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Abstract. In this work, we have developed a fifth-order alternative mapped weighted
essentially nonoscillatory (AWENO-M) finite volume scheme using non-linear weights
of mapped WENO reconstruction scheme of Henrick et al. (J. Comput. Phys., 207
(2005), pp. 542–567) for solving hyperbolic conservation laws. The reconstruction of
numerical flux is done using primitive variables instead of conservative variables. The
present scheme results in less spurious oscillations near discontinuities and shows
higher-order accuracy at critical points compared to the alternative WENO scheme
(AWENO) based on traditional non-linear weights of Jiang and Shu (J. Comput. Phys.,
228 (1996), pp. 202–228). The third-order Runge-Kutta method has been used for solution advancement in time. The Harten-Lax-van Leer-Contact (HLLC) shock-capturing
method is used to provide necessary upwinding into the solution. The performance of
the present scheme is evaluated in terms of accuracy, computational cost, and resolution of discontinuities by using various one and two-dimensional test cases.
AMS subject classifications: 35L65, 65M08
Key words: High resolution scheme, unsteady, non-linear weights, numerical fluxes, alternative
WENO scheme, hyperbolic equations.

1

Introduction

The development of high-order spatial accurate schemes for the solution of nonlinear
hyperbolic equations is of great interest for the last few decades. The solution of hyperbolic equations contains discontinuities like rarefaction, shock wave, contact surfaces,
and shear lines. These discontinuities are always present in the solution. Therefore,
we need a high order scheme to capture these discontinuities without spurious oscillations. Weighted essentially non-oscillatory (WENO) and essentially non-oscillatory
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(ENO) schemes are widely used higher-order shock-capturing methods for solving nonlinear hyperbolic equations [1]. In the ENO scheme, the reconstruction of the convective
flux is based on a fixed candidate stencil. In contrast, in the WENO scheme, reconstruction of the convective flux is done by the dynamic combination of different ENO stencils [2]. Harten et al. [3, 4] developed a high order ENO finite volume scheme, which
is a modified version of the total-variation diminishing (TVD) scheme in [5]. Casper
and Atkins [6], presented a high order non-oscillatory scheme for two-dimensional problems. Liu et al. [7] introduced a third-order WENO finite volume scheme. Jiang and
Shu [8] constructed a 5th order WENO scheme denoted by WENO-JS. Later, Balsara
and Shu [9] developed a very high-resolution WENO scheme (up to 11th order) in their
work. WENO-JS can be made a finite volume or finite difference based scheme. The finite
volume schemes are flexible and robust compared to the finite difference schemes [10].
Several finite volume WENO schemes have been designed and applied to curvilinear
grid [11,12], non-uniform grids [13], unstructured grids [14] and structured grids [15–17].
The alternative WENO scheme developed by Shu and Osher [18] is an efficient scheme
in the finite difference framework. It has been used with Cartesian [19] as well as curvilinear grids [20]. Liu [21] conducted a comparative study for the fifth-order alternative
WENO scheme using different approximate Riemann solver for inviscid cases. The alternative methodology has also been used with the compact-WENO scheme [22], and the
Hermite WENO scheme [23]. The alternative WENO approach could not perform with
optimal accuracy at the points where derivatives become zero (critical points). Henrick
et al. [24] designed the fifth-order mapped WENO scheme (WENO-M), in which mapping of nonlinear weights results in achieving 5th order accuracy at the critical points.
Later WENO-Z scheme [25, 26] was developed, which provides better resolution and
desirable convergence rate at the critical points. Recently, Wang et al. [27] studied an
alternative finite difference WENO scheme with WENO-Z weights on a structured grid.
Gao et al. [28] have extended the alternative WENO scheme framework to seventh and
ninth order. This methodology has also been applied to shallow water equations, and
multicomponent flows [29–31]. In the present work, we have designed a fifth-order alternative mapped WENO finite volume scheme using WENO-M nonlinear weights [24] for
solving nonlinear hyperbolic equations. The proposed scheme is denoted by AWENOM. It evaluates numerical flux using the reconstruction of primitive variables (solution
variable) rather than conservative variables. The WENO reconstruction procedure based
on conservative variables produces spurious oscillations as compared to primitive variables [32, 33]. The developed scheme results in small numerical oscillations near discontinuities (shock waves and contact surfaces) and gives the optimal rate of convergence
at critical points. The shock-capturing HLLC method [34, 35] has been adopted for splitting the numerical flux due to its robustness. The performance of the resultant scheme
is analyzed through different one and two-dimensional test problems. We assess the
robustness of the proposed AWENO-M scheme by comparing computational cost and
resolution of discontinuities with the traditional WENO scheme (WENO-JS) [8], WENOM scheme [24], and the alternative WENO scheme based on WENO-JS nonlinear weights
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(AWENO-JS) [19].
The present work is described as follows: we give a general framework of the physical problem for two dimensions in Section 2. In Section 3, we provide a detailed description of the alternative mapped WENO scheme for the evaluation of numerical flux. In
Section 4, we have presented numerical results of one and two-dimensional problems.
Concluding remarks are discussed in Section 5.

