paper is
to therefore address these remaining cases. In order to do so, we develop a mod-
est, general analytical framework in the spirit of [2] that ultimately allows one to
demonstrate higher-order synchronization for the nudging-based algorithm, namely,
beyond the H'-topology, and in particular, any L?>-based Sobolev topology. This
framework accommodates a significantly richer class of interpolant observable opera-
tors based on the notion of a local interpolant observable operator, which effectively
allows one to use any mode of observation within any local region of the domain.
These local interpolants are then made global by introducing a smooth partition of
unity that allows one to patch the various observations across the domain and inter-
polate them appropriately into the phase space of the system. Although partitions
of unity were already considered in several previous works for the nudging-based
algorithm [2,13,41,42], the partitions of unity used there were fixed and explicit,
while in this work, we directly introduce the partition of unity as an additional pa-
rameter. Indeed, the most attractive feature allowed by the framework developed
here is that it liberates the observations from the situation conceived in [2] of be-
ing constrained by a given distribution of measurement devices across the domain.
Moreover, the possibility of having different spatial densities of measurements across
the domain is also accommodated by this framework. This, of course, corresponds
to the situation where more spatial measurements are simply available in one region
of the domain compared to others. We note that this construction is akin to the
“Partition Finite Element Method” introduced by Babuska and Melenk [9], where
finite element spaces were generalized to be “mesh-free” in an analogous way via
partition of unity, thus imbuing them with a greater flexibility. We also refer the
reader to the recent results [5] and [43]. In the former work, the efficacy of the
nudging-based algorithm in the situation of having observations available only in
a fixed subdomain is assessed. The latter work studies higher-order interpolation
using finite-element interpolants over bounded domains and the solution produced
by the subsequent nudging-based algorithm is compared to solutions obtained by
direct-numerical simulation from a semi-discrete scheme.

In Section 2, we introduce the functional setting in which we will work through-
out the paper. Note that we will work exclusively in the periodic setting; the case
of other boundary conditions will be treated in a future work. In Section 3, we
introduce the notion of “local interpolant observable operators” and construct a
“globalization” of them via partition of unity. Their approximation properties are
subsequently developed and several nontrivial examples are provided (see Section
3.1). We point out that due to the amount of flexibility allowed by this construction,
a significant portion of this work is dedicated to organizing its salient properties and
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ultimately identifying the combinations of interpolating operators that ultimately
ensure well-posedness of the nudging-based algorithm and the important synchro-
nization property described above. Rigorous statements of the main results of the
paper are then provided in Section 4 followed by several remarks. In order to clar-
ify the detailed relation between the structure of the interpolant operators and the
system, we introduce hyperdissipation into the system. Of course, all of our results
contain the original, non-hyperdissipative case. In fact, a key feature of the results is
that synchronization in higher-order Sobolev spaces can be guaranteed under essen-
tially the same assumptions on p, h as were made in [2], i.e., the assumptions exhibit
the same scaling in p, h. In Section 4, we further identify alternative structural as-
sumptions one can make on the interpolation operators that allow one to consider
different families of operators that ultimately lead to the synchronization property
(see Section 3.2). The proofs of the main statements are provided in Section 5. We
point out that in order to properly quantify the assumptions on u, h required by
the analysis to guarantee higher-order convergence, it is crucial to identify absorb-
ing ball estimates with respect to the corresponding higher-order norms. This is
captured in Section 4.1, which properly generalizes the bounds obtained in [21] for
the radius of the absorbing ball of (1.1) with respect to the H?-topology. Finally,
various technical details related to well-posedness (see Appendix 5.2) or regarding
the various aforementioned examples introduced in Section 3.1 (see Appendix 5.2
and Appendix 5.2) are relegated to the appendices.

2 Mathematical preliminaries

The functional setting throughout this paper will be the space of periodic, mean-
free, divergence-free functions over T?=[0,27]?. More precisely, let By.,(T?) denote
the Borel measureable functions over T2, which are 27-periodic a.e. in each direction
x,y. We define the space of 2m-periodic, square-integrable functions over T? by

L(T) = {0€ B () [0l 2 <ocb, olfi= [ [o(@)Pdn. 21

For each k>0, we define the inhomogeneous Sobolev space, H*(T?) by

HY(T?):={¢ € L*(T*): || 0]l g+ <o}, [I6[I7:= D 10767 (2.2)
|| <k
The homogeneous Sobolev space is defined as

H*(T%):={6€ LAT?):[|¢]| g <00}, 015 := D 10°0]7.. (2.3)

laf=k
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By the Poincaré inequality, the topologies induced by (2.2) and (2.3) are equivalent.
In particular, we have

<ol <Nl < 1] e (2.4)

for some universal constant ¢>0. Also observe that when k=0, we have
L*(T?)=H°(T?) = H°(T?).

Lastly, let us recall the elementary fact that each element in the homogeneous
Sobolev space can be identified with a mean-free function belonging to the inho-
mogeneous Sobolev space (see [12]). We will henceforth assume that each element
of H*(T?) is mean-free over T2.

We additionally incorporate the divergence-free condition by defining, for each
k>0, the solenoidal Sobolev spaces. Note that due to (2.4), it will suffice to consider
only the homogeneous counterpart. In particular, let us define

HE(T?)?:={ve H*(T)?:V-v=0}. (2.5)

Throughout the paper, we will often drop the notation, T?, for the domain when
referring to the spaces L?(T?), H*(T?), or H*(T?). Also, since the solenoidal dis-
tinction, o, always refers to planar vector fields, we will simply write H * instead of
(H5)*.

To analytically study (1.1), it is customary to project (1.1) onto divergence-free
vector fields and consider H(’j as the phase space of the resulting system. To do
so, we introduce the Leray projection, P, :(L?)*— (L2%)?, where (L2)? denotes the
space of L?-vector fields, v, such that V-v=0 in the distributional sense, through
its Fourier transform by

Pl =3 | 300~ k()] bez?\ (0} (2:6)

and f’;v(O) =0. We will consider a “hyperdissipative” perturbation of (1.1), which,
for p>0 and v>0, is given by

Ou—vAu+y(=AY ut- P (u-Viu=P,f, Pau=u, (2.7)

where (—A)? denotes the operator defined by

(ZA)16(k) = [k (k),
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whenever k¢ Z? and ¢>0. We point out that while this modification of Navier-
Stokes is not physical, it is common practice to consider v,p>0 in order to help
stabilize numerical simulations. We consider this form of the dissipation in order to
highlight the role of the dissipation in establishing the synchronization property of
the nudging-based scheme at higher levels of Sobolev regularity. The corresponding
nudged system is then given by

O —vAv+y (=AY o+ P(v-VYv=P, f—uP,I,(v—u), P,u=wv. (2.8)

Given a solution u of (2.7) or solution v of (2.8), the pressure field may then be re-
constructed up to an additive constant [16,60]. For the remainder of the manuscript,
we will consider the study of the coupled system (2.7), (2.8). Note that, as with the
Sobolev spaces, we will also abuse notation by writing (L2)? simply as L2.

The global well-posedness of (2.7) in H* and the existence of an absorbing ball
in the corresponding topology are classical results and can be found, for instance,
in [16,31,60]. When k=2, the sharpest estimate for the radius of the absorbing ball
is established in [21, Theorem 3.1]. To state them, let us also recall the Grashof
number, GG, corresponding to a given time-independent external forcing, f, which is

defined by
1Pl

V2)\1 ’
where \; is the smallest eigenvalue of —A. Since the side-length of the spatial
domain has been normalized to have length 27, we see that A\; =1. In particular, G
is a non-dimensional quantity. Let us also define the following shape factors of the
forcing. For k>0, We define the k-th order shape function of f by

P .
ak::m (2.10)

1Pofllee

G: (2.9)

Observe that o, >1.

Proposition 2.1. Let v,p>0. Given k>1, let f€ H*' and uongj. There exists
a unique u satisfying (2.7) such that for all T>0, ue C([0,T];H)NL*(0,T; H**1)
and %€ L*(0,T;HY"). Moreover, there exists to=to(uo, f) such that

—H“(?HHI <926 (2.11)

for all t>ty. Moreover, if k>2, then
[Au(t)]| 2

v

<es(07?+G)G (2.12)

for some universal constant co > 0.
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Lastly, let us recall the result proved in [2], where synchronization in the H'-
topology is shown for general interpolant observable operators, I, satisfying certain
boundedness and approximation properties. For this, let us denote the H L_absorbing
ball for (2.7) by

Blz{veH;: 0] 4 gﬁc}. (2.13)
Moreover, assume that I, is finite-rank, linear, and satisfies either
lo— 1ol 72 < c1h®|| @7 +eah[[ 0] (2.14)
or
=112 <cll ¢l - (2.15)

Although it was only proved for the unperturbed case, v=0, i.e., without hypervis-
cosity, we point out that the analysis of [2] still applies to the y#0 case without any
difficulty whatsoever.

Theorem 2.1. Given v,p>0, f€L?, and ug€ By, let u denote the unique solution
corresponding ug, f guaranteed by Proposition 2.1. Given vy GH;, there exists a
unique, v, satisfying (2.8) such that for all T >0, ve C([0,T]; H)NL*(0,T;H*)N
L2(0,T;: H**?) and e L2(0,T;L?) provided that i, h satisfy

h2
ot <1 (2.16)

v

for some universal constant co>0. Moreover, one has
() —u(®) | g e D" oo —uol| g1 (2.17)
provided that p additionally satisfies
pu>cor(1+log(14+-G))G (2.18)
for some universal constant c,>0.

In the next section, we expand upon the framework of general interpolation
observable operators considered in [2] in order to accommodate approximation in
higher-order Sobolev topologies. The specific examples of piecewise constant in-
terpolation, volume element interpolation, and spectral interpolation constitute the
original inspiration for the identification of properties (2.14) and (2.15). The frame-
work developed here introduces an additional degree of flexibility for interpolating
the data that not only realizes these three examples as special cases, but generates
a wealth of new examples that were not treated in [2].
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Remark 2.1. Note that we choose to work in the dimensionless domain, T?, rather
than [0,L]?, for the sake of convenience. Because of this choice, derivatives and
domains are ultimately dimensionless. In particular, throughout the paper velocities
and viscosities carry only the physical units of (time)~. One may, of course, re-scale
variables accordingly to introduce a length scale commensurate with the linear size
of the spatial domain. In doing so, all physical quantities will then recover their
appropriate dimensions.

3 Local interpolant operators and
globalizability

In [2], a general class of interpolant operators was introduced that could be used
to define the nudging-based equation (2.8) and ultimately establish asymptotic con-
vergence of its solution to the corresponding solution of (2.7) in the topology of L?
or H'. One of the main contributions of the present article is to identify a very
general class of interpolant operators that allows one to ensure convergence in a
stronger topology. In particular, we introduce a class of interpolant operators that
generalizes the class introduced in [2] in such a way that accommodates higher-order
interpolants by introducing an additional layer of flexibility in their design. When
a collection of them are defined locally, subordinate to some open covering of the
domain, and they satisfy suitable approximation properties, the family can then be
patched together to form a global interpolant; this is one of the main constructions
in this paper and is very much akin to the so-called Partition of Unity Method
introduced by Babuska and Melenk in [9].

In what follows, we develop basic properties of this more general class of inter-
polating operators. Firstly, we introduce the notion of a local interpolant operator
corresponding to a given subdomain of a given order and level. We then demon-
strate how to “globalize” the construction to the entire domain via partition of unity
subordinate to a given covering by subdomains. The main difficulties that arise in
doing so are due to the fact that at each subdomain, different interpolant operators
can be specified, namely, ones that correspond to different orders and levels. We
must therefore systematically develop terminology that distills their salient proper-
ties and ultimately allows one to differentiate among the various possibilities of the
construction. Then in the local-to-global analysis, the structure of the constants
associated to each local interpolation operator must be carefully tracked.

We begin by introducing the notion of a “Q)-local interpolation observable opera-
tor,” (1.0.0.) where Q represents a given subdomain of T2. Note that in the follow-
ing definition, H*(Q) or H*(Q) need not subsume any boundary conditions as it did
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in the case Q=T? that we defined earlier; to distinguish between periodic boundary
conditions, we will make use of the notation H) (Q). When Q=T?, we maintain the
convention of dropping the dependence on the domain, e.g., H*=H"*(T?). Through-
out this section, we will refer to any subset of @ C T? that is bounded, open, and

connected as a subdomain of TZ2.

Definition 3.1. Let m>0 and k>m-+1 be integers. Let Q CT? be a subdomain
and denote h=diam(Q). We say that 19 is a Q-local I1.0.0. of order m at level k
if 19 is defined on H*(Q), linear, finite-rank, and whose complement, Id—1I°, for
all 0 <l <m, satisfies

k—¢
16190030y < S cts PR 101300 &1

J=1

for some non-negative constants e, ;(I?). We will refer to the constants given by
{er;(I9)} as the constants associated to 19. We say that I9 interpolates optimally
at level k over Q if I? is also a Q-local 1.0.0. of order k'—1 at level k', for all
1<K <k. In this case, for all 0</<k'—1, we have

16— 1961 ) <€t (122H%E 0|6]20 0 (3.2)

for all 1<k <k. We say that I is a Q-local I.0.0. of order m at all levels if (3.1)
holds for all k>m+1; in this case, we also say at level k=o0.

