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Abstract. In this paper, a node-based smoothed finite element method (NS-FEM) with
linear gradient fields (NS-FEM-L) is presented to solve elastic wave scattering by a
rigid obstacle. By using Helmholtz decomposition, the problem is transformed into a
boundary value problem with coupled boundary conditions. In numerical analysis,
the perfectly matched layer (PML) and transparent boundary condition (TBC) are in-
troduced to truncate the unbounded domain. Then, a linear gradient is constructed
in a node-based smoothing domain (N-SD) by using a complete order of polynomial.
The unknown coefficients of the smoothed linear gradient function can be solved by
three linearly independent weight functions. Further, based on the weakened weak
formulation, a system of linear equation with the smoothed gradient is established for
NS-FEM-L with PML or TBC. Some numerical examples also demonstrate that the pre-
sented method possesses more stability and high accuracy. It turns out that the modi-
fied gradient makes the NS-FEM-L-PML and NS-FEM-L-TBC possess an ideal stiffness
matrix, which effectively overcomes the instability of original NS-FEM. Moreover, the
convergence rates of L2 and H! semi-norm errors for the two NS-FEM-L models are
also higher.
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1 Introduction

The obstacle scattering [1] has been widely used in medicine, location detection and other
fields. It can be divided into acoustic, electromagnetic and elastic scattering. These prob-
lems have been widely studied in theoretical [2—4] and numerical [5, 6] aspects.

A fundamental difficulty in the obstacle scattering is that the problem domain is open.
Hence some techniques need to be applied to make the problem domain truncated. At
present, there are many techniques have been studied, among which the common ones
include perfectly matched layer (PML) [7], transparent boundary condition (TBC) [3].
The PML refers to the method of applying a layer with a special absorption medium
layer to a certain domain around the obstacle, so that the wave can be fully absorbed
upon reaching the outer boundary of PML. Many researchers have proved that PML is
a valid method and is widely used in solving acoustic wave [8-11], elastic wave [12-16]
and electromagnetic wave scattering [4,7]. The TBC is also a common technique, which is
constructed using the analytic solutions with an infinite Fourier series. By imposing the
TBC on the boundary of the truncated domain, the reflection of the wave can be avoided.
The TBC has been used for solving many wave scattering problems [17-24].

Both compressional wave and shear wave exist in the scattering of elastic waves,
which makes the study of elastic waves more complicated and it is not easy to obtain
analytical solutions for arbitrarily shaped obstacles. Currently, many discrete numer-
ical methods are proposed for solving these problems, such as the boundary integral
method [1], finite element method (FEM) [25,26], smoothed point interpolation method
(S5-PIM) [27], and smoothed finite element method (S-FEM) [28]. Since PML and TBC
are artificial boundary conditions in nature, there will be certain errors when they are
applied. Usually, due to the over-stiff property of FEM, the solution accuracy of FEM
model with the TBC or PML is not very high for solving this problem. In order to make
up for this deficiency of FEM, Liu et al. proposed the G space theory based on weak-
ened weak (W2) formulations and constructed S-FEM models [29,30]. Besides, according
to different type of smoothing domains, the S-FEM can be divided into the cell-based S-
FEM (CS-FEM), the node-based S-FEM (NS-FEM), the edge-based S-FEM (ES-FEM) in 2D
problem. These models can obtain high precision solutions for different problems, such
as solid mechanics problems [31-33], thermal problems [34] and so on. Recently, Yue and
Wu proposed ES-FEM model with PML technique [5] and TBC technique [35] for solving
elastic wave obstacle scattering, respectively. The NS-FEM has been proved to have many
properties for solid mechanics, such as, spatial discrete stability, time response stability
and possessing near-accurate stiffness and so on [36,37]. But we noticed that the original
NS-FEM cannot be extended to wave scattering problems due to the “over-soft” stiffness
of the method. Chai first presented a stable NS-FEM (SNS-FEM) for the analysis of acous-
tic scattering to cure the instability of original NS-FEM [23], and Wang solved the elastic
wave obstacle scattering problem by using SNS-FEM and PML technique [38]. In addi-
tion, Liu proposed a novel pick-out technique for constructing higher order smoothed
derivatives [39]. Li and Liu also extended this technique to NS-FEM (NS-FEM-L), which
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have been employed to solve the static, free and force vibration analyses of solid [40],
and contact problems [41]. Therefore, we expect that the NS-FEM-L can also be used for
improving the accuracy of FEM solutions and the instability of original NS-FEM.

