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Abstract. In this paper, a class of two-dimensional Riesz space-fractional diffusion
equations (2D-RSFDE) with homogeneous Dirichlet boundary conditions is consid-
ered. In order to reduce the computational complexity, the alternating direction im-
plicit Crank-Nicholson (ADI-CN) method is applied to reduce the two-dimensional
problem into a series of independent one-dimensional problems. Based on the fact
that the coefficient matrices of these one-dimensional problems are all real symmetric
positive definite Toeplitz matrices, a fast method is developed for the implementation
of the ADI-CN method. It is proved that the ADI-CN method is uniquely solvable, un-
conditionally stable and convergent with orderO(τ2+h2

x+h2
y) in the discrete L∞-norm

with time step τ and mesh size hx, hy in the x direction and the y direction, respectively.
Finally, several numerical results are provided to verify the theoretical results and the
efficiency of the fast method.
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1 Introduction

The classical diffusion processes can be described properly by the Fick’s law [1, 2]. How-
ever, there are also a large number of diffusion processes found to be non-Fickian, which
occur in many different areas, such as the signaling of biological cells [7], the design of
photocopiers and laser printers [6], foraging behavior of animals [9], anomalous electro-
diffusion in nerve cells [8], and electrochemistry [10], finance [12], physics [11], viscoelas-
tic and viscoplastic flow [14], fluid and continuum mechanics [13] and solute transport
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in groundwater [15], etc. Many researchers show that fractional diffusion equations are
more proper than second-order diffusion equations for the description of the anomalous
diffusion processes [11,15,16]. As a result, many studies on fractional diffusion equation
have emerged recently, such as [3, 24–26] etc.

In this paper, we investigate the following 2D-RSFDE:

∂u
∂t
−kx

∂αu
∂|x|α−ky

∂βu
∂|y|β

= f (u,x,y,t), (x,y)∈Ω, t∈ (0,T], (1.1)

subject to the initial condition

u(x,y,0)= ϕ(x,y), (x,y)∈Ω, (1.2)

and the Dirichlet boundary condition

u(x,y,t)=0, (x,y)∈∂Ω, (1.3)

where 1 < α,β≤ 2, Ω = (0,xr)×(0,yr), ∂Ω is the boundary of Ω and kx > 0, ky > 0 are
diffusion coefficients. In this paper the reaction term f (u,x,y,t) is confined as f (u,x,y,t)=
g(x,y,t)−µu with µ>0.

The space Riesz fractional derivative ∂αu
∂|x|α on the finite domain Ω̄=Ω∪∂Ω is defined

by

∂αu
∂|x|α (x,y,t)=−cα(0Dα

xu(x,y,t)+x Dα
xr

u(x,y,t)),

where cα =
1

2cos(πα/2) , and the left and right Riemann-Liouville fractional derivatives are
defined as

0Dα
xu(x,y,t)=

1
Γ(2−α)

∂2

∂x2

∫ x

0

u(s,y,t)ds
(x−s)α−1 ,

xDα
xr

u(x,y,t)=
(−1)2

Γ(2−α)

∂2

∂x2

∫ xr

x

u(s,y,t)ds
(s−x)α−1 .

The space Riesz fractional derivative ∂βu
∂|y|β on the finite domain Ω̄ can be defined similarly.

Because of the nonlocal nature of the space fractional operators, numerical methods
discretization of the Riesz space-fractional model always generate linear systems with
full or dense coefficient matrices. Consequently, it will require an enormous amount
of computer time for the numerical stimulations. Unfortunately, the amount of com-
puter time increases even more for the two-dimensional case. In this paper, we apply
the ADI method to reduce the multidimensional problem into a series of independent
one-dimensional problems. Based on the fact that the coefficient matrices for these one-
dimensional problems are all real symmetric positive definite matrices with the structure