Given a bounded, open, connected set, (), with finite diameter, h=diam(Q) >0,
we recall [15, Lemma 4.5.3] that since Q—local I.0.0.’s have finite rank, the following
inverse inequality always holds for all such operators of order m at level k:

1190l ey < ch” 1190 oy for all 0<L'<L<m, (3.3)

whenever ¢ € H*(Q), for some constant ¢>0, depending on ¢, k, but independent of
h.

Remark 3.1. Observe that if I9 is an m-th order local I.0.0. at level k, then it
is also a local 1.O.0. of order m at level £/, for all k' >k, as well as a local 1.0.0.
of order m’ at level k, for all m’<m. Indeed, one can simply “de-alias” the matrix
induced by the associated constants by setting the additional associated constants to
simply be zero. On the other hand, one can also identify a canonical representative
for a )—local 1.0.0. by letting mg be the largest integer m such that

SUpé€y, ;(Q) >0
J
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and kg be the smallest integer k£ such that

supeg =0
¢

for all &> k. In this case, we may set [ Q:Igo,ko without any ambiguity. It will be
convenient to exploit the flexibility in the terminology later on (see Lemma 3.4).

Remark 3.2. We will always associate an [.O.0O. to a subdomain . It will thus be
more convenient to denote the associated constants of 19 simply by €r,;(Q), rather
than €, ;(1?). This convention will be enforced after Definition 3.3 below.

A key object in this paper is the patching together of a family of local interpolant
operators to form a global one. This is done via partition of unity. Given k>2 and
a covering Q ={Q,} by subdomains @, C T?, let us fix any family of functions
U= {1}, C C* satisfying

(P1) for each ¢, 14|q, =1 and suppquQq, for all ¢, where Qq:Qq+B(O,(5q) for
some J, € (0,27);

(P2) there exists an integer mo >0 such that for all g, QqﬂQq/ = & for at most mg
many ¢’;

(P3) >, ¥4(x)=1, for all z€Q;
(P4) for all 0<¢<kF, there exists ¢, >0 such that

sup || 0%, e < Cth_e,

|a|=£
where h, =diam(Q,);

(P5) there exists 6 >0 such that whenever

supp, Nsuppy # <,
one has § 'h,<hy, <dh,.

We refer to (P5) as the d—adic condition. Indeed, this condition implies that all
“neighbors,” @)y, of @, have diameters equivalent to ), up to the fixed multiplicative
factors 6,0 ~'. We will refer to ¥ as a d—adic, C*partition of unity subordinate to Q.
If U additionally satisfies W C C*°(Q2) and (P4) holding for all &, then V¥ is a d—adic,
C>°—partition of unity. For the majority of the manuscript, it will be assumed that
U satisfies (P1)—(P5), so we will simply refer to ¥ as a partition of unity. Lastly,
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it will also be useful to have additional control on the diameters in the covering.
For this, we say that Q is a uniform cover at scale h if there exists h>0 such that
Sh<h,<&é 'h for all q.

Before proceeding to define a global interpolant operator, let us establish two
useful facts which are consequences of the various partition of unity assumptions.

In particular, for the moment, we do not necessarily assume that W satisfies every
property (P1)-(P5).

Lemma 3.1. Let {f,}, C L*(Q). Suppose that {1,}, T L>=() satisfies (P2) and
(P5), and ||¢gllLe < A(hy) for all q, for some monotonic, homogeneous function
A:]0,00) —[0,00) of degree p. Then

/ﬂ (Z@Dq(x)fq(x)) dz < N(max{8,67' ) D M)l foll2(suppry)- (3.4)

q

Proof. By the Cauchy-Schwarz inequality, it follows that

/Q (qu<x>fq<x>>2

1/2
< <Z / |¢q(x)||¢qf(x)|fq<x>2dfv> (Z / |¢q<x>||wq/<m>\qu<x>2dx>

1/2

SZ Z ||1/’q’||L°° |||¢q|1/2fq”%2(9)
q

SUpp¢qMsupptps #<

<N(max{8,6 71> M) £l (cuppusy)
q

where we applied (P2), (P5), and the boundedness hypothesis of the ), in obtaining
the final two inequalities. O]

Lemma 3.2. Let g€ L'(Q) such that ¢ >0. Suppose that ¥ satisfies (P1)-(P3).
Then

%Z / o)t / oa)do< | ot (35)

where o is the constant from (P2).
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Proof. Let N, denote the set of indices, ¢/, such that Qq NQ,# . Observe that
since Qg C Qq , we have from (P2) that #(N,) <N for all ¢q. Since Q is a cover of
Q, it follows that Q, CUyen, @q- Since 1y =1 on Qy by (P1), we deduce

X, s 3 / dxsZ(qu')) | w@os

q q'eNg

Since

ZX/\/ )<7T0

for each ¢’, we may conclude from (P3) that

> [, oadesm [ oty
On the other hand, since Q is a cover of 2 and @), CQQ by (P1), it follows that

KOS /Q o<y /Q ot

which completes the proof. O]

Remark 3.3. Partitions of unity satisfying (P1)-(P5) were constructed in [2, 13,
41]. There, a collection of augmented squares overlapped in a regular manner to
cover the domain multiple times; one may refer to this property as having “finite
partition multiplicity.” In general, the collection of open sets to which a partition of
unity is subordinate, need not satisfy this property. Indeed, let us formally introduce
this notion as follows:

Definition 3.2. Let Q={Q,}, be a covering of Q2 by bounded, open, connected
subsets. We say that Q has partition multiplicity, M >0, if there exists an integer,
M >0, and subcollections Qq,--+,Qn C Q such that

UQJ o, UQ=0 amd |QnQ|=0

QeQ;
for all Q,Q' € Q;, for all j=1,--- M, where Q denotes the closure of Q.
Lemma 3.3. Suppose Q is a covering of 2 with partition multiplicity M. Then
—Z/¢ dx</¢ x<2/¢ (3.6)
QeQ;
for all g€ LY () such that $>0, and for all j=1,---M.
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Proof. Let Qq,---,Q)s denote the M subcollections of Q that each cover €2 and each
of whose respective elements can overlap only on sets of zero Lebesgue measure.
Observe that for all j=1,---, M, we have
| ot
Q

[ otwar= >
Q QeQ;

which implies the upper bound. Now, upon averaging in j and applying Fubini’s

theorem, we arrive at

1 — 1 -
fo@ar=53- 3 [ ola)do=3;3 / oa)dr o, (@)

J=1Q€Q;

Since ¢ >0 and ij‘ilxgj(Q) >1, it follows that

/Qqﬁ(x)de%%:/de)dx,

which produces the lower bound, as desired. O

We therefore see that the first inequality of Lemma 3.2 already follows from the
assumptions (P1)—(P5) (see Lemma 3.2). Indeed, property (P2) basically asserts
a type of “local multiplicity,” whereas a cover with finite partition multiplicity is a
form of “global multiplicity.” In contrast, the assumptions on ¥ allow for the possi-
bility of having an infinite open covering in the case of a general bounded domain,
i.e., bounded, open, connected subset of the plane. Indeed, if €2 is a disk centered
at the origin, then the open covering given by a small disk centered at the origin
followed by consecutively overlapping concentric open annuli with geometrically de-
creasing length, appropriately proportional to the radius of the disk, provides such
an example.

Let us now define a global interpolant operator. For convenience, whenever we
refer to a partition of unity, we will specifically consider ones of the type described
above, that is, satisfying (P1)—(P5).

Definition 3.3. Given a covering, Q={Q4},, of Q by bounded, open, connected
subsets with hy=diam(Q,), we say that the family, T={ID},, of local 1.0.0.’s is
subordinate to Q if for each q, I'D is an my,—th order Q,~local 1.0.0. at level k,,
for some integers my >0 and kg >mgy+1. We furthermore say that the family is
Q-uniform if the associated constants of each I'D €T satisfy

sup sup €;(Q,) <oo for each (.
g 0<j<kg—1
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We say that T is an (m,k)—generic family if there exist m>0 and co>k>m+1 such
that m=my and k=k,, for all q.

Given m>0 and m+1<k<oo, we say an operator I, is a (Z,V)g-subordinate
global 1.0.0. of order m at level k if there exists a Q-subordinate family, I, of
1.0.0.’s, and Q-subordinate C*-partition of unity, ¥, such that m <inf,m, and
k>sup,k,, and

(Inx9) (@)=Y vy (2)(IV,)(z), z€9, (3.7)

whenever

ngﬂHkq(Q), where  ¢g=0|5,-

Note that when the associated partition of unity is clear, we will simply say that
I, ;. is the Z—subordinate global 1.0.0. with associated covering Q. On the other
hand, in light of the “dealiasing” procedure described in Remark 3.1, we see that
if 1,1 is an (Z,¥)g-subordinate global I.O.O., then each I¥ €7 is an m-th order
Qg local 1.O.O. at level k such that m <inf,m, and k>sup,k,. In particular, we
immediately deduce the following fact.

Lemma 3.4. Let m,k>0 be such that k>m+1. Every (Z,¥)g-subordinate global
L.O.0. of order m at level k may be realized as an (Z,¥)g-subordinate global I.0.0.
of order m at level k, where T is (1h,k)—generic. In particular, we may choose

m=infm, and l;;:supk;q,
q q

where (my,k,) denotes the order and level associated to the canonical representative
of 119,

Without loss of generality, we may therefore always assume that any global
1.0.O., I, derives from an (m,k)—generic family Z of local 1.0.0.’s. Now, as a
consequence of Definition 3.1, the properties of the partition of unity, and (3.7), we
have the following.

Proposition 3.1. Let m,k>0 be integers such that k>m~+1. Let I, be an (Z,¥)g—
subordinate global 1.0.0, where T is (m,k)-generic, and Q= {Q,}, denotes the
associated covering. Then there exist constants {€y;(Qq)}q such that for all 0<{<m

k

Hﬁb_]m,kﬁb”?ﬂ < szgf,j (Qq)2h§(j_£) H¢||12ﬁ[j(@q) (3.8)

Jj=1 ¢
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for some constant ¢>0, independent of h, and where €¢; can be specified as

7j—1

€4 Qq ZQ] —1 Qq ) (39)

=0

where €; ;(Q,) are the constants associated to 19 €Z. On the other hand, if I'9
interpolates optimally over @, (at level k), for all q, then for all 1 <k <k and
0<l<k—

H¢_Ik¢” <Z<€€ K’ Qq kl Z)HQSHHM (Qq)’ (3'10)
where
e (Qg)’ =) €iw—i(Qq)”. (3.11)
i<t

Proof. Since V¥ is a partition of unity, observe that

(x) = L k(@ qu [D¢(x)).

Let o be a multi-index such that |a| =/, where 0 </ <m. It then follows from the
Leibniz rule that

Lk ®) =D Y a0 Phy(2)0° (9~ 1)
q BLa
Upon taking absolute values, squaring both sides, integrating over {2, summing over

|a| </, then applying (3.1), (P4), and Lemma 3.1 (with ¢,=0%"4),), we obtain

6Ll <c D capd h2ONo—=T199]3106.,

181<|a] q
k—i
<eY DD 6@ 16l
q i<t j=1
k
=3 ST ST R, Q)91 (3.12)
q i<l j=i+1

where we shifted indices to obtain the last inequality. Finally, changing the order of
summation yields

(R <c22(h2w HQaPl16126, ) (3.13)

j=1 ¢
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which is (3.8).

On the other hand, if I, = I} interpolates optimally, then for 1 <k’ <k and
0</¢<Fk -1, we apply (3.2) in (3.12), then (P4) and Lemma 3.1, as before, to
obtain

\den<wzj§}m >»ﬁ”%wm@y

i<l
which is (3.10), as desired. O
In light of Proposition 3.1, we may define the following terminology.

Definition 3.4. Let I, be an (Z,¥)g-subordinate global 1.0.0. such that T is
(m,k)-generic. We say that L, is Q-uniform if T is a Q-uniform family. If L,
is Q-uniform and Q is a uniform cover at scale h, then we say that I,, , interpolates
uniformly at scale h. If 19 € T interpolates optimally over Q, at level k for all q,
then we say I, interpolates optimally and denote it simply as Ij.

From Definition 3.1 and (3.7), one also easily obtains as a corollary to Proposition
3.1 and Lemma 3.2, the following interpolation error estimates for various special
cases.

Corollary 3.1. Let m,k>0 be integers such that k>m+1. Let I,y be an (Z,¥)g-
subordinate global 1.0.0, where T is (m,k)-generic, and Q ={Q,}, denotes the
associated covering. If I, 1 is Q-uniform, then for all 0<{<m

k
16— Tnsdlle <€D et > B0 NSl %0, (3.14)

Jj=1 q

If Q is a uniform cover at scale h, then for all 0<{<m
k
16— L xSl <Y P27 " e0n(Qo) 161130, (3.15)
Jj=1 q
In particular, if 1, interpolates uniformly at scale h, then for all 0<{<m
6= il <c2h“ el (3.16)

if, additionally, I, =1} interpolates optimally, then for all 0</<Kk'—1 and 1<k <k

[ — I || %0 < ch* =91 8]12,. (3.17)
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Lastly, from Proposition 3.1, we also immediately deduce the following bound-
edness property of global 1.0.0.’s.