In this paper, the NS-FEM-L models combine PML and TBC techniques for solving
the elastic wave obstacle scattering. The scattering model, PML and TBC truncation
techniques are given in next section. In Section 3, the NS-FEM is introduced and the
linear gradient field is constructed on the node-based SD using the three linearly inde-
pendent weight functions, which further forms the modified smoothed gradient matrix.
Section 4 derives the formulations of NS-FEM-L with PML and TBC by using the modi-
fied smoothed gradient matrix in detail. Different numerical examples are carried out to
study the convergence and stability of the proposed method in Section 5. Some conclu-
sions are made in Section 6.

2 Basic equations for elastic scattering problem by an obstacle

Consider a time-harmonic plane elastic wave scattering problem by a rigid obstacle D,
where the obstacle boundary is I'p. The scattering problem domain outside the obstacle
is denoted by Q=IR?\ D, as shown in Fig. 1. For the plane elastic wave obstacle scattering,
the total field u = (u;,u,) satisfies the following Navier equation

pAu+A+u)VV-utw*u=0 in Q, (2.1)

where A and y are the Lame constants satisfying >0 and A+p >0 ; w >0 is the angular
frequency. It is well known that the total field is the superposition of incident and scat-
tered field, i.e., u=u"+7v, and an incident plane elastic wave also satisfies the Navier
equation, so we can get the scattered field v=(v1,v;) satisfies

Ao+ (A+u)VV-v+w*v=0 in Q. (2.2)
Since the obstacle is rigid, the obstacle boundary condition for scattered field is
v=—u" on I'p. (2.3)

In addition, the scattered field v is required to satisfy the Kupradze Sommerfeld radiation
condition

. 1 . . 1 .
plgopZ(apvp—lxpvp)—O, ph_r)gopZ(apvs—msvs)—O, p=1x|, (2.4)
where vpi=—k, 2VV v, vs =K, 2curlcurlv are the compressional part and the shear part,

respectively, and k, =w/ /A2y, ks =w/ /i, curlv = 0,0, — 9,01, curly = [0, 1p— 0, p] .
For any solution v of Eq. (2.2), it is decomposed into the compressional and shear
parts by using the Helmholtz decomposition:

v=V¢+curly, (2.5)
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Figure 1: The problem geometry of elastic scattering by an arbitrary obstacle.

where ¢ and ¢ are scalar potentials, which are called Lame potential. Substituting Eq. (2.5)
into Eq. (2.2) gives

V ((A42p)) Ap+w?p) +curl (uAp+w?y) =0,
which is fulfilled if ¢ and ¢ satisfy the Helmholtz equations
Ap+K39=0, APp+Kip=0 in Q, (2.6)

where x, and x; are the compressional and shear wavenumbers, respectively. The bound-
ary condition by using Helmholtz decomposition (2.5) becomes

0P+ p=f, 0,Pp—0d¢p=g on Ip, (2.7)

where f= —v-u"c, 9= T-u". v=(v;,1n)" and 7= (11,72)T denote unit normal and tan-
gential vectors on I'p, and satisfy 71 = —v,, T =14, as shown in Fig. 1.
The potentials need to satisfy the Sommerfeld radiation condition to ensure the unique-
ness of scattered field
.1 . .1 .