2

General framework

The non-linear hyperbolic equation in a conservative form is given by
∂U ∂G ∂H
+
+
= 0,
∂t ∂x1 ∂x2
where


ρ
ρu1 

U=
ρu2  ,
E



ρu1
 ρu2 + p 
1

G=
 ρu1 u2  ,
u1 ( E + p )


(2.1)



ρu2
 ρu2 u1 

H=
 ρu2 + p .
2
u2 ( E + p )

Here, U is the vector of conservative variables, ρ, p, and E are density, pressure, and total
energy respectively. u1 and u2 are the velocities in coordinate directions x1 and x2 . G and
H are numerical (convective) fluxes. The semi-discretized form of (2.1) is given by


dUij
1 
1 
=−
Gi+ 1 ,j − Gi− 1 ,j −
Hi,j+ 1 − Hi,j− 1 = Lij ,
(2.2)
2
2
2
2
dt
∆x1
∆x2
where Uij is the conservative variable at the (i, j)th point, ∆x1 and ∆x2 are the grid spacing in x1 and x2 directions. Gi∓1/2,j and Hi,j∓1/2 are the numerical fluxes in x1 and x2
direction, at the cell interfaces x1i∓1/2,j and x2i,j∓1/2 , respectively. The numerical fluxes at
the cell boundaries are evaluated using fifth order alternative mapped WENO scheme
discussed in next section. We solve (2.2) using 3rd order TVD Runge-Kutta method [36]
as given below

U0 = Uijn + ∆tLij (Un ) ,


 ij

U1ij = (3/4)Uijn +(1/4)U0ij +(1/4)∆tLij U0 ,
(2.3)


 Un+1 = (1/3)Un +(2/3)U1 +(2/3)∆tL U1  .
ij

3

ij

ij

ij

Alternative mapped WENO scheme (AWENO-M)

We consider the one-dimensional form of the Euler equations to describe an alternative
mapped WENO scheme for the calculation of numerical flux. The conservative form of
the 1-D Euler equation is
dv df(v)
+
= 0,
(3.1)
dt
dx
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in which, v = [ρ,ρu,E] T is the conservative variable and f = [ρu,ρu2 + p,u( E + p)] T is the
numerical flux. Here, E = 0.5 × ρ(u2 )+ p/(γ − 1) is the total energy per unit volume and
γ = 1.4 is specific heat ratio. The fully discretized form of (3.1) can be written as

∆t 
fi + 1 − fi − 1 ,
(3.2)
v n +1 = v n −
2
2
∆x
where fi+1/2 is the approximated value of alternative numerical flux normal to the cell
interface xi+1/2 . An alternative form proposed in [18] for the evaluation of approximated
numerical flux fi+1/2 is given by
p −1

fi+ 1 = fi+ 1 + ∑ b2k ∆x
2

2

k =1

2k



∂2k f
∂x2k


i + 12

+O(∆x2p−1 ),

(3.3)

where fi+1/2 = f(vi+1/2 ) is the numerical flux calculated through fifth-order AWENO-M
reconstruction procedure as discussed in this section. The coefficients b2k can be evaluated through the Taylor series expansion. For example, the approximated numerical flux
for p = 3 is given by
 2 
 4 
1
7
2 ∂ f
4 ∂ f
fi+ 1 = fi+ 1 − ∆x
+
∆x
.
(3.4)
2
2
24
∂x2 i+ 1 5760
∂x4 i+ 1
2

2

The last two terms of (3.4) are approximated by using the central difference scheme [22]
as
  2 
∂ f


= (1/48∆x2 )(−5fi+3 + 39fi+2 − 34fi+1 − 34fi + 39fi−1 − 5fi−2 ),

 ∂x2
1
i+
(3.5)
 4  2

∂ f

4

= (1/2∆x1 )(fi+3 − 3fi+2 + 2fi+1 + 2fi − 3fi−1 + fi−2 ).