Corollary 3.2. Let m,k>0 such that k>m+1 and I, be an (Z,¥)g-subordinate
global 1.0.0. If I, 1, is Q-uniform, then there exists a constant ¢>0 such that

[ L k|l gre < cl| bl e, £=0,1. (3.18)

If, moreover, I, ), interpolates uniformly at scale h, then

gl e, 2<L<m,

3.19
16l e,  m<t<k, (3.19)

|mmwm§m4{

where c is independent of Q. In particular, if I, . interpolates uniformly at scale h,
then I, H*— H*, is a bounded operator for all k>m+1, where m>0.

Proof. Suppose 0</¢<m. By the triangle inequality and (3.14), we have
[ L1017 <2”¢H2’f+2||¢_jmk¢“2'

<C||¢||He+225£gzh2(j “Noliio,- (3.20)

In the particular case m >/ and €:O,1, we may apply the fact that 0 <h, <27 for
all ¢, Lemma 3.2, and Poincaré’s inequality to deduce

[vemweellyh <CZZII¢II 3 S cllgll

j=1 ¢

This establishes (3.18).
Now, if I, interpolates uniformly at scale h, then (3.20), Lemma 3.2, and
Poincaré’s inequality imply

i 011 < 201117 ﬁczh“ Z)led)H <o) 7,

This establishes boundedness from H* — H* for all 0<t<m.

Now suppose that m <<k and I, interpolates uniformly at scale h. By the
product rule, Lemma 3.1 (with ¢,=0"Y,, y=a—0, |a|=¢, |5|=1i), and (3.1), we
deduce

1Tl <€D > 2N D8] .

i<t q

<ch” QZZWZHI glly

i<m

Hran TRy IO, (3:21)
q



314 A. Biswas, K. Brown and V. Martinez / Ann. Appl. Math., 38 (2022), pp. 296-355

For the first sum in (3.21), we apply the facts that /(@ :Hk(Qq)%Hi(Qq) boundedly,
which was just proved, and that Q is a uniform cover at scale h. For the second, we
use the triangle inequality, (3.1), and the fact that I(@ interpolates at scale h, for
all ¢, to obtain

17981 <21 l5m ) + 216~ Lk lim,
k—m

§2H¢H%{m(@q)+226m,j(Qq)2h2jH(ﬁufqmﬂ'(@q)'
j=1
We then apply Q—uniformity, sum over ¢, and apply Lemma 3.2 to deduce
k—m
2 MOl g,y <2l 42D ¥ [0
q =1

Upon returning to the estimate of I, ;¢, combining the above considerations, we
apply Lemma 3.2 to complete the estimate of the first sum in (3.21), the fact that
h <2, and Poincaré’s inequality to finally arrive at

k—m
Lo el Sch®C O3 +-eh> ™11 +ch* ™0 "1 |11,
j=1
<ch™ (|93
as desired. [

Remark 3.4. The universal constants appearing in each of the above estimates in
Proposition 3.1, Corollary 3.1, and Corollary 3.2 depend additionally on ¢, k, m, and
U through properties (P1), (P2), (P4), and (P5). In particular, they are always
independent of the diameters associated to the covering.

3.1 Examples of globalizable local interpolant observable
operators

In this section we provide examples of local 1.0.0O.’s in the sense of Definition 3.1,
as well as their corresponding globalized counterparts in the sense of (3.7). We only
present a small sample of examples of immediate relevence to the context of Data
Assimilation, e.g., nodal values or local averages of velocity, but remark that several
other examples exist which accommodate other forms of data, e.g., nodal values or
local averages of derivatives of the velocity, boundary flux data, etc. We refer the
reader to [14,15,23] for these additional examples.
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3.1.1 Spectral observables
Let Q =[a,b]?, where 0<a<b<2r such that 2rh=b—a, where 0 <h <27w. Then,

given N >0, let
19(z)= Y x5y (K)dre™,

kEfihZQ

where kj, =2mh™!, xp, is the indicator function of the ball, By, of radius N in Z2
centered at the origin, and

P=k; " /Q o(x)e"®*dx

denotes the Fourier coefficient of ¢ at wavenumber k such that ¢, = ¢_x. Then
I9:H™ (Q)— HE (Q) for all k>m>0. In particular, for any N >0, I is a Q-local

per per

[.O.O. of all orders m and at all levels k£ with 0 <m <k that interpolates optimally.

3.1.2 Piecewise constant interpolation

Let Q C ) be a bounded, open, connected subset of diameter k>0 such that ch? <
|Q|<c’h? for some constants ¢, >0. Given € H(Q) and 19€Q), let T, “ ¢(z)=¢(xq)
define the constant function, where ¢g=¢(zg). It was shown in [2] that 182 =T,°
is a Q—local 1.0.O. of order 0 at level 2. In particular, one has

lo—d(z)l 72 < D cah™0¢]720) (3.22)

1<|a|<2
In light of (3.1), we see that we may take

€0,5(Q)* = sup ¢ h*1*HY for j=1,2.

laf=j

Similarly, for any zq € Q, if one defines Sy° by Sy°¢(z) = pg, where

bo=|Q"! /Q o(y)dy,

i.e., the so-called “volume elements interpolant,” then it was also shown in [2] that
I Q:Sg ©is a Q-local 1.0.0. of order 0 at level 1 and hence, interpolates optimally.
In particular,

60— a1 7210y <ch? Vel 220 (3.23)

for some constant ¢>0, independent of h; observe that € (Q)=ch.
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3.1.3 Taylor polynomials

Let @ C ) be a star-shaped bounded, open, connected subset of diameter h > 0.
Given ¢€ H?*(Q) and zg €Q such that |z —xzg|<h, for all z€Q, let T1d(-;2¢0) denote
the first-order Taylor polynomial of ¢ centered at zg. In particular

T/ ¢(z) :=Tio(r;2Q) = d(20)+Vo(rg) (x—20). (3.24)
Then we have
16—=T7 9|72 < Z cah® 0% 0|72 (3.25)
2<al<3

This is an elementary extension of the corresponding fact for constant interpolation
proved in [2,45] in dimension d=2; the details are provided in Appendix 5.2, where
it is established in the greater generality of dimension d>2. Moreover, observe that

VT =V (1) =T;*Vo,

which implies

[6-T70 g < 3 b [0°61 g (3.26)
1<]a|<2
In particular, (3.25) and (3.26) implies that (3.1) holds for 0<¢<1 and k=3, so
that I9=T,? is a Q-local 1.O.O. or order 1 at level 3. Clearly 7, is a higher-order
variant of the nodal value interpolant mentioned in the previous example. Indeed,
from this point of view, ¢(x¢) simply represents the zeroth-order Taylor polynomial
of ¢ centered at zq.

3.1.4 Sobolev polynomials

There are obvious shortcomings to using the Taylor polynomial as a means to in-
terpolate nodal observations in the context of data assimilation, specifically since
it requires one to make observations on derivatives of ¢ at given nodes. One may
slightly relax this requirement by replacing nodal values of the derivatives with their
spatial averages. This was done in the zeroth order case in Section 3.1.2, above, by
replacing ¢(zg) by |Q|™! ngb(x)dx. The study of such polynomials of any order
is classical and was introduced by Sobolev in [58]. We recall their properties here
following the treatment in [15]. The reader is also referred to [22].
Let (Q C§2 be a ball of radius h with center xo €. For £>1, denote the Taylor
polynomial of order k centered at xq of ¢ €C*(Q) by Ti.d(-;zq), so that
1:90(0) =Tid(aing) = 3 SO0 (g, (3.27)

lal<k
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where a €73 is a multi-index. Fix € C™(Q) to be a radial, non-negative function
such that ¢(z) =1 when |z| <1/2, 1 (z)=0 for |z|>1, and ||@/~)||L1(R2) =1. Then
{UnYnso is a standard mollifier, where ,(2) = h 2 (xh™1). For ¢ € H*1(Q), the
corresponding &hfaveraged Taylor polynomial about z¢ is then given by

S{0(a)i=Sidlaing) = 3 - [ o=y inr—s)n. (329

| <k

Then (see [15, Lemma 4.3.8]) for all 0</<k
HQS_SIQSQQSHHZ(Q) Scﬁ,khkﬂ_qwumﬂ(@ (3-29)

for some absolute constant ¢, ;. Hence, I Q:SZQ is Q—local 1.O.0O. of order k at level
k+1.

3.1.5 Lagrange polynomial

In the context of data assimilation for the 2D NSE where it is preferable and more
reasonable that velocity measurements at nodal points are collected rather than
(spatial) derivatives of velocity. A class of interpolants that leverage nodal values
of a function to reconstruct higher-order features of the function are Lagrange poly-
nomials. We define them here in a configuration that fits our setting suitably, but
point out that more flexibility is allowed in general, for instance, in the arrangement
of the prescribed nodes. We refer the reader to [15] for additional details.

Let QC be an open square such that |Q|=h?. For k>1, let T',={0,---,k}* and
Ng={2"},er,, where the points, 27 =(z],2]), are equally spaced nodes in Q. Let

Pr:={plo:p= ij (21)¢j(z2) polynomial, degp;,degq; <k}. (3.30a)
J

Yp:={0,€(C°Q)) :0,(f)=f(27), 27 €N} (3.30b)
Note that Y, represents the dual basis of P, and that
dimPk == |Ek| == |NQ| = (/{7+1)2.

Let ©;, denote the basis of P, and represent its elements, 6., by tensor products of
one-dimensional polynomials as

6,(r)=[] (11 =20 )(w2=2)) (3.31)
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Finally, we define the operator Lg : H*1(Q) — Py, by

Lig(x) =Y 0,()o-(0). (3.32)

vel,

Then (see [15, Theorem 4.6.11]) for all 0 <¢<k'—1 and 1<k’ <k, there exists a
constant ¢, >0, independent of ¢ and h, such that

lp—LE bl 11ty < cowrh™ TNV v - (3.33)

Hence JQ:LE2 defines a (Q-local 1.0.0. of order k' at level £'+1 for all 0<k' <k. In
fact, Lg interpolates optimally.

3.1.6 Volume element polynomials

Spatial averages of the velocity field constitute another class of physical observations.
This type of data is used in the finite volume method to approximate true solutions
with piecewise constant functions in the L?*-topology. They may also be used to
construct higher-order polynomial approximations with similar error bounds to the
Lagrange polynomial interpolants in higher-order Sobolev topologies.

Let Q CQ, T, Ny, Px be as in Section 3.1.5. We define functionals given by
integration on square patches within () as follows. Let

Sk,Qiz{Q’Y:Z’Y‘F [072]23276-/\/@}7

M= {m, (24w, (D=1 [ fe)te, 7en .

In Appendix 5.2, we establish that II, determines basis for the dual space of Py
and subsequently describe an explicit construction of the corresponding basis of
Py, which we denote by Zj ={&, },er,. Using this pair of bases we may define a
projection operator V;%: H*1(Q) — P by

VkQ¢(x) = Z & (@), (9).

The unisolvence of the polynomial space with respect to the functionals, along with
a similar argument to that for (3.33) (see, for instance, [15, Theorem 4.4.4]) gives
the following bound: for all 0</<E'—1 and 1<k'<F, there exists a constant ¢, >0,
independent of ¢ and h, such that

16—Vl ey < cewrh™ IV e - (3.34)

Then IQ:VkQ defines a Q-local 1.0.0. of order &’ at level £’'+1, for all 0<k' <k. In
particular, VkQ interpolates optimally.



A. Biswas, K. Brown and V. Martinez / Ann. Appl. Math., 38 (2022), pp. 296-355 319

3.1.7 Hybrid interpolation

Let Q={Q,}, be a covering of © by bounded, open, connected subsets such that
h,=diam(Q),). Given any (Z,¥)g-subordinate family, Proposition 3.1 ensures that
an estimate of the form (3.8) holds. In particular, Z may be any family comprising
of any combination of the operators from above. Four possible categories of such
combinations are given by the following.

e Repeated-type, Uniform. The 19 are all of the same type of interpolating
operator, e.g., all Taylor, all Sobolev, all Lagrange, etc., and there exist m=m,
and k=k, for all g. The examples of operators considered in [2] belong strictly
to this class;

e Repeated-type, Non-uniform. The (@ are all of the same type, but My,
k, are allowed to vary. In this case, the induced global 1.0.0O. would be given
by Ik, where m=inf,m, and k=sup,k, (see Remark 3.1);

e Hybrid-type, Uniform. The 9 consists of different types, but m,, k, are
constant in g;

e Hybrid-type, Non-uniform. The @ consist of different types, but m,, k,
are allowed to vary in gq.

4 Statements of main results

We formally state our main results here. The first of the three main theorems
provides estimates for the radius of the absorbing ball in H* for k>2. In particular,
we properly generalize the bounds in Proposition 2.1 to all higher orders of Sobolev
regularity. Indeed, to establish the desired higher-order convergence between the
nudged solution and true solution, we will make crucial use of the a priori bounds
available for the true solution when initialized in the absorbing ball with respect to
a Sobolev topology of arbitrary positive degree.

Theorem 4.1. Let v,p>0. Given fEHff’l for some k>2, let o, denote its k—th
shape factor defined in (2.10). Let u denote the unique, global strong solution of
(2.7) corresponding to a bounded set of initial data ug€ H*. Then

. k—1
DOl ., (2% +6)* ™ W)

holds for some universal constant c >0 for all t >ty for some ty sufficiently large,
depending only on the diameter of the bounded set.
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Remark 4.1. Note that by interpolation, one may immediately obtain absorbing
ball bounds in H? for all s> 1.