Jim o (9pp—ircp§) =0, lim p2(Jpyp—iry) =0, p=|x]. (2.8)
Once the potentials are found through the governing equation (2.6) and boundary con-
ditions (2.7)-(2.8), the solutions of Navier equation can be calculated using the following
relation

v=[01 02" =[0xP+dyp Iyp—0:y]". 2.9)

From the wellposed of problem (2.2)-(2.4) and (2.6)-(2.8), we can obtain the unique-
ness of the Helmholtz decomposition. The result is stated in the following Remark and
the brief illustration is given in Appendix.
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Remark 2.1. Let v be the scattered field corresponding to the solution of the bound-
ary value problem (2.2)-(2.4). Then the scattered field v can be decomposed using the
Helmbholtz decomposition v = V¢+curlyp, where ¢ = —«,; 2V v, p =« 2curlv are the so-
lutions of the coupled boundary value problem (2.6)-(2.8), and the Helmholtz decompo-
sition is unique.

However, since the obstacle scattering problem is an open domain problem, we need
to introduce some techniques to truncate the problem domain for numerical calculation.
In this paper, the well-known PML technique and TBC technique are used and given in
the following subsection.

21 The reduced problem with PML

The PML technique is introduced for the scattering problem in this subsection. Fig. 2
shows a scattering domain with a square PML, where the bounded domain is denoted
by OFML and its boundary is 90"ML =T'p UT . The domain QML can be described by

OPML = L (2, y) | Xmin — dx < % < Xmax+dx, Ymin —dy <Y < Ymax+dy }\D, (2.10)

where di, (k=1x,y) is the thickness of PML layer in k direction. Let s (k) =0y (k) +ioy (k),
k=x,y be the model medium property of PML in the domain QPML and satisfies

o0=1, 0x=0, for Xmin <X <Xmax Or Ymin <Y <VYmax, 2.11)
oo=1, 0;>0, otherwise, '
where i=4/(—1) is an imaginary unit.
The PML is defined by the complex coordinate stretching
x y
J?:/ sx(T)dT, g:/ sy(T)d. (2.12)
0 0

The form of the governing equation satisfied by the potentials in the complex coordinate
system (%, ) is the same as that of the original governing equation (2.6), which has been
given in [44], i.e.,

Ap+1,0=0, Asp+igp=0 in Q"M (2.13)

where A;= 8%3? —|—8§yA. According to Eq. (2.12) and chain rule, we have following relations

1 92 3 1 9

d
L T MET

(2.14)

~—

Based on the above transformation, the Eq. (2.13) becomes

V-(AVP)+isxs,¢p=0, V-(AVY)+iiss,p=0 in Q"M (2.15)
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Figure 2: The problem geometry of obstacle scattering with PML.

where

_|8y/5x 0
A_[ 0 Sx/sy]

is the parameter matrix.
According to the wave decays exponentially in the PML [10], we apply the Dirichlet
conditions on the outer boundary of PML

¢$=0, $=0 on T,. (2.16)

2.2 The reduced problem with TBC

The TBC technique is introduced for the scattering problem in this subsection. After
imposing TBC on T, the truncated bounded domain is represented by QT8¢ with the
boundary 00 BC =T UTI's, as shown in Fig. 3. The transparent boundary I'p is a circle
with the radius R.

As is known, the exterior Helmholtz equations (2.6) in () can be analytically solved
with the following Fourier series forms

1, 2r H(l)(K r)
==Y [ L P/ 0—0"\o(R,0))do’, 2.17
W= T [ gy O R @172

1 ad / L Hfll)(Ksr> !/ / /
w(r,e):;n; /0 mcosn(@—@)lp(&@ )de', (2.17b)
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VA

Figure 3: The problem geometry of obstacle scattering with TBC.

where ¢(R,0’) and ¢(R,0") are prescribed Dirichlet data on I'p. H'Y is the Hankel func-
tion of the first kind with n order, and the prime after the sum indicates that the first term
of the series needs to be multiplied by 1.