∂x4 i+ 1
2

3.1

Shock capturing method

To capture the discontinuities, we need a shock-capturing method which provides necessary upwinding into the solution. The shock-capturing method has been used to split the
numerical flux fi+1/2 into the left (f− ) and right (f+ ) states using left wave (v− ) and right
wave (v+ ) configurations respectively. The HLLC method [35] is a three wave configuration model, i.e., left (v− ), right (v+ ), and intermediate (or star) state (v∗ ). The intermediate
+
state is further divided into two star states, i.e., v−
∗ and v∗ using contact discontinuity s∗ .
The procedure is as follows:
 −
v , s− > 0,



 v− , s− ≤ 0 < s ,
∗
∗
vi + 1 =
(3.6)
+
+
2

v∗ , s∗ ≤ 0 < s ,


 +
v , s+ < 0,
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where s− and s+ are the left and right state wave speed [37]. The intermediate state v±
∗ is
given by


1

 ±
± 

± s −u
 ±
 s∗
 ,
(3.7)
v±
±
∗ =ρ

p
s± − s∗  E
±) s +
+(
s
−
u
∗
∗
ρ±
ρ± (s± − u± )
where s∗ is given by
s∗ =

(ρ− u− s− − ρ− u− u− )−(ρ+ u+ s+ − ρ+ u+ u+ )+ p+ − p−
.
ρ+ u+ − ρ+ s+ − ρ− u− + ρ− s−

The numerical flux fi+1/2 at the cell boundary is given by
 −
f ,
s− > 0,



 f − = f − s − ( v − − v − ), s − ≤ 0 < s ,
∗
∗
∗
fi + 1 =
+
+
+
+
+
+
2

f ∗ = f s ( v ∗ − v ), s ∗ ≤ 0 < s ,


 +
f ,
s+ < 0.

(3.8)

The spatial accuracy of the numerical flux (3.8) is first-order accurate. To develop high
order shock-capturing method, we need to reconstruct the left (f− ) and the right (f+ ) state
of numerical flux using WENO reconstruction [1].

3.2

WENO reconstruction

To describe the reconstruction procedure, let’s consider a smooth scalar function v( x ).
The left reconstructed value vi−+1/2 of function v( x ) is given by
vi−+1/2 = ω0t v0 + ω1t v1 + ω2t v2 ,

(3.9)

where vk are the interpolated values of kth candidate stencil (k = 0,1,2) as given below


 v0 = 1.8334vi − 1.667vi−1 + 0.334vi−2 ,
v1 = 0.334vi+1 + 0.8334vi − 0.1667vi−1 ,
(3.10)


v2 = −0.1667vi+2 + 0.8334vi+1 + 0.334vi ,
and ωkt (k = 0,1,2) are the traditional non-linear weights defined by Jiang and Shu [8] as
ωkt =

atk
∑20 atk

,

atk =

dk
.
( e + β k )2

(3.11)

Here, dk are ideal weight coefficients (do = 1/10, d1 = 3/5 and d2 = 3/10) and e is a small
constant value to avoid zero denominator. The smoothness indicators β k are

2
2

 β 0 = (1.084vi − 2.168vi−1 + 1.084vi−2 ) +(0.75vi − vi−1 + 0.25vi−2 ) ,
β 1 = (1.084vi+1 − 2.168vi + 1.084vi−1 )2 +(−0.25vi+1 + 0.25vi−1 )2 ,
(3.12)


2
2
β 2 = (1.084vi+2 − 2.168vi+1 + 1.084vi ) +(0.25vi+2 − vi+1 + 0.75vi ) .
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WENO scheme based on traditional non-linear weights ωkt is called WENO-JS scheme. It
loses its fifth-order rate of convergence at critical points. To resolve this issue, Henrick
et al. [24] constructed a WENO-M scheme, in which non-linear weights are mapped by
mapping functions gk (ω ) to attain optimal convergence at critical points. The mapping
functions gk (ω ) (k = 0,1,2) are given by
gk ( ω ) =

ω (d2k + ω 2 + dk − 3dk ω )
.
ω (1 − 2dk )+ d2k

(3.13)

The mapping function gk (ω ) has the following properties: gk (0) = gk0 (dk ) = gk00 (dk ) = 0,
gk (dk ) = dk , and gk (1) = 1. The mapped non-linear weights ωkm (k = 0,1,2) designed in [24]
are given by
am
t
ωkm = 2k m , am
(3.14)
k = gk ( ω k ).
∑0 a k
The left reconstructed value vi−+1/2 for the WENO-M scheme, using mapped non-linear
weights ωkm , can be written as
vi−+1/2 = ω0m v0 + ω1m v1 + ω2m v2 .

(3.15)

The right reconstructed value vi++1/2 for WENO-JS or WENO-M scheme can be easily
evaluated through symmetry.

3.3

AWENO-M reconstruction

The AWENO-M scheme evaluates the numerical flux (3.8) using WENO-M weights (3.14).
In this scheme, the reconstruction of the left (f− ) and the right (f+ ) state of numerical flux
is calculated by using primitive variables (u and p), considering that conservative variable components (ρu and E) produce spurious oscillations near discontinuities as compared to primitive variables [32, 33].