For the remainder of the manuscript for each k>0, we will denote the H*-
absorbing ball of (2.7) by By, so that

. k—1
Bk:{verj:HvHHkgck (a;/jw) G}. (4.2)

Our second theorem establishes well-posedness of the nudging-based equation in
the higher-order Sobolev spaces H % where k>2, under various structural assump-
tions on the operator I, ;, that detail the interplay between the system and features
of the interpolation operator.

Theorem 4.2. Let p,v >0 be given such that p=0 if v=0. Let m,k be non-
negative integers such that 1+m<k<2-+p and suppose that I, is an (m,k)-generic
(Z,9)qsubordinate global I.0.0. Let f € H*', ug€ By, and u be the unique, global
solution of (2.7) corresponding to ug, f. Given any UOGHZ,“, there exists a unique
ve C([0,T]; H)NL2(0,T; H*) and dyv e L*(0,T;H*"), which holds for all T >0
and satisfies (2.8) provided that

uh? 2\ &
CSUPT 50,1(@1)+50,Q(Qq)+X(0,oo)(7)( ) (M )Zgou Qq
1
~10m,’ (4:3)

where ¢>0 is a universal constant, m is the constant from (P2), ¢;;(Q,) are the
constants associated to I, ., and where [p] denotes the greatest integer <p. Moreover,
if I i interpolates uniformly at scale h, then it suffices to instead assume

]
/'Lh2 MhQ 4 2(5—2) 1
| Lxom) () (1 > <5 (14)

in place of (4.3). Note that we use the convention that

when v=0.
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Since the analysis performed in [2, Theorem 6] in the periodic setting can be
easily extended to prove Theorem 4.2, we relegate the proof of this theorem to
Appendix 5.2.

Remark 4.2. We note that since Q=T? is a compact manifold without boundary,
property (P2) implies that Q is finite. For general bounded domains, however, Q
may be infinite. We refer the reader to Remark 3.3 and Remark 4.4 for further
comments.

The third main result provides sufficient conditions on the nudging parameter,
1 and the density of data, determined by h, in terms of the system parameters, v, f,
alone that ensure convergence of the approximating signal, as determined by the
nudging-based system, to the true signal, as represented by a solution to (2.7), in
higher-order Sobolev topologies, provided that the observables are interpolated in
a suitable manner. In particular, we assume that the observables are interpolated
using a sufficiently nice global 1.0.0. in the sense of (3.7).

Theorem 4.3. Let p,yv >0 be given such that p=0 if y=0. Let m>0, k>2 be
integers such that 1+m<k<2+p. Let I, be an (m,k)-generic (Z,V)g-subordinate
global 1.0.0. Let fe H ', ug€B,,, and u be the unique, global solution of (2.7)
corresponding to ug, f. Suppose that p, h satisfy (2.16) and let v denote the unique,
global solution of (2.8) corresponding to vy € Hg”. Then there exists a constant
0<co<1 such that

[o(t) =u(®)] g < O(e=W/2), (4.5)
where [p] denotes the greatest integer <p, provided that p, h additionally satisfy

2

i)
fuh -
¢ sup sup—= | £;1(Qq) +€i2(Qu) +X(0.00)(7) <%> D i i(Qq)?h207Y
=1

0<i<m gq

1
< )
- 107T0

(4.6)

where gy is the constant from (P2). Moreover, if I, . interpolates uniformly at scale
h, then it suffices for u, h to instead satisfy

— |1 oo - U < — 4.
om0 (2) o | < (47)

j=1
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in place of (4.6). Note that we use the convention that
o
X 0,00 Y - EOJ
( K)@)

Under stronger assumptions on I,, 5, one can obtain convergence up to the reg-
ularity level of the solution from which the data derives.

when v=0.

Theorem 4.4. Let v,p>0. Let k>1 and suppose that I, is a (Z,V)g—subordinate
global 1.0.0. that interpolates optimally. Let fEHff*l, ug € By, and let u be the
unique, global solution of (2.7) corresponding to ug, f. Suppose that u, h satisfy
(2.16) and let v denote the unique, global solution of (2.8) corresponding to U0€H§.
Then there exists a constant ¢>0 such that

lo(8) =u(®)]| e < O(e™ ") (4.8)

provided that p,h additionally satisfy

h? 1
OIS (M) < o (4.9)

where o is the constant from (P2). Moreover, if Iy is uniformly interpolating at
scale h, then it suffices for u, h to instead satisfy

uhz 1
” 1—0 (4.10)

in place of (4.9).

Remark 4.3. In [10], it was proved that convergence with respect to the analytic
Gevrey norm was ensured under slightly more stringent conditions than (2.16) in
the particular case when only spectral observations are used.

Remark 4.4. In [2], the case of Dirichlet boundary conditions was also treated,
where convergence in L? was obtained for a wide class of observable quantities,
including nodal value observations. In light of these results and Theorem 4.3, it
remains an interesting issue to investigate whether one can show higher-order con-
vergence in the setting of Dirichlet boundary conditions or others, when data is
particularly given by nodal values. Moreover, in light of Remark 4.2, the framework
we establish here may accommodate the case where infinitely many 1.0.0.’s are
used across the domain in the Dirichlet setting. We leave the study of this case to
a future work.



A. Biswas, K. Brown and V. Martinez / Ann. Appl. Math., 38 (2022), pp. 296-355 323

Remark 4.5. From Corollary 3.1, we may immediately deduce from Theorem 4.3
that convergence in H? can be ensured in the case of nodal observables by using ei-
ther Taylor polynomials of degree 1 or quadratic Lagrange polynomial as the method
of interpolation. Since H? embeds into L, this provides rigorous confirmation of
the observation from the numerical simulations carried out in [36] that the approxi-
mating solution was in fact converging uniformly in space to the reference solution.
In particular, this also supplements the result in [10], where the synchronization
property with respect to the uniform topology, L*°, was established in the particu-
lar case of the spectral observables. In the absence of hyperdissipation, i.e., y=0, we
note that the same assumption on p, h is imposed in either case of nodal observables
or spectral observables, up to an absolute constant.

Remark 4.6. The case of hyperviscosity is included here in order to illustrate the
interplay between the order of dissipation and the order of interpolation. It is a
well-known fact that for p>1/4, the corresponding system (2.7) in dimension d=3
has global unique strong solutions. We point out that the analysis developed here
applies in a straightforward manner to that setting as well. We refer the reader to
the work of [61] for the relevant details.

5 Proofs of main results

We will first prove Theorem 4.1 in Section 5.1. We will then prove Theorem 4.3
in Section 5.2. Recall that the proof of Theorem 4.2 will be supplied in Appendix
5.2. To prove these results, it will first be useful to collect various estimates for
the trilinear term that appears in the estimates. The proof of these estimates are
elementary, but we supply them here for the sake of completeness.

Lemma 5.1. Let u be a smooth, divergence-free vector field in T2, and v be any
smooth function. Then given {>2 for any |a|=¢, we have

(0% (u-V)v,0%)|
26-2i—1 20-21—1
SC( >l HUH HUHHMHUH vl ge

1<1<0—2

1 1 1 1
Hllll e lull e lloll a1l e 101l e+ el ool e Hv||m> S CRY
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For all B<a, we have
201 1
(0% Pv-V)0%v,0%u) | <cl|ull ge|v]l 4 [V 0l 12, (5.2a)

o+ 2(6—1) 2
!<(0“_5U-V)8ﬁv,3av>\SCHU\lm(HU|“1 \WH”“rHvail HWHE)’ (5.2b)

Hi+1

for some constants ¢>0, depending on {.

Proof. By the Leibniz rule and the fact that u is divergence-free, we have

I=(0%(u-V)v,0%) ZCBQ ((0°Pu)-V)0%v,0%)

B<a

Z Z =1+ 1,

B<a |8|=0, ¢—1
1<|8|<t—2

where we interpret S<a as 3;<«; for i=1,2. By Holder’s inequality and interpolation
we have

Ll <e Y7 107 Pull 4l VO 0] s |07l 2

B<a

1<|8|<-2
1/2 1/2 1/2 1/2
ST Nl el ol ol i 1070 e
1<i<t—-2
+ 2041 —2-1
<o 37l ull 2 ol 2 ol 2 0% e,
1<i<e—-2

On the other hand, by Holder’s inequality and interpolation we have

1] <107l 4 |Vl 2|0 2o+ ][Vl 2| 070 |

1/2 1/2 1/2 1/2
SCHU” / / / /

gesn Ul g 10l ol g 101l

¢ Hlull g lloll greeal[vl] g

Combining the estimates for I, and ,, then summing over |a| =/, yields (5.1).
Now consider

=) [((0° P v-V)u,00)| =)+ + > =TI, +I1+II.

B f=a |B|=0 p<a
810

We treat 11, as
(11| =|((v-V)0"0,0%u >\<CHUHL°0\|WHmHva

/2y 11/2

-1
<cllvll g lvll 2 loll ress lall e < llo]] ellvllpe [[oll geen lfull ge-
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We treat 11, as
(LI <c{(0%0-V)u,0% >|<C||0"‘v||%4||Vu||2Lz
<C||U||H‘~’+1||U||Hf||vu||L2<C||U||Hz+1||vv||[,é V| .

Finally, we treat 1. as

L <e) (@70 V)a0,0%u) [ <c Yy |07 vl il Vol ell 0%l oo

B<a B<a
|8]£0 |B]#£0
1/2 1/2 1/2 1/2
<cllvll grees DO e 101l 2l
B<a
|8]#£0
2|8|—1 2|8|+1 1/9 1/2
<c2||v||mﬁ IVoll 2 [l el
\Bl#o

Upon combining I1,, I, I1. and applying the Poincaré inequality, we obtain (5.2a).
Lastly, we consider

=) [(0° " 0;0°0",0%0) = | Y+ > | =1IL+I1I,

B<a B|=0 B<a
|10

We estimate [11, with Holder’s inequality, interpolation, and Young’s inequality to
obtain

[TT1,] <cljul g ||V 0] 12 ]|0%0]| 1
1/2 1/2 1/2 1/2
<cllull e IVl IIV 0 | 2NVl 2 ol

<CHUHHeHWH”1 Vol .

We treat 111, and consider the case =2 separately. When /=2, we apply Holder’s
inequality and interpolation to obtain

(IL] <Y 1107 Pull 4|07V ol 21070 s

B<a
|8|#£0

<eu|
1/2 1/2 3/4 5/4
<cllull 2 Null IV 2 Vol 3"

el 01 [0 e A
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When />3, we use the divergence-free condition to write 111, as commutator. In
particular

I1T,== {[0”u-V]v,0").

laf=¢

By Holder’s inequality, a classical commutator estimate [46] and interpolation we
obtain

[LLL| <cl|Vull < [Vl ge [J0]] gre+cllull g [V ll os [[0]] g

2(0—1)

2
<c[|[Vull L= [[Vvl[ 5" [Vl g2 +cllull gel[ Vol gel[ Vol 2
2(£-1)
7
Y

H

1/2 1/2||VU||

<cllull s llull .

2
IVll 2+ cllull gel[Voll e [Vl 2.

Upon combining I11,, IIl,, and applying the Poincaré inequality, we arrive at
(5.2b). O

5.1 Higher-order absorbing ball estimates: proof of
Theorem 4.1

Let uge H! and let ue C([0,00); H)NL2 (0,00; H?) be the unique strong solution of
(2.7) corresponding to initial data ug and external forcing, f. Let us recall that the
Grashof number is defined by (2.9) and the k—th order shape factor of f is given by

(2.10).

Proof of Theorem 4.1. Let ACH” denote the global attractor of (2.7) corresponding
to forcing f. It will suffice to show that

||u||Hk SC(O’,i/_kl—i-G)k_lG
1%

for all ue A. Indeed, since A uniformly attracts bounded subsets of H, kit would
then follow that

lu(t;uo, )] g §2c(0,1/_k1+G)k71G for all t>ty, for some to=to(uo,f).
Let ug € A such that

[l g =max{|[v] g :v € A},
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Denoting u(t) =u(t;uo, f) for all t€R. Then, owing to the divergence-free condition,
the basic energy balance in H* is given by

1d
5 g7 1l IVl
== cas(0° P 0;00u",0%u )+ Y (7P, f,0%u)
lol=kf<a gt
=I+II.