Take the normal derivative of ¢, i in Eq. (2.17), we have

0 0 27T

4);;’9) r_R:_nZ—OI/O my(0—6")¢(R,60')d0" = — M1 (R,0) on s,  (2.18a)
op(r,0 o [T / INERY,

¢§; : ’—R:_,;o/o ma(60—6")p(R,0)d0'=—My(RH)  on T, (2.18b)

where M, M, are the DtN operators, as called TBC [42], the coefficients m1(6—0"), my(0—
0’) are written as

HY (1,R
my(6—0") 5 nl (ry )(cosn@cosnG’+sinn951nn9'), (2.19a)
T Hr(l )(KPR)
(1)
my(0—0")= —Ew (cosnfcosnb’ +sinnfsinnd’). (2.19b)
T H, "’ (ksR)

3 Formulation of NS-FEM with the linear gradient field

This section firstly introduces the node-based SD (N-SD) and the weakened weak for-
mulation of NS-FEM. Then the linear gradient field is constructed on each N-SD using
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polynomial basis with the complete first order for 2D and the unknown coefficients can
be solved by three linear independent weight functions. Based on the linear gradient
function, a modified smoothed gradient matrix can be calculated for each N-SD.

3.1 Node-based smoothing domains

In this subsection, k-th N-SD is constructed by successively connecting centroid of the
element and midpoint of the edge adjacent to the k-th node. The number of N-SDs is
the same as that of nodes. Fig. 4 with 19 N-SDs is constructed by 24 triangular element
meshes.

Figure 4: The original triangular elements (solid lines) and N-SD (dashed lines).

3.2 The gradient approximation for original NS-FEM

The gradient of a scalar function indicates the direction derivative of the function at one
point, which is frequently used in the weak form of the standard FEM. The standard FEM
is based on the linear Lagrange element in this paper. Assuming that the potentials can
be approximated by interpolation of shape functions, we have

N, N,
$(x) = ;Ni(X)% p(x)= ;Ni(X)% (3.1)

where N, represents the number of nodes in the mesh, ¢, and ; are the values of poten-
tials ¢ and 1 at the node x;, i.e., §;=¢(x;) and ¢, =9 (x;); N;(x) is the nodal shape function
in the standard FEM and S-FEM.
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In the standard FEM, the gradients of potentials need to be evaluated using the fol-
lowing relation

Ny N,

V(P:Ld(i): ZLdNi(X)ai = ZBi$i’ (32a)
i=1 i=1
Np Ny

Vip=Lgp=) LiN;(x);=) _Bi¢,, (3.2b)
i=1 i=1

where B; =L;N;(x) = [0N;/dx 0N;/dy]" is the gradient matrix, in which L;=[d, 9,]" is
a 2D gradient operator. It is evident that the derivatives of shape functions are needed in
this calculation.

In the original NS-FEM, using the generalized smoothing operation, the smoothed
gradients of potentials are evaluated as follows

V¢=Z/ Lip(x)w(xc—x)d0, Vo= Z/ Lip(wix—xd0, ()
k=

where N; is the number of smoothing domains, w(x; —x) is a weight function associated
with x;, and ()} is the k-th N-SD. The weight function takes the Heaviside-type function
and has the following
1
-, X€Q),
w(xg—x)=1{ A} (34)

0, x¢ Q)

where Aj is the area of smoothing domain.

Using the Green’s divergence theorem and Ljw(xx—x) = 0, the smoothed gradient
given in Eq. (3.3) can be rewritten as

N1
V= Z [ L= )dQ:Z:E /r Lup(x)dT, (3.50)
Nsoq
Vo= L )40 =Y — [ Lp(x)dr, (3.5b)
Y kZ/ 4P (x)w(xx—x) ZA/k P(x)

where L, (x) = [ny ny|T is the unit outward normal vector. From Eq. (3.5), we find that
the smoothed gradients are constants inside each smoothing domain, and can be written
as

Nsl

Vo=) o / L, Ni (x dl"cpk—ZBk )y (3.6a)

V= Z 7 / L, Nj(x quJk_ZBk x) ., (3.6b)
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where B(x) = [byx by,]", and by is evaluated using the following Gauss quadrature

N% N,

1 1 k 8
bklzlﬁli/rs nl(X)Nk(X)dr:Ii 21 (le(gn[(Xg)Nk(Xg)Lq), l:x/y/ (37)

k =1 &=

where N® is the number of segments on the boundary I5; L, is the length of the g-th
segment in the k-th smoothing domain. N, is the number of the Gauss points x, in each
segment and w, is the Gauss weight coefficient. Generally, one Gauss-point is used for
2D problem.