4

Numerical results

We evaluate the performance of the present AWENO-M scheme for solving different one
and two-dimensional test problems. We compare the computational cost (CPU time),
resolution, and convergence rate of the AWENO-M scheme with the WENO-JS, WENOM, AWENO-JS, and exact solutions. In this section, AWENO-JS and AWENO-M schemes
are together called AWENO schemes, and WENO-JS and WENO-M are together called
WENO schemes. The convergence rate, rc , is calculated by
rc =

log(error∆x /error∆x/2 )
.
log2

(4.1)
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Convergence test at critical point

For test of convergence of WENO and AWENO schemes, we consider the error in computation of derivative (dg/dx ) of the function g( x )= x3 +cos( x ) at the critical point x =0 [24].
Results obtained with e = 10−40 are summarised in Table 1. These results clearly show that
the WENO-JS and AWENO-JS schemes are 3rd order accurate, and the WENO-M scheme
is approximately fifth-order accurate. In contrast, the proposed AWENO-M scheme results in less dissipation and optimal order of accuracy (fifth-order).
Table 1: The L∞ error and rc of WENO and AWENO schemes for calculation of dg/dx function near a critical
point (x = 0) with e = 10−40 .

∆x
0.001
0.0005
0.00025
0.000125
0.0000625

4.2

WENO-JS
L∞
rc
1.6e−9
2.1e−10 2.96
2.7e−11 2.98
3.4e−12 2.99
4.2e−13 2.99

WENO-M
L∞
rc
6.1e−14
2.1e−15 4.86
6.9e−17 4.94
2.2e−18 4.97
7.0e−20 4.98

AWENO-JS
L∞
rc
3.1e−11
3.3e−12 3.24
3.2e−13 3.39
3.0e−14 3.42
2.7e−15 3.49

AWENO-M
L∞
rc
4.2e−14
1.3e−15 4.99
4.2e−17 4.98
1.3e−18 4.99
4.1e−20 4.99

Linear advection test case

The one-dimensional linear advection equation can be written as
vt + v x = 0.

(4.2)

Initial conditions (t = 0) are


 [0.67g( x,a)+ 0.167g( x,a − b)+ 0.167g( x,a + b)], x ∈ [−0.80, −0.60],



x ∈ [−0.40, −0.20],

 1.0,
v0 ( x ) =

1.0 −|10.0x − 1.0|,



[0.67h( x,c)+ 0.167h( x,c − b)+ 0.167h( x,c + b)],




0.0,

x ∈ [0.00,0.20],

(4.3)

x ∈ [0.40,0.60],
otherwise,

2

where
a = −0.7, b = 0.005, c = 0.5, g( x,a) = e−φ(x−a) , φ = (log2)/36b2 , h( x,c) =
p
max(1 − β2 ( x − c)2 ),0), and β = 10. Eq. (4.2) is solved up to time t = 8 for domain [−1,1]
with N = 300 grid points. Table 2 and Fig. 1 show that the AWENO-M scheme captures
sharp discontinuities more accurately. Further, it is also more accurate and less dissipative in comparison to AWENO-JS and WENO schemes.

4.3

One dimensional accuracy test

We consider one dimensional Euler equations for testing the accuracy of high order
schemes. The initial (t = 0) condition is ( p,u,ρ) = (1.0,1.0,1.0 + 0.2sin(πx )). Computations have been performed up to time t = 2.0 with CFL number 0.9 for domain [0.0,2.0].
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Figure 1: Simulation results of high order schemes (WENO and AWENO) for the linear advection problem with
N = 300 and t = 8.
Table 2: The L1 norm and rc of WENO and AWENO schemes, for linear advection equation.

N
40
80
160
320
640
1280
2560

WENO-JS
L1
rc
4.9e−1
2.6e−1 0.90
1.2e−1 1.07
5.1e−2 1.28
2.4e−2 1.10
1.2e−2 0.98
6.2e−3 0.96

WENO-M
L1
rc
3.7e−1
2.0e−1 0.89
9.1e−2 1.13
3.7e−2 1.29
1.7e−2 1.11
8.7e−3 0.98
4.4e−3 0.97

AWENO-JS
L1
rc
4.2e−1
2.3e−1 0.89
1.1e−1 1.04
4.6e−2 1.25
2.2e−2 1.11
1.1e−2 0.98
5.6e−3 0.98

AWENO-M
L1
rc
3.1e−1
1.6e−1 0.93
7.5e−2 1.12
3.0e−2 1.31
1.4e−2 1.16
6.7e−3 1.01
3.4e−3 0.99

The exact solution for density is evaluated using ρ( x,t) = 1.0 + 0.2sin(πx − πt). Table 3
shows the L1 error norm and rate of convergence rc for density. We can remark that all
schemes show fifth order accuracy. The L1 errors evaluated using proposed AWENO-M
scheme are relatively smaller than the AWENO-JS and WENO schemes. Thus, AWENOM is more accurate than the other three schemes.