In particular, by choice of u(0)=wuy, observe that

St Dl =0

so that
V|| V|| fe =T+11.
By (5.1) of Lemma 5.1, we have
[T <l Vuol| L2 ([ Vuol| g luoll v (5.3)
For 11, we integrate by parts and apply Holder’s inequality to obtain
[T <[ Po fll g [| Vtto| e = V2011 G Vo | -
Upon combining the estimates for I, I, we arrive at
|7t < el Vol g2 ol s+ 1201 G

Observe that by interpolation

k1 1
[[woll e <l Vuol| 5 Vuollf-- (5.4)

With this and Young’s inequality, we estimate

k=1 k4l
V| Vuoll e <l Vuoll 7o 1Vl +1200 4G
V k+1
sguv%rmwﬁ(%) oG

S% | Vuo)| o +c2GF T 4-120;, 1 G
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Hence
Vol g <cv(of +G)EG. (5.5)

Returning to (5.4), it follows that

| Il b
L (L) AR
v %
which proves (4.1), as desired. O

5.2 Synchronization in higher-order Sobolev topologies

Let p>0 and ug,vg € BiNBy, where 1+m <k <2+p and u and v denote the corre-
sponding unique strong solutions of the following initial value problem

Ou—vAu+y (=AY ut P (u-V)u= P, f, P,u=0, u(0)=uy, (5.6a)
O —vAv+y (=AY o+ P (v-V)v
:Paf_ﬂpojm,k(v_u>7 PUU:O, U(O) =17, (56b)

where Jp, =Lk — (I;mk), where I, ;. is an (Z,¥)g-subordinate global 1.0.0O. with
associated covering Q, and ([, ;) denotes the operator such that

(L) 6= (27)2 / Lyxd(z)de.
T2
Let w:=v—wu and wo=v9—1ug, so that w satisfies

Ow—vAw+y (=AY w+ P, (w-V)w+ Py (w-V)u-+ P, (u-V)w
=—puP,Jmpw, P,w=0, w(0)=wp. (5.7)

We will ultimately show that

T e (1) e =0.

Our approach will be to bootstrap convergence in higher-order Sobolev topologies,
starting from H'. Note that we adopt the following convention for applications of
the Cauchy-Schwarz inequality or Young’s inequality in the analysis below, which
we will invoke repeatedly:

1 1
b<ca’+—b, ab>0, —+—=1,
ab < ca +1OO a,b> erp’
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for some ¢>0 depending on p, p’. There is nothing essential about the constant
1/100, except that we never add more than 50 of such terms in a given argument.
In particular, we make no attempt whatsoever to optimize such constants. This can
certainly be done by the interested reader, but in order for this to be a meaningful
exercise, one must also carefully track the constants from Lemma 5.1, which we also
neglect to do. The important feature that we care to emphasize is the manner in
which the constants from the 1.0.0.’s appear in the analysis, as the development of
these operators is the main novelty of this work.

Lemma 5.2. Let m>0 and 1+m <k <2+p. Let I, be an (Z,V)g-subordinate
global 1.0.0. that is (m,k)—generic. Suppose that u, h satisfies

h2
cosup (1) [ua( @0 +202(Q,)

q

MhQ [p] 1
~ 1 ; p¥ | < —— 5.8
+X(o, )(’Y)( ~ );50,J+Q(Qq) 70~ 10m,’ (5:8)

where [p] denotes the greatest integer <p. Then for ¢, >0 sufficiently large and p
additionally satisfying

p>cdv(1+log(1+Q))G, (5.9)
one has

[ Vwol|7

t
V()2 < e 3| V|2 and /|\Vw(s)||2des§ (5.10)
0

If, additionally, I, = I;1 interpolates optimally, then it suffices for pu, h to satisfy

2
2 (11 1
supe — | < 5.11
csuper( @ (50) < (5.11)
where o is the constant from (P2).

On the other hand, if I, is uniformly interpolating at scale h, then we may
instead suppose that p, h satisfies

,uh2 (p] ' 1
e | 1+ X0 (MY n¥ ] < i (5.12)
j=1

in place of (5.8). If, additionally, I, ;= Iy interpolates optimally, then it suffices
for u, h to satisfy

2
1

) 1
v 10 (5 3)
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Proof. Upon taking the L?-inner product of (5.7) with —P,Aw, integrating by
parts, then using the fact that ((w-V)w,Aw)=0, we obtain
1d

2 dt
=(w-Vu+u-Vw,Aw) — pu{w— Jp pw, Aw)y =T +11.

Vw2 + vl Aw] 2+ pl Vel |7 +11 (= A) 72|,

To estimate I, we again invoke the property that (w-Vw,Aw) =0, then apply
Holder’s inequality, the Brézis-Gallouet inequality, and Proposition 2.1 to obtain

[ =[{w-Vw, Au)| <[Jw]| = [ Vo] 2 [ Au]l 2

<ev]|Vull2; (1+1 Hv H”)(ai”wm.

To estimate I1, we appeal to Proposition 3.1 and invoke (5.8) and Poincaré’s in-
equality, so that

9 k
p : v
1112373 0, (QuhE w0l )+ 715 1Al

j=1 gq

puhy; 1
—CHZ [801 Qq) ( > > T0m 1\\VwHL2(Q)
2

h2
oy [5072(%2 (L) R
[p] 2 1
q 27
rr X3 ot (M) g

q j=1

1Aw][7,

HAwH?ﬁp‘(Q )

IIVw||L2+ I|Awllm+—II(—A)””/QwIIiz

_1O||vw||L2+ ||A ||L2+—||(—A)1+p/2@UII%2-

If I,k = I41 is further assumed to interpolate optimally, we then proceed to apply
Young’s inequality, (3.10) of Proposition 3.1, and invoke (5.11), so that

T4 <enY era(Q) 2 w2, g+

q

) uhg 1
SCVZ |:51,1(Qq) (7 _Wﬂ_o HA HLQ(Q )+10”AwHL2+100HV1’UHL2

IVl

IIAwHLer

- 1() 100
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Now let us consider the case when I,, ;, interpolates uniformly at scale h. To esti-
mate I1, we apply the Cauchy-Schwarz inequality, Corollary 3.1, Young’s inequality,
and (5.12) to obtain

9 k
(15| Spllw =T gw] 2 || Aw]| 22 SC%ZWIIWI@H

' mouanz
7=1
ph? puh?
(P @l (P e ZhQJHAwH
14
+m||AwH%2

i
<glVeli+45 IIAwIIL2+—II(—A)H”/QA%UII%Q-
10

If I, y=1}+1 is further assumed to interpolate optimally, then we integrate by parts
first to write

IT' =V (w—Ip1w), V),

where we have used the fact that VJi 1=V I 1. If I also interpolates uniformly
at scale h, then by (3.17) of Corollary 3.1, Young’s inequality, and (5.13), it follows
that

11| <MHV(w—Ik+1w)|\L2 IVwllz2 < pehl| Awl| 2] V]| 2
HAwHL2+ SIVwliz.

Upon combining I and either 14 or 1y or I1g or I1j, we have

d 3
ZIVwlZe+571I(=2) 72wz,

8 v[lAwlz: | i [Aw]Z, 2
S—M{——i—— [——(J +G)G | 1+log =" |Vwl|7z.
5 p Vel [Vwliz, !
Since p additionally satisfies (5.9) (see [2, Lemma 2]), it follows that
d 3
@t <~ ul vl
so that Gronwall’s inequality yields

IVw(t)][2. < e™ 24| Vw22
as desired. O
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We are now ready to prove Theorem 4.3.

Proof of Theorem 4.3. Observe that Lemma 5.2 covers the case m=0,1. It suffices
then to consider 2</<m. Let 0% denote any partial with respect to x of order
|a| =¢. Upon applying 9 to (5.7), taking the L?*-inner product of the result with
0“w, integrating by parts, then summing over all |o| =/, we obtain the following
energy balance

1d
2dtHwHHe+V||vw||He+N||w”Hz+'7H( )p/2vw”§ﬂ
== Z ((0%(w-V)w+0"(u-V)w+0%(w-V)u,0%w))
|a|=¢
+u Z (0Y(w— T pw),0%w)
|a|=¢

We estimate each the terms I and I1. Observe that I may be expanded as

0% (w-V)w,0%w Cap(0% ’Bwj(?(?ﬁul O’
—{ ¢

jal=tB<a
— Z anﬁ@’)‘_ﬁujaj@ﬁwi,aawi)
la|=¢B<a
=+, +1.

We treat I, with (5.1) of Lemma 5.1, then apply Young’s inequality to obtain

L] < |Vl 2] Vel gel[wl] e < I\VwHHﬂr ° ||V 2wl

— 100

We treat I, by first integrating by parts, then applying (5.2a) of Lemma 5.1 and
Young’s inequality to obtain

¢
lull e \*
< ellulle el Vol < 0519l o (1) i
For 1., we apply (5.2b) of Lemma 5.1 and Young’s inequality to obtain

[Le| <cllull e (IIVWI\ o Vw7 +||Vw|| HVwIIL2>

lull g\ ||u||He
) H [ T

<cv
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Upon combining the estimates I,, I, I., then applying Theorem 4.1, we obtain
14 C 1/¢ -1 2
2 2 2 2
< {5Vl Sl ol e (14 (o446) 6 ol

Now we treat I1. First observe that upon integrating by parts, we get

II:_MZ Z (0 (w— L pw), 0T w).

la)=¢ o' <
la’|=1

(5.15)

Note that we used the fact that P, commute with derivatives and that 0%.J,, , =
then by the Cauchy-Schwarz inequality, Proposition 3.1,

0PI, for any |B|>0.
Young’s inequality, and the assumptions that 1<k <2-+p, we have

¢
|II|<C—ZZ<€g 1,;(Qq) h2(] +1) Hw|| 100“vw”
Jj=1 q
25 1
¢
<C—ZZ€£ 1,;(Qq) hQ(J 1) HUJH +ﬁHV wll,
J=1 q
2 2\ 2
2 [ Phg phy
—l-cuZEe—l,Z(Qq) — ||wHHZ(Q +CVZEz 10+1(Qg)? IVwll2,
2k—0—1
(5.16)

Z Ep— 1,3+€+1(Qq) hQ]vaHH€+J

(i)

On the other hand, if I, is umformly mterpolatmg at scale h, we estimate as above

and apply Corollary 3.17111 place of Proposition 3.1 to obtain

2 k 2

1 i ph

17| <eEo S R0 2, + 100|!Vw||m+cu(7> Jwl
j=1

[p]

ph? ph?\’ ;
+cv( ) |!Vw|\m+cv<7)( V ;hzﬂ I(=A)Vw|[%,. (5.17)

Finally, upon returning to (5.14) and combining the estimates for I and either
IT or II', then applying the Poincaré inequality and (4.3) or (4.4), respectively, we

see that
d 9 9 V||vw|| 3
F A P A TN e
(5.18)

-1\ 2 2
gcy(1+(aj/ﬁ+G) G) \|Vw|y%2+cu(§) (inthy) ol .
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Lastly, we invoke the fact that ug € By, the estimate (5.10) of Lemma 5.2, and
ultimately Gronwall’s inequality to deduce

2
IVwoll?

_1 20
Juw(t)]3, <e W[r|woum+c,;(1+(aw+(?) 9 HVwouiz]ec »

o ol [* (t—s) , 9ol
+C”<,,> h (/06 Hw(S)HH“ds)e I (5.19)

for all 2</<m. The remainder of the proof can be completed by a basic induction
argument, where the assumption of the induction step is

[w(8)[[3e-, <O(e™).
Thus, we complete the proof. O

Proof of Theorem 4.4. We let /=Fk and proceed exactly as in proof of Theorem 4.3,
except that we instead treat 1 without integrating by parts in (5.15) and use (3.10)
of Proposition 3.1 to obtain

(1| <cpllw—Tysrw]| e 1l g < el = T |~ [l

100
h
<cl/z€k k+1(Qq) ( ) vaHHk(Q )+ 1OOHwH

Now observe that from Lemma 3.2, we have

v Vwl[Fe > ZIIVWIIHk(Q

Hence, arguing as we did in Theorem 4.3, we arrive at

h2
|w||H@+uz<——ekk+1<Qq> ( ))nv WP,
u(9 2 IVl )u I
5
/-1 20
gcy(u(ayﬁm) G) V]2

Upon invoking (4.9), then applying of Gronwall’s inequality and Lemma 5.2, we
obtain (4.8).
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On the other hand, if I, is also uniformly interpolating at scale h, then

ph? H
I <cv <7) ||Vw||§1k+m”w”?{k

Arguing we did before, we obtain

d 2 9 ph? 2 9 v|Vuw|z, 2
ol (3-e (20 ) ) ivultern (320 ) o,

2
<cv (1+Hu]#> ||Vw||%z,

We then apply (4.10) and deduce (4.8) once again. O

Appendix A: Well-posedness of nudging-based
equation in higher-order Sobolev spaces

We will now supply the proof of Theorem 4.2 in H * where k>2. Recall that we will
consider the system (2.7). Recall that for p>0, we denote by (—A)? the operator
defined by

(—A)Po(k) = k[ (k),
whenever k¢ Z?\{0}. Given >0, consider
Ou—vAu+y (=AY ut+ Py (u-VYu=P,f, P,u=0, u(0)=uy, (A.1)

where ug € HC’f and fe€ H(’T“*l, where k£>2. We note that the analog of Proposition
2.1 still holds for (A.1), for all p>0, as well as all bounds for the y=0 case. For
m >0 such that k>m+1, let I, an (Z,¥)g-subordinate global 1.O.0., let

f,u ::Pof+/1'PoJm,ku7 (AQ)

where Jp, i =1Lyt — (Imk), (Imk) denotes the operator such that

(Tup)o=(27) / Lusb(2)de,

TQ

and P, denotes the Leray projector (see (2.6)). Let uEC’([O,oo);ltl(’f)‘ﬁL2 (0,00; H*+1)

loc
denote the unique, global solution of (A.1) corresponding to uo€ H) and f guaran-

teed by Proposition 2.1. Then for vy € HY, we consider the initial value problem

O —vAv+y (=AY o+ P, (v-Vo)v
:Paf_:uPUJm,k(v_u)a Prv=0, U(()):UO' (AS)
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We prove the existence of solutions to (2.8) via Galerkin approximation. Let Py
denote the Galerkin projection at level N >0 and let vy denote the unique solution
to the following system of ODEs

dv
d—éV—I/AUN—i—’y( A)p+1UN+PNPU(UN'V)UN
=Py fu—pPnImivn, V-uy=0, oy(0,z)=Pyvo(z), (A.4)

where p>0 and v>0. We will develop uniform bounds for vy in the appropriate
topology over the maximal interval of existence [0,7), independent of N. This will
imply global existence for the projected system, and therefore global existence for
(A.3). Uniqueness and continuity with respect to initial data will follow along the
same lines as in [2].

