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Abstract. In this paper, a lattice Boltzmann model with BGK operator (LBGK) for solv-
ing time-fractional nonlinear wave equations in Caputo sense is proposed. First, the
Caputo fractional derivative is approximated using the fast evolution algorithm based
on the sum-of-exponentials approximation. Then the target equation is transformed
into an approximate form, and for which a LBGK model is developed. Through
the Chapman-Enskog analysis, the macroscopic equation can be recovered from the
present LBGK model. In addition, the proposed model can be extended to solve the
time-fractional Klein-Gordon equation and the time-fractional Sine-Gordon equation.
Finally, several numerical examples are performed to show the accuracy and efficiency
of the present LBGK model. From the numerical results, the present model has a
second-order accuracy in space.
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1 Introduction

Fractional calculus is a suitable technique for describing materials with memory and ge-
netic properties in the real world due to its nonlocality. In recent years, the fractional
models have been widely used to describe anomalous diffusion [1–3], viscoelastic me-
chanics [4, 5], quantum mechanics and non-Newtonian fluid [6], fluid mechanics [7] and
so on, since they are more general and usually more accurate than classical calculus. In
fact, the time-fractional sub-diffusion equation and time-fractional super-diffusion equa-
tion can be used to model numerous natural phenomenon more accurately and more
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authentically than their integer counterparts [8]. Mainardi et al. [9] point out that the
propagation of the mechanic waves in viscoelastic media exhibits a power law creep,
and this phenomenon can be depicted by the following time-fractional wave equation,

C
0Dκ

t φ(x,t)=D∇2φ(x,t)+F(x,t), (1.1)

in which φ(x,t) is a field variable and 1<κ≤2. C
0Dκ

t φ is the κ-order Caputo-type fractional
derivative defined by

C
0Dκ

t φ(x,t)=


1

Γ(2−κ)

∫ t

0
(t−ς)1−κ ∂2φ

∂ς2 (x,ς)dς, 1<κ<2,

∂2φ

∂t2 (x,t), κ=2,

(1.2)

where Γ(·) represents the Gamma function.
Compared with the classical differential equations, the fractional counterparts are

usually more difficult to be solved analytically. In view of this, some numerical meth-
ods with high accuracy and efficiency have been developed in recent years, including
finite difference method [10–13], finite element method [14–16], spectral method [17, 18],
series approximation method [19] and so on. Although these works have achieved fruit-
ful results and greatly promoted the development of computational mathematics and
engineering applications, they may not be easy to implement in high-dimensional case.

Following another path, the researches based on the kinetic theory has made great
progress in the development of mesoscopic lattice Boltzmann method (LBM) for hydro-
dynamics [20–22], and this method has also been extended to solve the nonlinear differ-
ential equations [23–27]. Compared with the traditional numerical techniques, the LBM
has some distinct features, such as natural parallelization, programming simplicity, com-
putational efficiency and boundary implementation. Although the LBM has been used
to study the nonlinear wave equations [28,29], only a little progress has been made to de-
velop the efficient lattice Boltzmann models for the fractional systems. The following is
a list of some existing LBM studies on fractional problems in recent years. Xia et al. [30]
developed a novel multi-speed lattice Boltzmann numerical scheme for simulating the
spatial fractional diffusion equation, which was an extension of the classical LBM. Wang
et al. [31] presented a lattice Boltzmann approach for solving the convection-dispersion
equation with the spatial fractional derivative, which was defined as a global integral
from the initial to the current position. Zhou et al. [32] studied the anomalous diffusion
phenomenon, wihch can be described by a superdiffusion equation with the Riemann-
Liouville fractional derivative in space. In their work, a lattice Boltzmann model is
constructed after transforming the fractional equation into a similar advection-diffusion
equation. Cartalade et al. [33] established a multiple-relaxation-time lattice Boltzmann
model for the advection-diffusion equation with a space-fractional derivative. Zhang et
al. [34] developed a lattice Boltzmann model for the fractional diffusion equation with
the Riemann-Liouville fractional derivative. Du et al. [35] transformed the sub-diffusion