4.4

One dimensional Euler problems

Here, we solve the isolated contact discontinuity, 123 problem, shock-density wave interaction, Lax problem, shock-entropy wave interaction, and Sod’s test. Computations have
been performed using e = 10−40 for AWENO-M and WENO-M scheme, and e = 10−6 for
AWENO-JS and WENO-JS scheme. We have used initial conditions on pressure p, veloc-
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Table 3: The L1 norm and rc of one dimensional euler equation by the WENO and AWENO schemes.

N
10
20
40
80
160
320
640
1280

WENO-JS
L1
rc
2.9e−3
8.8e−5 5.04
2.7e−6 5.02
8.5e−8 5.01
2.6e−9 5.00
8.2e−11 5.00
2.6e−12 5.00
8.0e−14 5.00

WENO-M
L1
rc
6.5e−4
1.9e−5 5.10
5.6e−7 5.08
1.7e−8 5.04
5.2e−10 5.01
1.6e−11 5.00
5.1e−13 5.00
1.6e−14 5.00

AWENO-JS
L1
rc
9.4e−4
2.8e−5 5.05
8.7e−7 5.03
2.7e−8 5.01
8.3e−10 5.01
2.6e−11 5.00
8.1e−13 5.00
2.5e−14 5.00

AWENO-M
L1
rc
3.0e−4
8.1e−6 5.23
2.2e−7 5.21
6.3e−9 5.11
1.9e−10 5.07
5.8e−12 5.02
1.8e−13 5.00
5.6e−15 5.00

ity u, and density ρ to obtain a numerical solution with N grid points.
4.4.1

Isolated contact discontinuity

The left and right states of the pressure, velocity, and density field for isolated contact
discontinuity are [ p,u,ρ]l =(1,0.1,1.4) and [ p,u,ρ]l =(1,0.1,1). Computation has been performed up to time t = 2 with CFL number 0.9 for N = 150 grid points. Results with the
proposed AWENO-M scheme based on the primitive variable reconstruction and conservative variable reconstruction are shown in Fig. 2. Similar density profiles are obtained with the primitive and the conservative variable reconstructions. However, the
conservative variable reconstruction produces spurious oscillations in the velocity profile (Fig. 2(b)). A possible reason for spurious oscillations is that the characteristic speeds
(or eigenvalues) that separate the left and right state in any flux splitting method are dependent on primitive variables rather than conservative variables. Therefore, we have
used primitive variables for reconstructing the left and right state numerical flux (3.8) in
this work.
4.4.2

123 problem

The left and right states of pressure, velocity, and density field for the 123 problem are
[ p,u,ρ]l =(0.4, −2,1), x ∈[0,0.5) and [ p,u,ρ]r =(0.4,2,1), x ∈[0.5,1) respectively. We evaluate
solution up to the time t = 0.15 with N = 200. Fig. 3 shows that AWENO-M scheme results
in good resolution, in comparison with AWENO-JS and WENO schemes.
4.4.3

Shock-density wave interaction case

A shock wave of Mach number Ma = 3 interacts with a sinusoidal density field [38].
The initial
√ conditions for pressure, velocity, and density fields are [ p,u,ρ]l =
(31/3,4 35/9,27/7), x ∈ [−5, −4) and [ p,u,ρ]r = (1,0,1 + αsin(mx )), x ∈ [−4,5]. Where
α = 0.2 and m = 5.0. The computations are performed up to time t = 1.8 with CFL number
0.9 and N = 300. The reference solution is evaluated using the mapped WENO scheme
with N = 3000. Fig. 4 shows that AWENO-M and WENO-M schemes capture fine-scale
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(a) Primitive variable reconstruction

(b) Conservative variable reconstruction

Figure 2: The density and velocity profile of isolated contact discontinuity up to time t = 2 with AWENO-M
scheme (N = 150 grid points).

Figure 3: The density profile of the 123 problem with N = 200 at final time t = 0.15 (the enlarged view of the
encircled part is shown on the right).

structures accurately as compare to AWENO-JS and WENO-JS schemes. Further, the
present AWENO-M scheme is seen to better than the WENO-M scheme.
4.4.4

Shock-entropy wave interaction case

A shock wave of strength 1.1 interacts with a high-frequency oscillating density field [15].
The initial conditions for pressure, velocity, and density fields are
(
(1.5156,0.5233,1.8050), x ∈ [−5.0, −4.5),
(4.4)
( p,u,ρ) =
(1,0,1 + αsin(mπx )),
x ∈ [−4.5,5],

U. Rajput and K. Singh / Adv. Appl. Math. Mech., 14 (2022), pp. 275-298
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Figure 4: Results of shock-density interaction by AWENO and WENO schemes with N = 300 grid points, full
solution (top) and encircled part (bottom).