To prove Theorem 4.2, we will make use of the following lemma, which controls

the growth of J,, yu, where u is a strong solution to (2.7) evolving within an absorbing
ball.

Lemma A.1. Let m>0 and k>2 such that k>m-+1. Given fEH’“—l, let B, denote
the H*—absorbing ball of (2.7). Suppose that I}, interpolates uniformly at scale h.
Then given ug € By, for all 1<l<m, there exists a universal constant ¢>0 such that

sup (M) <c

t>0 14

(0}/4+G) 1+Zhﬂ oGyt G, (A

where u denotes the corresponding unique strong solution of (2.7).

Proof. Since ¢ >1, by the boundedness of the Leray-projection and the triangle
inequality, observe that

[T | gre < [ mptt| gre < ||t Lo geto]| gre 4 ||| e

From Corollary 3.1, Proposition 2.1 (for /=1), and Theorem 4.1 (for £>2), it follows
that

k k
||u—zm,ku||mSczhj-ﬂwnmSczm (o} +G)YG,
||u||HZScu<aW+G>€ 'G.

Combining these estimates, then taking the supremum over ¢ >0 yields (A.5). O
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Lemma A.2. Let 4>0 and k>m++1 such that k>2. Let

2
<K> 2GR 172
i

Ul — SuptZOH]mvku(t)HHl . (A6b)

14

1/2

F1 = s (A6a)

There exists a universal constant ¢>0 such that

d 9
IVl = 37 (vl AunlEaigy+21 (=AY oy +alVon s, )
q

<cuV2F2+c—ZZ€OJ Qo> 1ol .- (A7)

J=1 q
where gy is the constant from (P2). Moreover, if I, . interpolates uniformly at scale
h, then
d 2 9 2 p/2+1 2 9 2
g IVonlze+ vl Avn e+ 29[ (= A)" " owl[z2 + o pl Vo |22

<cW2F2+c’“‘ Zh?ﬂHUNHHJ, (A.8)
7j=1

holds for all £>0, 0<h<2m, and N >0.

Proof. Upon taking the L?-inner product of (A.4) with —Awvy, using the identity
(Py(vn-V)vn,Avy) =0, and integrating by parts, we obtain

1d
5 Ve a4 Aol 3 44~ A o B+ o 2,
=(V fu,Von) +p{on — I pon, Avn)
=I'+1I".
We estimate I' by applying the Cauchy-Schwarz inequality, Young’s inequality, so
that
et | () (UL )y 2 (i) e,
- 1 V2 v v 100 Nz

+WHVUNHL2

2
<cuv? [(Z> G2—|—U2
1
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On the other hand, we treat 11! by applying the Cauchy-Schwarz inequality, Corol-
lary 3.1, and Young’s inequality, to obtain

2 k

’[I]"<C_ZZ€0] Qq thH/UNHHJ(Q )+100HAUNHL2 (Ag)

Jj=1 ¢

Upon combining I*, (A.9), and Lemma 3.2, we obtain

d 9
GIVon 5= 3 (VIAun g+ 21 (~AF o g+l Von )
q

2
<C'uy [(N) G2+U1 +C—Zzgoﬂ Qq h2jl|UN||HJ

Jj=1 gq
On the other hand, if I, interpolates uniformly at scale h, then

2
|Ul\SMHUN—Jm,kUNHH||AUNHL2SC%HUN—fm,kUNHHHAUNHL?
1
L 2 2
<o Sy gl o (A10)
Hence, upon combining I' and (A.10), we obtain
i 2 9 A 2 —A)P/2H1 2 9 2
I Vonllze + e v Avy[lza + 29[| (= A" on 4 pl Vox Iz
N\ 2 ) 2
SC’“’QKﬁ) G0+ S o,
j=1

This completes the proof. n

Lemma A.3. For all (>2, let

1/2

FZZ: s (Alla)

2
1% ~
(;) of 1 G* UL

- L pu(t) -
Ug:: SuptZO” Jﬂu( )||H£ (A].lb)

v
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Let m>0, k>2 be given such that k>m-+1. There exists a universal constant ¢>0
such that

<||UN(5)||Hk> exp [w(my )t] Kuvoynm) e
t ph' R [Von(s)]ee )4
—i—cu/ exp cu( ) (t—s) (—) ds, (A.12)
0 1%

v
holds for all £t>0, 0<h<2m, and N >0.

Proof. Now, we estimate in H*. By taking the L?-inner product of (A.4) with
(—1D)lg2y, where || =k, integrating by parts, then summing over all || =k, we
obtain

1d
2dtIIUNIIHk+V\|VvNIIHk+v|!( APy

=) (0P fu,0%0n) =1 Y (" Tmson, 0%vn) = > (0 ((on-V)on),0%y)
|a|=k la|=k |a|=k

= IF 411"+ 111 (A.13)

We treat I by integrating by parts, then applying the Cauchy-Schwarz inequality,
Young’s inequality, (2.9), and (2.10), to obtain

2 2
|1k|§cu3[(%> +<H)2<M>
1% v v
2
<cu? v 2 2 72
ScuTv p 0, 1G+U;_,

Next, we treat IT%. We observe that 9%.J,, x¢ =01, ¢, then apply the Cauchy-
Schwarz inequality, (3.3), Corollary 3.1, Poincaré’s inequality, and Young’s inequal-
ity to obtain

[LT¥| <cpl| L gon || g low | e < cph™ | L gon | g | VO || e

H m

| e

k
<cuh* (||UN||m+Zhj‘m||vN||m) ol

j=1

<cuh™ F(|loy || gm + lvn =L pon ]l g ) [VUN

<209 |l |2 A [V |2 (A.14)

v 100
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Lastly, we estimate I17%. Indeed, observe that due to the divergence free condi-
tion, we have

(0%((vn-V)on),0%pN) =([0% vN - V]vy,0%p).

Thus, by Hélder’s inequality, a classical commutator estimate (see for instance [47,
48]), and interpolation we have

119 3 1[0 o Vo 7o) | < 31070 -l s [0
o=k || =£
lo" 2
<c) loon|Zal Vonllze <l Vox |l gellowll e | Vo]l 2
|a|=k
Tonll s 26+
<e|VonllE 19on], 5 < 10o Vol +ev (@) |

Upon returning to (A.13) and combining I*, IT%, and I11*, we have that

d 9
lonl+zvilVonl e+ 29[| (=) Vun |3

Vouy| 2 (k+1) Rk 2
<olPvF? o (M) +cy(ﬂy )||UN||§.%. (A.15)

v

Hence, by Gronwall’s inequality, it follows that

h _
Jon ()]|% <exp [cy<’u ) ] (o]l % +12R2 D E2 )

—l—cz/?’/otexp [cy (@)Q(t—s)] (W)Q(kmd& (A.16)

as desired. [

1-k

Under certain assumptions on I, , one may then identify conditions on p so
that the sequence {vy} =0 is bounded uniformly in time in H', independent of N.
Provided that the initial data belongs to an absorbing ball for the dynamics, these
bounds can then be expressed explicitly in terms of its radius.

Corollary A.1. Suppose that 1+m<k<2+p. Then there exists a universal constant
¢>0, independent of N >0, such that if 1>0 and {h,}, satisfy

h2 h2
csup ot £0,1(Qq) +€0.2(Qq) +x ooo)(v)( >(M )Zao,j Qq)*h

q 14

1
< )
- 107'('0

(A.17)
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then

2 2
t B V
(HVUN( )||L2> <e £t (%) —|—C7T0F12 for all t>0. (A.18)

14

On the other hand, if I, interpolates uniformly at scale h, then there exists a
universal constant ¢>0, independent of N >0, such that if 1>0 and 0<h<27 satisfy

L | - = R2U-D < — A.19
Lo () om0 < (4.19)

J=1

where [p] denotes the greatest integer <p, then

2 2
(||VUN(t>HL2) et (M) —|—cF12 for all t>0. (A.20)
v

v
In particular, if vo € By and ug € B1NBy, then

Von () 22\ SR R »
sup(” U ( )||L2> <c 1+<K> 0-1+Z(0-]1'£]1+G>2(J_1)
j=1

t>0 4 w

G? (A.21)

for all N >0.
Proof. By (A.18) and the Poincaré inequality we have

18 g2

lj, .
[Vonl72+ 50 o £05(Qg)*h | (=2 un |20,
j=3

K2\ 2

9 Mh? 2 2 2 12
13 (5= 200 (Q0) ) [ Vel +em Y.
q

4
dt

||AUN||2L2(Qq)

Since (A.17) holds and k <2+p, it then follows upon shifting the index and upon
applying Lemma 3.2 that

d 3
ZIVonliza < —2—%MHVUNH%2+C#V2F12-
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We deduce from Gronwall’s inequality that
IVon (@)l <" [ Vunllf +eMyFY,

as desired.
On the other hand, if I, interpolates uniformly at scale h, we apply Lemma
A.2, so that by (A.8) we have

d 9 9 ph? 2 2 1 o 2j p/2+1 2
IVonltvio—c{ == ) HAvx|L+v 2—05]2}1 (=2 on |7

9 h?
S e [ s

Since (A.19) holds, it follows that

d 3
EHVUNH%Q < —§/L||VUN||2LQ +cur’Fy.

An application of Gronwall’s inequality, then yields
IVon ()7 <e | Vol|7: +evFT,

which implies (A.20). We deduce (A.21) by applying Lemma A.1 and Proposition
2.1. [

Upon combining Lemma A.3 and Corollary A.1, we obtain the following corollary.

Corollary A.2. Suppose that 1+m <k <2+p. If p and {h,}, satisfy (A.17), then

t t
Sup sup [nw(wuw / IVon(s) 2+ / 1= AP 2Ty (5)|%ds
0 0

N>00<t<T

<00, (A.22)

holds for all T'>0. Moreover, if I, interpolates uniformly at scale h and p, h
satisfy (A.19) in place of (A.17), then (A.22) still holds.

Proof. We directly apply (A.18) or (A.20) in (A.12), to deduce uniform-in-time
bounds on ||vx||zx. Upon returning to (A.15), we integrate over [0,7], then apply
the uniform-in-time bounds just obtained for ||vy||;r to deduce (A.22). O

dvn
dt *

Lastly, we establish bounds for the time derivative
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Lemma A.4. Under the assumptions of Corollary A.2, we have

sup/ ‘
N>0

d
UN L22d3 <00

for all T>0.
Proof. Observe that

dv
H NHL2<||UN( Wigo+llon-Von |l 24| full 22 42| T o || 22

<I+II+111+1V.

We treat [ by Poincaré’s inequality and Corollary A.2. For II, we apply Cauchy-
Schwarz inequality and interpolation to obtain

(| <[low|[ s Von |l s < lloxllz2llow | g2-

Thus, we may ultimately control /1 with Poincaré’s inequality and Corollary A.2.
We treat 111 with the Cauchy-Schwarz inequality and Lemma A.1. Lastly, we treat
IV with the Poincaré inequality, Corollary 3.2, and the fact that 1+m <k <24p,
so that we have

VIS pllTmwow g < crollonllgoes < cpall (=22 Von]| 5.

Hence, by Corollary A.2, we conclude that

/ Hva
sup
N>0

for all T>0. O

L22ds<oo

Finally, we are ready to prove Theorem 4.2.

Proof of Theorem 4.2. By Corollary A.2 and Lemma A.4, we may apply the Aubin-
Lions compactness theorem to extract a subsequence of {vy }y~¢ such that vy, —v in
L2(0,T;:H%), where ve L®(0,7; H*)NL2(0,T; H*t)NL2(0,T; H*'*+7). This is suffi-
cient to pass to the limit in (2.8) and show that v indeed satisfies the equation. More-
over, by Lemma A.4, we also have dv/dt€L2(0 T;H%). Hence ve ([0, T):H*), so
that, in conjunction with ve L°(0,T; H*), we deduce that ve C([0,T]; H*). Unique-
ness of solutions follows in the same way as in [2]; the relevant details can be inferred
from the analysis performed above in establishing the synchronization of solutions
(see Proof of Theorem 4.3). O
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Appendix B: Taylor interpolant

We prove a preliminary lemma, which is a generalization of that found in [45].

Lemma B.1. Let h>0 and d>2. Let Q=0,h]* and ¢ € C*(Q), where 0<k <d.
For each 1<k <d—1, there exist universal constants b, >0, for each multi-index
0<|a| <k, depending only on d, such that

sup ([0 ongey S D Dlath” 00 72 (B.1)

d—k
vel0-h] 0<[al<k

Proof. Let k=d—1. For y;<z4, we have

(1, Ears0) = D1, Tt ) = / N (046) (21, s, ).