3.3 The construction of linear gradient field

The N-SDs are constructed by adjacent parts of the nodes in the finite element mesh,
and the smoothed gradients are constants (simply averaging) in each smoothing do-
main. Hence the constant gradient is a rough approximation and cannot reflect gradient
changes over the smoothing domain () for the real gradient, which may lose accuracy.

To cure this defect of original NS-FEM, the changes of gradients of potentials should
be considered. Recently, Li and Liu [41] reconstructed the smoothed derivatives of func-
tions by using the pick-out technique and high-order smoothed strain field for mechanics
problems, which can overcome the overly-soft deficiency of NS-FEM.

Assuming that the gradient functions are linearly continuous variation with respect
to x and y in smoothing domain ()}, and have the following Taylor expansion form at

point x= (xx, k),

VW(X):CO‘i‘Cx(X—xk)"‘Cy(y_yk)/ W:(Prlp/ (38)
where co=[co1 coo]T, cx=cx1 cx2]T, cy=cp cyz]T, are unknown coefficients. According
to the S-FEM theory, when the weight function is continuous, the gradient function and
the smoothed gradient function are equal in the integral sense, i.e.,

VW (x)w(x—x¢)dQ= [ VW (x)w(x—xx)dQ, (3.9)
Q (o]

where w(x—x;) is a continuous weight function in ();. Substituting Eq. (3.8) into Eq. (3.9),
we have

VW (x)w(x—xx)dQ) :/ (cotcx(x—xi) ey (Y —yi) ) w(x—x;)dQ). (3.10)

QS

s
Qk k

In order to determine coefficients co, cx, ¢y, three linearly independent weight functions
are established about the node x; in the smoothing domain ()} as
1 X — Xp

wl(x—xk)zﬁo, Wz(x—xk)zM ,
XX

a@(x—x@z%. (3.11)
vy
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Substituting three weight functions given in Eq. (3.11) into Eq. (3.10), we have

1 My M

Mo foh
1 M, M,y
VW dQ = +cx+ , 3.12b
My Jog (x) (x —xx) COxr— M, Cx Cnyx ( )
1 M, My
VW () (y—yx)dQ=co~—+cx (3.12¢)

Myy o Myy Myy
where M is the zeroth moment; M, and M, are the first moments; My, My, and M,
are the second moments. They can be expressed as

Mo= A3, Me= | (x—x)dQ, My= | (y—y)dQ,  (3.13a)
o3 O

M., = / (x—x)%dQ, My= / (x—x) (y—y)dQ, My, = / (y— )20 (3.13b)
o5 o4 O

Note that these moments can be calculated by formulas provided by Liggestt [43]. The
left terms of Egs. (3.12a)-(3.12¢c) form a vector, which is noted as

1 1 T
W (x)dQ) / VI ( i0 [ WOy udO
g§= [Mo qu (x) M. (x) (x—x%) My Jo (x)(y—yx) ] ,

and can also be rewritten as

[gm 802 8x1 &8x2 &yl gyZ]T/

where
—1/ 9. W (x)dQ 1 [ 5 wwdn
g01—MO 0 x , goz—MO 0 Yy ,
1
= 0, W (x)(x—x)dQ}, =—— [ 0,W(x)(x—x¢)dQ,
S T AU T MGG
1 1
=—— [ W(x)(y—yir)dQ, = oW —1Yi)dQ).
8= 10 o PN S T AU
Then Egs. (3.12a)-(3.12c) can be rewritten into the following matrix form
Mci=g,;, Mc=g,, (3.14)
where
1 My/My M,/ My
M= Mx/Mxx 1 Mxy/Mxx ’
My/Myy  Myy/ My, 1
T T
€= [601 Cx1 Cyl] ’ Q= [Coz Cx2 Cyz] ’

T T
glz[gm Ix1 gyﬂ ’ gzz[goz gx2 gyz] .
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Since the nominal orders of the three smoothing functions are different, the matrix is
linearly independent and invertible, which can be denoted by