where α = 0.1 and m = 20. Computations have been performed up to time t = 5.0 with N =
1500. The reference solution is evaluated by using the mapped WENO scheme with N =
6000. The numerical results for the reference solution with three encircled regions (A, B,
and C) across the full domain is shown in Fig. 5(a). The enlarged view of encircled regions
are shown in Figs. 5(b), (c) and (d). We remark form Fig. 5 that the present AWENOM scheme resolves the flow structure more accurately as compared to the other highresolution schemes.
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(a) Reference solution full domain

(b) Region A of full domain

(c) Region B of full domain

(d) Region C of full domain

Figure 5: Density profile of the shock-entropy interaction with N = 1500: (a) Reference solution full domain,
and (b)-(d) the enlarged view of encircled region A, B, and C in full domain. Legends are shown in (d).

4.4.5

Lax problem

For the Riemann problem of Lax [39], the initial conditions for pressure, velocity, and
density are [ p,u,ρ]l =(3.528,0.698,0.445), x ∈[0,0.5) and [ p,u,ρ]r =(0.571,0,0.5), x ∈[0.5,1).
Numerical simulations have been performed up to the time t = 0.13 with N = 200. Fig. 6
shows that AWENO and WENO schemes result in the same level of accuracy compared
to the exact solution.
4.4.6

Sod’s test case

The modified Riemann problem of Sod’s [40] is calculated up to time t = 0.2 with various
grid resolutions to demonstrate the convergence rate of WENO and AWENO schemes.
The initial conditions for pressure, velocity, and density fields are [ p,u,ρ]l = (1,0.75,1),
x ∈[0,0.5) and [ p,u,ρ]r =(0.1,0,0.125), x ∈[0.5,1). From Table 4, we can observe that WENO
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Figure 6: Density profile of the Lax problem with N = 200 (the enlarged view of the encircled part is shown on
the right).

Table 4: The L1 error norm and rc of WENO and AWENO schemes, for modified Sod’s test.

N
80
160
320
640
1280
2560
5120
10240
20480
40960
81920
163840

WENO-JS
L1
rc
7.6e−3
4.0e−3 0.92
2.2e−3 0.86
1.2e−3 0.89
6.1e−4 0.96
3.4e−4 0.86
1.6e−4 1.04
8.8e−5 0.91
4.9e−5 0.84
2.8e−5 0.82
1.6e−5 0.82
8.9e−6 0.81

WENO-M
L1
rc
7.0e−3
3.7e−3 0.92
2.0e−3 0.86
1.1e−3 0.94
5.3e−4 1.02
2.8e−4 0.90
1.3e−4 1.07
7.2e−5 0.89
3.8e−5 0.91
2.1e−5 0.85
1.2e−5 0.82
6.8e−6 0.82

AWENO-JS
L1
rc
7.3e−3
3.9e−3 0.90
2.1e−3 0.87
1.1e−3 0.94
5.7e−4 0.97
3.2e−4 0.84
1.5e−4 1.03
8.2e−5 0.91
4.5e−5 0.86
2.5e−5 0.83
1.4e−5 0.82
8.2e−6 0.81

AWENO-M
L1
rc
6.5e−3
3.4e−3 0.93
1.9e−3 0.87
9.2e−4 1.02
4.5e−4 1.03
2.4e−4 0.89
1.1e−4 1.10
6.0e−5 0.91
3.3e−5 0.88
1.8e−5 0.87
1.0e−5 0.84
5.7e−6 0.83

and AWENO schemes show the same level of accuracy. The convergence rate rc is of the
first order, which is the property of all shock capturing methods during the solution
of hyperbolic equations with embedded discontinuities [24]. The proposed AWENO-M
scheme results in a less L1 error and a higher convergence rate compared to AWENO-JS
and WENO schemes.
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Two-dimensional problems

In this subsection, the performance of the proposed AWENO-M scheme is analyzed for
two-dimensional Euler problems, and results are compared with AWENO-JS and WENO
schemes. We computed results for the gas dynamics (GD) problem, Rayleigh-Taylor instability (RTI), Kelvin-Helmholtz instability (KHI), and forward-facing step (FFS). Pressure p, velocity (u1 ,u2 ), and density ρ fields are used to describe initial condition. The
reference solution is obtained using the AWENO-M scheme on a fine grid for comparing
the numerical solution of high order schemes.
4.5.1

Gas dynamics (GD) problem

We perform simulation for two different configurations (GD-6 and GD-12) of the gas dynamics problems [41]. We have considered a square domain with zero gradient boundary conditions on all four sides. Initial pressure, velocity, and density for configuration 6
(GD-6) in a 2.0 × 2.0 domain are