Ya

By applying the Cauchy-Schwarz inequality, then integrating with respect to
dxy---dxg over €, we deduce

Rl ya)llZ (o pga-1) < 208l 0) + 2RIVl 20

for all y, € [0,h]. Dividing by h?~! establishes (B.1) for k=1. Observe that it now
suffices to assume d> 3.

We argue by induction. In particular, suppose that (B.1) holds for all /=Fk,--- ,d—
1, for some 1<k <d—1. We show that (B.1) holds for k—1. Let us denote by Z
the projected point (zg,--+,24), where 1 </<d. Observe that z=2;=(z1,--+,2;,2111),
for all [=1,---,d—1, and Z;=24. Fix z €. Given any y € (), we denote ¢(-,7¢) =
d(x1,+,wo-1,7e), for £=1,--- d—1. We have

O, 3%) = (-, 0r) =(9(,a-1,7a) =P, Ta-1,9a)) +((-;¥a—1,94) — ¢ (*,Ya—1,7a))
+'“+<¢('7l‘kagk+l>_QS(')yk)gk-‘rl))'

It follows that

¢(~,:%k)—¢<~,z)k)=/xd<ad¢>(~,7>d7+/wd1(ad_1¢)(-,r,gd)d7+~-

Ya Yd—1

+/%@mxn@MMr (B.2)

Yk



A. Biswas, K. Brown and V. Martinez / Ann. Appl. Math., 38 (2022), pp. 296-355 345

Applying Cauchy-Schwarz yields
| 2

) h ) d—k—1 ,p )
<(d—k+2) ||o(x)| +h/ |0 (7)) dT+hZ/ |G ST Girg) | dT]
0 =0 0

=(d—k+2) }¢(x)|2+h/0 \ad¢(.,7)}2dr+hi/o \aj¢(.77,gj+l)\2d71.

Integrating with respect to dx;---dxy over €2 then gives

R, 01 122 0.1y

-1
<c <||¢||%2(Q)+h2||v¢”2L2(Q)+Zhd_]+3”v¢('7@j>HiQ([O,h]j1)) : (B.3)
ik

It follows from the induction hypothesis that

IV, Feoap-y S D cpath™ 0 V|| ). (B-4)

0<e|<j—1

Therefore, upon substituting the bounds in (B.4) into (B.3), then combining like
terms we arrive at

d—1
R G002 0.0 S Coll @l T2y + > biath*H107 V][ -

|a|=0

The proof is complete upon dividing by h%*+1. O

Proposition B.1. Suppose d>2. Let Q=[0,h]? and ¢ € C(Q). Given y€Q, let
Ti¢(-;y) denote first-order Taylor polynomial of ¢ centered at y. There exists an
absolute constant C' >0, independent of y, such that

lo=TioCi)ll72 < D a1V 0°V o720 (B.5)

1<|a]<d
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Proof. Let (x1,22,(y1,y2) €Q. Then observe that

¢($1,1’2) —T1¢(5E’1,$2) :¢(a:1,x2)—¢(y1,y2) —Vo(y1,2) (ﬂf—yl,y—yz)
=(p(z1,22) = 9(2,42)) +(d(,y2) — d(y1,92)) = VO(y1,42) - (T — Y1,y — o)

-/ "(0,6)(z,5) ds+ / " (000) (5,32) ds— (028) (31,2 (@ —1) — (By8) (y1,2) (y—32)

Y2 1

Z/y(aysb)(%é‘)—(%@(%yz) ds+[(9y0)(,y2) = (8y0) (Y1,92)] (y —42)

Y2

/ (000)(5.42)— (0 (yr.2) ds

/y2 /y2 (05¢)(z,7 deS—l—/ /yf(@g@lqﬁ)(r,w) d7d8+/yj/yls(al2¢)(7’y2) drds.

It follows from Holder’s inequality that

|¢(117$2)—T1¢(5151,$2)|
) Yy Yy x T x
S/ |05 (,7)| deSJF/ 02019(7,y2)| d7d8+/ |07 (T,y2)| drds
Y2 v Y2 y2 Jy1 y1 J

<|y—v2|h* (|05, )| L2 (0,0 + | 02010 (s y2) | 20,0y ) + |2 — Y1 |22 (|03 (- y2) | £2 0,0
<B2 (11050 (2,) | z20.0) + 102010, y2) | 2200y + 1070 y2) | 12(0.m)) -

The Cauchy-Schwarz inequaliy then implies that

lo-Tiélaq
<0301 )+ b (1000100 0) 3o+ oo ) - (B6)

By Lemma B.1, we have

||1/J(‘,y2)||%2(0,h) Sboh_l||1/J||%2(Q)+blh||v¢||%2(Q)

We apply this to 1 =0,0,¢,0%¢, so that (B.6) becomes

lo=T16]172(0) S coh® Y N10:Ve|[32ig)+crh® Y 110:0;V6l32q)

j=1,2 i,j=1,2

as desired, which establishes the case d=2.
Now suppose d >3 and let = (1, --,24) and yo = (y1,-*-,ya), Where z,x € Q.
For convenience, in addition to the notation Z, introduced in the proof of Lemma
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B.1, we define z,=(z1,-+-,2¢), so that z=(Z,2,11). By the fundamental theorem of
calculus, we have

o(x)—Tio(z;y) =9(z) —d(y) —Vo(y)-(x—y)
=((T1,22) —d(Y1,72)) + (P(U1,72,23) — O(U1,Y2,73) )+ (P(F2,3,84) — P(F2, Y3, Ta) + -+

d
+(0(Ya-2,Ya-1,%4) = (Ya—2,Ya-1,Ya)) — Zaj¢(y) (= v;)
j=1

€2

_/ 1(81¢(51,£2)—81¢(y1,g)2))d31+/ (82¢(y1,32,92*3)—82¢(y1,y2,§3))d52

Y1 Y2

+/ (030(Y2,53,24) — O30(Y2,Y3,Ua) )dS3+- -
Y3
zq

+/ (0aP(Ya—1,54) — 0aP(Ya—1,Ya))dSa- (B.7)
Yd

Let us interpret gy as an empty position and let ¥ (+,2,) =1 (yp_1,2¢) for all £=1,--- d.
Then for 1<j<d—2, we have

8j¢('73j7j7j+1)_aj¢('7yj7gj+1)
=0;0(+,85,%541) =050 (,¥5,%j41) + (050 Tj11,%j42) =050 (, Y1, 8j42) )+
+(9;9(,24) = 0;0(+,ya))
Sj Tj41 Td
:/ 8j2¢(',8,{%j+1)d5+/ 8j+18j¢(-,3,§7j+2)d3+---+/ 8d8j¢(-,s)ds. (B8)
Yj j Yd

Yj+1

Similarly, for j=d—1,d, we have
0a-19(+,8a-1,%a) = 0a—19(*,Ya-1,9a)

:/ . 05 1 o(-,5,24)ds+ d@dad—1¢(’as)dsad¢('78d> = 0u(-+a)

Yd—1 Yd

_ [ 2e(-s)ds. (B.9)

Yd

Now interpret Z;,; as the empty position. Suppose z; € {sk,x;} and observe that for
1<j<k<d, upon applying the Cauchy-Schwarz inequality, then integrating over ()
with respect to dxq---dxg, we obtain

2
T LR
/ (/ / akaj¢<~,s,azk+1>ds> Ao <D 00,0(Fr. oy (B10)
Q \Vy; Juyk
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Upon returning to (B.7), applying (B.8), (B.9), taking the square of the result,
integrating over [0,h]¢ with respect to dz;---dz4, then applying the Cauchy-Schwarz
inequality and (B.10), we have

l6—T16|| 720
<canyh 10| 72iq) + Z i h 1060 (Tk—1, )2 o pa—r+1)- (B.11)

1<k
(4,5)#(1,1)

Finally, we apply Lemma B.1 to obtain

l6—T1¢l172(0)
<canh'lofdllTg+ Y, D, cambah N0 %0070 (B12)

j<k  0<|a|<d—k+1
(4,3)#(1,1)

Switching the order of summation completes the proof. n

Appendix C: Volume elements

We describe an approximation operator based on data given by integration over
subsets of each cell. In particular we construct the operator on the unit cube [0,1]%,
from which its definition on affine images in the domain follows. For this particular
section, we refer the interested reader to [14] for additional details.

First we define an index set and collection of subsets of the cube

d
m:{aé{O,..,m_l}d} and E,:— Tlna+01 1—[[aZ a,+1]

=1

The degrees of freedom are then given by integration on the subsets. Define the set
of functionals ¥ = {04 }aca,,, Where o,:LL ([0,1]?) =R are given by

loc

0a(9)= [ o(x)dx

Eq

Now let us recall that unisolvence of a function space X with respect to a col-
lection of functionals X is equivalent to 3 forming a basis for the dual space of X.
Unisolvence will ensure that the approximation operator constructed from the func-
tionals will act as identity on X. Prior to proving unisolvence of the tensor product
volume element in general, we begin in one dimension.
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Lemma C.1. Let m>1. Then Py,_11= {Z’k”:_olpkwk:pkeR} 1s unisolvent with
respect to the functionals Y={o}.}"", given by

k+1
ou(f)= f(z)dz.
k
In particular, there exists a unique set © ={0,}7" ' C P11 such that oy(0,)=0F.
Proof. For each functional o, and monomial 2/, where 0<k,j <m—1, we have

. k+1 1)+ _ i+l
ak(m]):/ xjdx:(]ﬁL ) i :
k J+1

Define a matrix M by My;=0_1(277")

The matrix M = (k7 —(k—1)7),; has the same determinant as M up to a factor of j
for each row:

det (M) = <ﬁ j)  det(1) = %det(]\%).

M is the difference of two simpler matrices
M= (kj)kj_ <(k_1)j>k:j'

In particular, if we define

1, if j=k,
V=(K),. T=(Ty),; where Tyj=q —1, if j=k—1,
0, otherwise.

Then we have M =VT. Observe that det(T)=1. Also V is a Vandermonde matrix
whose determinant is thus given by

det(V)= [ -0

1<b<k<m
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We therefore conclude that

1 ~ 1 1
det(M)=—det(M)=—det(V)det(T)=— k—1?).
eb(M) = pden() = Zen(V)der( D)=y TT (k=0

Thus det(M)#0. Define a collection of polynomials © = {Qk}m ' C P11 with the
coefficients of each given by the columns of the matrix M ~!. In particular, let the
coefficient of 27 in 6, be given by the (j+1)-th entry in the (k—i—l)—th column of M~*

m—1
ZM]H ft 1) 7 for 0<k<m—1.
7=0

Since My =0y_1(2') we have for 0<l,k<m—1,

m—1

m—1

4

UZ(Q’C):Z oz )M(]il (k+1) — ZMEH J+1)M(J+1)(k+1) O
§=0

We conclude that there exists a basis © = {6,}7",} of P,,_11 such that oy (0,) =6
and therefore that the collection X = {0 };"-;' forms a basis for P11 O

We proceed to the case of general dimension.

Proposition C.1. Let m,d>1. Then Pp_1 4= {Z%Ampawa} is unisolvent with
respect to the functionals X ={04}aca,, given by

0a(@)= | ¢(x)dx
Eq
and in particular there exists a unique set {05} gea,, CPm_1n such that 0,(05)=05.

Proof. Upon rescaling, we may apply Lemma C.1, to deduce that for m >0 and
0<k<m-—1, there exists a univariate polynomial 8 € P,,_; ; such that

£+1

/mﬁk(x)dmzéﬁ.
°

m

Let n>1, and define for each a=(oy,---,aq) € A, a polynomial 6, € Pp,_1,,

d

Oa(21,+ 2a) = [ Oa, (21).

i=1
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We have
B1+1 B+l ¢
0 (0) = /ﬁl’” B )
f BZJ? - d
= ) | = Bi
_11< . 9,11.(931)(193,) 11]15%

As dimP,, 1, = |X|, we conclude that ¥ forms a basis for P, ,, bi-orthogonal to
O as constructed. O

1

We now define an operator I, : L,

— Pm—1, given by

Lnp(r)=">_ 0a(¢)0a(x).

Oée.Am

By Proposition C.1

75(In)= [ o) = /

Observe that I, is indeed a projection onto P,,_1 ,; for any polynomial p &€ P,,_1,
and a € A, we have o,(p) =04(I,p), and therefore by Proposition C.1 we have
p(z)=I,p(z), as desired.

> a(@)alaldo= [ oa(0)8s(a)dn=0x(0).

B aEAm Eﬂ

Acknowledgements

The work of Vincent R. Martinez was partially supported by the award PSC-CUNY
64335-00 52, jointly funded by The Professional Staff Congress and The City Uni-
versity of New York. The authors would like to thank Michael S. Jolly and Ali
Pakzad for insightful discussions in the course of this work, as well as the referees
for their careful reading of the manuscript and the generous comments they shared
to improve it.



352

A. Biswas, K. Brown and V. Martinez / Ann. Appl. Math., 38 (2022), pp. 296-355

References

1]

[15]

D. A. F. Albanez, H. J. Nussenzveig Lopes, and E. S. Titi, Continuous data assim-
ilation for the three-dimensional Navier-Stokes-a model, Asymptotic Anal., 97(1-2)
(2016), pp. 165-174.