Then the unknowns can be solved by

= Mflgl,

/ /
My, My3

/ /

Myp m13]
/ /

Mgy Mizg

cz:Mflgz,

where g, g, can be evaluated by applying Green’s theorem to g, and we get

1
Mix
1
L M vy

1 }
— | L,W(x)dl'
Mor;n ()

{ rsLnW(X)(X—xk)dT—/QSLd(x—xk)w(x)dg}

k

[ rsL”W(x)(y_yk)dr_/nsLd(y—yk)W(x)dQ}

k

The potentials can be approximated by interpolation of shape functions

Wx)=[Ni N,

Nyl [Wi W Wy,] =NTW, W=g¢,p.

Substituting the above equation into Eq. (3.17), we have

1
My
b

L Myy

. 3
— | L,Nx)TdrW
My r;n()

‘W
[ /r LN (e x0)dr /Q iLd(x—xk)N(x)TdQ}w _ {g::vv] .

s

LNO)(y—y)dr— [

k

QO

La(y—yIN()TdO|W

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

Therefore, using Egs. (3.8), (3.15), (3.16) and (3.19), the smoothed gradient can be ex-

pressed as

VW (x) = [Bjo+ By (x —x¢) + By, (y —y) IW=B(x)W,

(3.20)

where B(x) is the modified smoothed gradient matrix, and By, By,, By, are calculated as

follows

RS __ ./ c / c / c
By =m3 By +my,B; +mi3By,
RS __ ../ c / c / c
By, =my By +mpyB, +myB,

RS _ .,/ RC ! RC ! Rc
By, =mz By +m3, By +m33By.
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4 The discretized formulation for NS-FEM-L

In this subsection, we discuss the approximation formulations of coupled boundary prob-
lem by using NS-FEM-L model. Two truncated techniques (PML and TBC) are used in the
discretized formulations and are named as NS-FEM-L-PML and NS-FEM-L-TBC, respec-
tively. Based on this weak form in FEM and the linear smoothed gradient in Subsection
3.3, the weakened weak formulations of two NS-FEM-L models are given as follows for
elastic wave obstacle scattering problem.

4.1 NS-FEM-L with PML

The NS-FEM-L formulations with PML are considered in this subsection. By using the
second scalar Green’s theorem, the weak forms of Eq. (2.15), Eq. (2.7) and Eq. (2.16) are
as follows

/QI,ML(AV¢)-VCdQ—xf,/QPMLsxsygdeQf/rDaszgalr:/ergdr,

(4.1)
2 —
/QPML(AVl/;).V;de—KS /QPMLsxsylpndQ—l—/rDaTcpndF—/FDgide,

where ¢ and 7 are test functions. The weakened weak forms of Eq. (4.1) by using the
smoothing operator can be written as

N -
Y [ (VO (A [ ssepd0+ [ coyar= [ efar,
k=1""% D D

N -
kz/s(VW'(Av¢)dQ_K§/()pMLsxsynlde+/p an(pdr:/r ngdrl.
=1"">% D D

According to Eq. (3.20), the above equations can be written as the following matrix form
[K—P+K,]®=F, 4.3)

where ®=[¢ 1]T denotes an unknown nodal vector, in which ¢ and ¢ consist of ¢° and
y°, respectively. The modified smoothed stiffness matrix K possesses a ”close-to-exact”
stiffness and can be formed as follows

_ K 0
K—[O Kz], (4.4)

in which
Ny
_ — —s =S =S =S 55 15
Ki=Ky=) (Kko Ky Ky Ky +Kiyy +Kkyy> ’
k=1
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and can be expressed as

Kio= 4} (Bjo) "ABjy, Ky, = ((Bfo)"AB;, + (B}, ABjg ) M, (452)
. _ _ _ _ — — T . =
Ki, = ((Bio) ABY, +Bi,)ABi ) My, K= (Bi) ABL M, (4.5b)
. _ _ _ _ — _ . \T _
Kiay = ((Bio) TABY, + (BY,) TABL, ) Muy, Kiyy = (Biy) ABiyMyy. (450)