(1.0,0.75, −0.5,1.0),
x1 ∈ [1.0,2.0], x2 ∈ [1.0,2.0],



 (1.0,0.75,0.5,2.0),
x1 ∈ [0.0,1.0], x2 ∈ [1.0,2.0],
( p,u1 ,u2 ,ρ) =
(4.5)

(
1.0, −0.75,0.5,1.0),
x1 ∈ [0.0,1.0], x2 ∈ [0.0,1.0],



(1.0, −0.75, −0.5,3.0), x1 ∈ [1.0,2.0], x2 ∈ [0.0,1.0].
The solution to this problem consists of four slip lines. We compute the solution up
to the final time t = 1.6 with 800 × 800 grid points. A reference solution has been obtained
with 1600 × 1600 mesh. The density contours are shown in Fig. 7. Comparison with
reference solution Fig. 7(e) shows that the proposed AWENO-M scheme resolves vortical
structures and shear instability better that AWENO-JS and WENO schemes. The initial
conditions for configuration 12 (GD-12) in a 1.0 × 1.0 domain are

(0.4,0.0,0.0,0.5313), x1 ∈ [0.5,1.0], x2 ∈ [0.5,1.0],



 (1.0,0.7276,0.0,1.0), x ∈ [0.0,0.5], x ∈ [0.5,1.0],
2
1
( p,u1 ,u2 ,ρ) =
(4.6)

(
1.0,0.0,0.0,0.8
)
,
x
∈
[
0.0,0.5
]
,
x
∈
[
0.0,0.5],
2
1



(1.0,0.0,0.7276,1.0), x1 ∈ [0.5,1.0], x2 ∈ [0.0,0.5].
The solution of this problem includes two contact waves and two shock waves. The
simulation has been performed with CFL number 0.8 up to time t = 0.25 on a 600 × 600
mesh. For comparison, a reference solution has been obtained using a fine (1200 × 1200)
mesh. Density contours in Fig. 8 with the AWENO-M scheme are closer to the reference
solution in Fig. 8(e). Thus, AWENO-M resolves the fine-scale structures more accurately
than AWENO-JS and WENO schemes.
4.5.2

Kelvin-Helmholtz instability (KHI)

It is a standard problem used for describing the dissipative behavior of high-resolution
schemes [42]. Simulations are performed in a square domain of 1.0 × 1.0 with periodic
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(a) WENO-JS

(b) WENO-M

(c) AWENO-JS

(d) AWENO-M

(e) Reference solution
Figure 7: Numerical results for gas dynamics problem. Density contours of configuration 6.
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(a) WENO-JS

(b) WENO-M

(c) AWENO-JS

(d) AWENO-M

(e) Reference solution
Figure 8: Numerical results for gas dynamics problem. Density contours of configuration 12.
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boundary on a 1024 × 1024 grid up to time t = 1.0. The initial conditions for pressure,
velocity, and density are

x1 ∈ [−0.5,0.5],

 (2.5,0.5,αsin(2πx1 /l0 ),1.0),
( p,u1 ,u2 ,ρ) = (2.5, −0.5,αsin(2πx1 /l0 ),2.0), x1 ∈ [−0.5,0.5],


(2.5,0.5,αsin(2πx1 /l0 ),1.0),
x1 ∈ [−0.5,0.5],

x2 ∈ [−0.5, −0.25),
x2 ∈ [−0.25,0.25],
x2 ∈ (0.25,0.5],

where α = 0.1 and l0 = 1.0. Numerical results in Fig. 9 show that the AWENO-M scheme
result is well-matched with the reference solution in Fig. 9(e). Therefore, the proposed
AWENO-M scheme captures the complex structure with greater accuracy as compared
to AWENO-JS and WENO schemes.
4.5.3

Rayleigh-Taylor instability (RTI)

In this test case, we assess the robustness of the high order scheme in the form of complex
structures related to the numerical viscosity of the scheme [43]. We consider a rectangular
domain 0.25 × 1.0 and solve till time t = 1.95 with different grid resolutions. The initial
conditions for pressure, velocity, and density are
(

( p,u1 ,u2 ,ρ) =

p
(2x2 + 1,0.0, −0.025 γp/ρcos(8πx1 ),2.0),
x2 ∈ [0.0,0.5],
p
(2x2 + 3/4,0.0, −0.025 γp/ρcos(8πx1 ),1.0), x2 ∈ [0.5,1.0],

where γ = 1.67 is the ratio of specific heat. Reflecting boundary conditions are applied
to the left (inlet) and right (outlet) boundary. The bottom and top boundary values are
set as p = 1.0, u1 = u2 = 0.0, ρ = 2.0 and p = 2.5, u1 = u2 = 0.0, ρ = 1.0, respectively. The
source term density ρ is added to the x2 -momentum equation, and the product ρu2 is
added to the energy equation. Density contours in Fig. 10 with the proposed AWENO-M
scheme are similar to the reference solution in Fig. 10(e). Thus, the AWENO-M resolves
the small scale structures and roll-ups more accurately as compared to AWENO-JS and
WENO schemes.
4.5.4