A. Azouani, E. J. Olson, and E. S. Titi, Continuous data assimilation using general
interpolant observables, J. Nonlinear Sci., 24(2) (2014), pp. 277-304.

M. U. Altaf, E. S. Titi, T. Gebrael, O. M. Knio, L. Zhao, and M. F. McCabe,
Downscaling the 2D Bénard convection equations using continuous data assimilation,
Comput. Geosci., 21 (2017), pp. 393-410.

M. Buzzicotti, F. Bonaccorso, P. Clark Di Leoni, and L. Biferale, Reconstruction of
turbulent data with deep generative models for semantic inpainting from turb-rot
database, Phys. Rev. Fluids, 6 (2021), 050503.

A. Biswas, Z. Bradshaw, and M. S. Jolly, Data assimilation for the Navier—Stokes
equations using local observables, STAM J. Appl. Dyn. Syst., 20(4) (2021), pp. 2174—
2203.

A. Biswas, C. Foias, C. F. Mondaini, and E. S. Titi, Downscaling data assimilation
algorithm with applications to statistical solutions of the Navier—Stokes equations,
Annales de I'Institut Henri Poincaré C, Analyse non linéaire, 36(2) (2019), pp. 295—
326.

A. Biswas, M. S. Jolly, V. R. Martinez, and E. S. Titi, Dissipation Length Scale
Estimates for Turbulent Flows: A Wiener Algebra Approach, J. Nonlinear Sci., 24
(2014), pp. 441-471.

D. Blémker, K. Law, A. M. Stuart, and K. C. Zygalakis, Accuracy and stability of
the continuous-time 3DVAR filter for the Navier-Stokes equation, Nonlinearity, 26(8)
(2013), pp. 2193-2219.

I. Babuska and J. M. Melenk, The partition of unity method, Int. J. Numer. Methods
Eng., 40(4) (1997), pp. 727-758.

A. Biswas and V. R. Martinez, Higher-order synchronization for a data assimilation
algorithm for the 2D Navier-Stokes equations, Nonlinear Anal. Real World Appl.,
35(1) (2017), pp. 132-157.

M. Branicki, A. J. Majda, and K. J. H. Law, Accuracy of some approximate Gaussian
filters for the Navier-Stokes equation in the presence of model error, Multiscale Model.
Simul., 16(4) (2018), pp. 1756-1794.

A. Bényi and T. Oh, The Sobolev inequality on the torus revisited, Publ. Math.
Debrecen, 83(3) (2013), pp. 359-374.

H. Bessaih, E. J. Olson, and E. S. Titi, Continuous data assimilation with stochasti-
cally noisy data, J. Nonlinear Sci., 28(0) (2015), pp. 729-753.

K. R. Brown, Smooth Global Approximation for Continuous Data Assimilation, Mas-
ter’s thesis, CUNY Hunter College, CUNY Central Library New York, NY, August
2021.

S. C. Brenner and L. R. Scott, The Mathematical Theory of Finite Element Methods,



A. Biswas, K. Brown and V. Martinez / Ann. Appl. Math., 38 (2022), pp. 296-355 353

[16]

[17]

Third edtion, Texts in Applied Mathematics, vol. 15, Springer, New York, 2008.

P. Constantin and C. Foias, Navier-Stokes Equations, Chicago Lectures in Mathe-
matics, University of Chicago Press, Chicago, IL, 1988.

E. Carlson, J. Hudson, and A. Larios, Parameter recovery for the 2 dimensional
Navier-Stokes equations via continuous data assimilation, STAM J. Sci. Comput.,
42(1) (2020), pp. A250-A270.

E. Carlson, J. Hudson, A. Larios, V. R. Martinez, E. Ng, and J. Whitehead, Dynami-
cally learning the parameters of a chaotic system using partial observations, Discrete
Contin. Dyn. Sys., (2022), pp. 1-31.

B. Cockburn, D. A. Jones, and E. S. Titi, Estimating the number of asymptotic
degrees of freedom for nonlinear dissipative systems, Math. Comput., 66 (1997), pp.
1073-1087.

Emine Celik, Eric Olson, and Edriss S. Titi, Spectral filtering of interpolant observ-
ables for a discrete-in-time downscaling data assimilation algorithm, STAM J. Appl.
Dyn. Syst., 18(2) (2019), pp. 1118-1142.

R. Dascaliuc, C. Foias, and M. S. Jolly, Relations between energy and enstrophy on
the global attractor of the 2-D Navier-Stokes equations, J. Dyn. Differential Equa-
tions, 17(4) (2005), pp. 643-736.

T. Dupont and R. Scott, Polynomial approximation of functions in Sobolev spaces,
Math. Comput., 34(150) (1980), pp. 441-463.

A. Ern and J.-L. Guermond, Theory and Practice of Finite Elements, Applied Math-
ematical Sciences, vol. 159, Springer-Verlag, New York, 2004.

A. Farhat, N. E. Glatt-Holtz, V. R. Martinez, S. A. McQuarrie, and J. P. White-
head, Data assimilation in large Prandtl Rayleigh-Bénard convection from thermal
measurements, STAM J. Appl. Dyn. Syst., 19(1) (2020), pp. 510-540.

A. Farhat, H. Johnston, M. S. Jolly, and E. S. Titi, Assimilation of nearly turbu-
lent Rayleigh-Bénard flow through vorticity or local circulation measurements: A
computational study, J. Sci. Comput., (2018), pp. 1-15.

A. Farhat, M. S. Jolly, and E. S. Titi, Continuous data assimilation for the 2D Bénard
convection through velocity measurements alone, Phys. D, 303 (2015), pp. 59-66.
A. Farhat, E. Lunasin, and E. S. Titi, Abridged continuous data assimilation for
the 2D Navier-Stokes equations utilizing measurements of only one component of the
velocity field, J. Math. Fluid Mech., 18(1) (2016), pp. 1-23.

A. Farhat, E. Lunasin, and E. S. Titi, Data assimilation algorithm for 3D Bénard
convection in porous media employing only temperature measurements, J. Math.
Anal. Appl., 438(1) (2016), pp. 492-506.

A. Farhat, E. Lunasin, and E. S. Titi, On the charney conjecture of data assimi-
lation employing temperature measurements alone: The paradigm of 3D planetary
geostrophic model, Math. Climate Weather Forecast., 2 (2016), pp. 61-74.

A. Farhat, E. Lunasin, and E. S. Titi, Continuous data assimilation for a 2D Bénard
convection system through horizontal velocity measurements alone, J. Nonlinear Sci.,
27 (2017), pp. 1065-1087.



354

[31]

32]

A. Biswas, K. Brown and V. Martinez / Ann. Appl. Math., 38 (2022), pp. 296-355

C. Foias, O. Manley, R. Rosa, and R. Temam, Navier-Stokes Equations and Turbu-
lence, Encyclopedia of Mathematics and Its Applications, vol. 83, Cambridge Uni-
versity Press, Cambridge, 2001.

C. Foias, C. Mondaini, and E. S. Titi, A discrete data assimilation scheme for the
solutions of the 2D Navier-Stokes equations and their statistics, SIAM J. Appl. Dyn.
Syst., 15(4) (2016), pp. 2019-2142.

C. Foiag and G. Prodi, Sur le comportement global des solutions non-stationnaires
des équations de Navier-Stokes en dimension 2, Rend. Sem. Mat. Univ. Padova, 39
(1967), pp. 1-34.

C. Foias and R. Temam, Determination of the solutions of the Navier-Stokes equations
by a set of nodal values, Math. Comput., 43(167) (1984), pp. 117-133.

C. Foias and R. Temam, Gevrey Class Regularity for the Solutions of the Navier-
Stokes equations, J. Funct. Anal., 87 (1989), pp. 359-369.

M. Gesho, E. J. Olson, and E. S. Titi, A computational study of a data assimila-
tion algorithm for the two-dimensional Navier-Stokes equations, Commun. Comput.
Phys., 19(4) (2016), pp. 1094-1110.

J. E. Hoke and R. A. Anthes, The initialization of numerical models by a dynamic-
initialization technique, Monthly Weather Rev., 104(12) (1976), pp. 1551-1556.

J. Hudson and M. S. Jolly, Numerical efficacy study of data assimilation for the 2D
magnetohydrodynamic equations, J. Comput. Dyn., 6(1) (2019), pp. 131-145.

K. Hayden, E. Olson, and E. S. Titi, Discrete data assimilation in the Lorenz and
2D Navier-Stokes equations, Phys. D, 240(18) (2011), pp. 1416-1425.

Hussain A. Ibdah, Cecilia F. Mondaini, and Edriss S. Titi, Fully discrete numerical
schemes of a data assimilation algorithm: uniform-in-time error estimates, IMA J.
Numer. Anal., 40(4) (2019), pp. 2584-2625.

M. S. Jolly, V. R. Martinez, E. J. Olson, and E. S. Titi, Continuous data assimilation
with blurred-in-time measurements of the surface quasi-geostrophic equation, China
Ann. Math. Ser. B, 40 (2019), pp. 721—764.

M. S. Jolly, V. R. Martinez, and E. S. Titi, A data assimilation algorithm for the 2D
subcritical surface quasi-geostrophic equation, Adv. Nonlinear Study, 35 (2017), pp.
167-192.

M. S. Jolly and A. Pakzad, Data assimilation with higher order finite element inter-
polants, arxiv:2108.03631 (August 8, 2021), pp. 1-18.

D. A. Jones and E. S. Titi, Determining finite volume elements for the 2D Navier-
Stokes equations, Phys. D, 60 (1992), pp. 165-174.

D. A. Jones and E. S. Titi, On the number of determining nodes for the 2D Navier-
Stokes equations, J. Math. Anal., 168 (1992), pp. 72-88.

S. Klainerman and A. Majda, Singular limits of quasilinear hyperbolic systems with
large parameters and the incompressible limit of compressible fluids, Commun. Pure
Appl. Math., 34(4) (1981), pp. 481-524.

T. Kato and G. Ponce, Commutator estimates and the Euler and Navier-Stokes
equations, Commun. Pure Appl. Math., 41(7) (1988), pp. 891-907.



A. Biswas, K. Brown and V. Martinez / Ann. Appl. Math., 38 (2022), pp. 296-355 355

[48]
[49]

[50]

[51]

[57]

[58]

C. E. Kenig, G. Ponce, and L. Vega, Well-posedness of the initial value problem for
the Korteweg-de Vries equation, J. Amer. Math. Soc., 4(2) (1991), pp. 323-347.

I. Kukavica, On the Dissipative Scale for the Navier-Stokes equation, Indiana Math.
J., 47(3) (1998), pp. 1129-1154.

A. Larios and Y. Pei, Approximate continuous data assimilation of the 2D Navier-
Stokes equations via the Voigt-regularization with observable data, Evol. Equ. Con-
trol Theory, 9(3) (2020), pp. 733-751.

A. Larios, L. G. Rebholz, and C. Zerfas, Global in time stability and accuracy of
IMEX-FEM data assimilation schemes for Navier-Stokes equations, Comput. Meth-
ods Appl. Mech. Eng., 345 (2019), pp. 1077-1093.

E. Lunasin and Edriss S. Titi, Finite determining parameters feedback control for
distributed nonlinear dissipative systems—a computational study, Evol. Equat. Contr.
Theory, 6(4) (2017), pp. 535-557.

V.R. Martinez, Convergence analysis of a parameter estimation algorithm for the
2d navier-stokes equations, arXiv:2110.11568v2 (to appear in Nonlinearity) (Feb 24,
2022), pp. 1-35.

C.F. Mondaini and E. S. Titi, Uniform-in-time error estimates for the postprocessing
Galerkin method applied to a data assimilation algorithm, SIAM J. Numer. Anal.,
56(1) (2018), pp. 78-110.

P. A. Markowich, E. S. Titi, and S. Trabelsi, Continuous data assimilation for the
3d Brinkman-Forchheimer-Extended Darcy model, Nonlinearity 24(4) (2016), pp.
1292-1328.

E. Olson and E. S. Titi, Determining modes for continuous data assimilation in 2D
turbulence, J. Statist. Phys., 113(5-6) (2003), pp. 799-840. Progress in Statistical
Hydrodynamics (Santa Fe, NM, 2002).

D. Sanz-Alonso and A. M. Stuart, Long-time asymptotics of the filtering distribution
for partially observed chaotic dynamical systems, STAM/ASA J. Uncertain. Quantif.,
3(1) (2015), pp. 1200-1220.

S. L. Sobolev, Applications of Functional Analysis in Mathematical Physics, Trans-
lated from the Russian by F. E. Browder. Translations of Mathematical Monographs,
Vol. 7, American Mathematical Society, Providence, R.I., 1963.

R. Temam, Infinite-Dimensional Dynamical Systems in Mechanics and Physics, Sec-
ond edition, Applied Mathematical Sciences, vol. 68, Springer-Verlag, New York,
1997.

R. Temam, Navier-Stokes Equations: Theory and Numerical Analysis, AMS Chelsea
Publishing, Providence, RI, 2001, reprint of the 1984 edition.

A. Younsi, Effect of hyperviscosity on the Navier-Stokes turbulence, Electron. J.
Differential Equations, (2010), p. 19.