Forward facing step (FFS)

We consider a uniform Mach 3 flow on a rectangular domain of 3.0 × 1.0 with a forwardfacing step size of [0.0,0.6]×[0.0,0.2] [44]. Computations are performed on a 960 × 320
grid up to final time t = 4.0. The initial conditions are ( p,u1 ,u2 ,ρ) = (1.0,3.0,0.0,1.4) and
specific heat ratio, γ = 1.4. Gas with this pressure, velocity, and density enters the inlet boundary. The reflecting boundary condition is applied on the wall, and supersonic
outflow is prescribed on the right boundary. The density contours in Fig. 11 with the
AWENO-M scheme are closer to the reference solution in Fig. 11(e). The AWENO-M
scheme captures more numbers of roll-ups of vortices in the shear layer region with high
resolution compared to AWENO-JS and WENO schemes.

292

U. Rajput and K. Singh / Adv. Appl. Math. Mech., 14 (2022), pp. 275-298

(a) WENO-JS

(b) WENO-M

(c) AWENO-JS

(d) AWENO-M

(e) Reference
Figure 9: Density contours for Kelvin-Helmholtz instability problem: (a)-(d) 1024 × 1024 grid, and (e) reference
solution with 2048 × 2048 mesh.

U. Rajput and K. Singh / Adv. Appl. Math. Mech., 14 (2022), pp. 275-298

(a) WENO-JS

(b) WENO-M

(d) AWENO-M
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(c) AWENO-JS

(e) Reference

Figure 10: Density profile for Rayleigh-Taylor instability: (a)-(d) with 240 × 960 grid, and (e) reference solution
with 480 × 1920 grid.

4.5.5

Comparison of computational efficiency

In Table 5, we show the computational time (or CPU time) for GD-6, GD-12, KHI, RTI, and
FFS problems with different mesh resolutions to understand the computational efficiency
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(a) WENO-JS

(b) WENO-M

(c) AWENO-JS

(d) AWENO-M

(e) Reference solution
Figure 11: Density contours for forward facing step. A 1920 × 640 mesh has been used for the reference solution.
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Table 5: The computation time (in seconds) for the high order schemes (WENO and AWENO) on various mesh
resolutions. The bracketed number (ratio) is the ratio of computation time between WENO-JS and the other
scheme.

GD-6

GD-12

KH

RTI

FFS

Resolution
200 × 200
400 × 400
800 × 800
150 × 150
300 × 300
600 × 600
256 × 256
512 × 512
1024 × 1024
60 × 240
120 × 480
240 × 960
240 × 80
480 × 160
960 × 320

WENO-JS
120
965
8186
18
148
1192
376
3136
25567
127
1006
7893
196
1451
11573

WENO-M
123(1.02)
1003(1.04)
8547(1.04)
18(1.02)
153(1.03)
1241(1.04)
386(1.03)
3278(1.05)
26877(1.05)
131(1.03)
1038(1.03)
8210(1.04)
202(1.03)
1511(1.04)
12108(1.05)

AWENO-JS
136(1.13)
1095(1.14)
9498(1.16)
20(1.12)
169(1.14)
1372(1.15)
421(1.12)
3610(1.15)
29684(1.16)
141(1.11)
1141(1.13)
9009(1.14)
222(1.13)
1672(1.15)
13451(1.16)

AWENO-M
134(1.12)
1086(1.13)
9426(1.15)
20(1.11)
167(1.13)
1360(1.14)
417(1.11)
3578(1.14)
29408(1.15)
140(1.11)
1130(1.12)
8971(1.14)
220(1.12)
1655(1.14)
13333(1.15)

of WENO and AWENO schemes. The results show that the proposed AWENO-M scheme
takes 1% less CPU time for all test problems than the AWENO-JS scheme.

5

Conclusions

We have designed a fifth order alternative mapped WENO finite volume scheme
(AWENO-M) for solving non-linear hyperbolic equations in this work. The AWENOM scheme utilizes non-linear weights of mapped WENO scheme (WENO-M) [24]. In
the present scheme, numerical flux is evaluated using the reconstruction of primitive
variables rather than conservative variables. The current method exhibits the optimal
(fifth-order) rate of convergence at critical points. It results in less diffusion for onedimensional test cases as compared to the traditional WENO scheme (WENO-JS) [8],
WENO-M, and alternative WENO scheme based on WENO-JS non-linear weights [19]
(AWENO-JS). For two-dimensional problems, the proposed scheme resolves the finescale structure accurately. Further, it captures the flow structures across the shear lines
better than AWENO-JS and WENO schemes.
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