The mass matrix P consists of element mass matrix P¢, and

2pe
e Kpl)l 0 e __pe _ T
P _[ o' ceps)s PiEB= QEMLsxsyN NdQ. (4.6)

The boundary stiffness matrix is

0 bie
e p*~1 e e T,.T 7
Kb_ |: 3] g 0 :|, 1= z—APN T Ndr_ (4. )

The boundary element force vector Kj is

e __ [ge e1T e __ T e __ T
F=[FE F 1_/WN FdT, F—/FSDN gdT. 4.8)

4.2 NS-FEM-L with TBC

The NS-FEM-L formulations with TBC of the coupled boundary problem are discussed
in this subsection. Based on the second scalar Green’s theorem, we have the following
weak forms of Egs. (2.6), (2.7) and (2.18)

/Q (V) VEO-2 /Q gEd0t /r Mygzar + /r D= /r fear,

) (4.9)
/Q o (V) - VidQ =i /Q e QA /r Moyndl+ /r eyl = /ngﬂdF,

where ¢ and 7 are test functions. By using the smoothing operator, the weakened weak
forms of the above equations are written as

Ns
et o )
k; /Qi(VcZ) VdQ—x;, /Q e SpdO+ /r EMapal + /r Gdrydr /rDé‘fdr, "

Ns L .
Y. [ (V)Y -« /Q 190+ [ qMadr+ [ ocgar= [ ygar.
k=1"%% I'p I'p Tp

According to the modified smoothed gradients given in Eq. (3.20), we have the matrix
form
[K—P-T—-K,|®=F, (4.11)
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where ® =[¢ 3|’ denotes an unknown nodal vector. Note that the obstacle boundary
stiffness matrix K, and the vector F can be calculated as in Subsection 4.1. The system
stiffness matrix using the linear smoothed gradients can be calculated by

— [Ky 0
K= [ 0 Kz] , 4.12)
where
= o S s —s = =5 =5
Ki=K;= Z (Ko +Kix + Kky +Kirx +kay +Kkyy)/
k=1

and

_ _ _ s _ _ _ _

Kio = 43 (Bj) "By, Ki.r = ((Bio) "Bi.o+ (BL.) "Bio ) s,

— = = = = —s _s (T

Ki, = ((Bio) By, +B},) "Bl ) My, Kix = (Bix) " B M,

T

s _ _ _ _ — _ _

kay = ((Bix)TBiy + (Bliy)TBix) Mxyf Kkyy = (Blscy> Binyy-
The mass matrix P consists of the element mass matrix P¢, and

2pe
k5P 0
pe=| 70! 4.1
K @

where

e __ pe __ T
¢ 2—/QZBCN NdQ.

The matrix T is associated with the TBC and can be given by

1
T— [To Tf)z} , (4.14)

in which the element Tﬁj of matrix T/, = 1,2 at the i-th row and j-th column can be
evaluated by

T, = / Ny M; NjdT
I'p
_ 5% Ho (5R) < [
=0 HY (kpR) \IT
= / Ny M NydT
I'p

Nl(x)G(G)dl”> ( /r B Nl(x)G(G’)TdF>, (4.15a)

Y (ksR)

_ _g’;% (/FB NI(x)G(G)dF> (/FB Nl(x)G(G’)TdF> , (4.15b)
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where Nj and Nj are the shape functions related to node i and j, respectively. The function
G(0) is
G(0) = [cosnb® sinnb)]. (4.16)

Once the potentials are found through the governing equation (2.6) and boundary condi-
tions (2.7)-(2.8), the solutions of Navier equation can be calculated using Eq. (2.9).

5 Numerical experiments

In this section, the effectiveness of NS-FEM-L-PML and NS-FEM-LTBC models is stud-
ied through three numerical examples: the obstacle scattering with circle-shaped, ellipse-
shaped and acorn-shaped, and compared with standard FEM model. The relative errors,
L? error and H' semi-norm error are used to assess numerical solutions, which is per-
formed through the analytic solutions for circle-shaped obstacle and the reference solu-
tions for ellipse-shaped and acorn-shaped obstacles. The relative error (E,), L? error (E 12)
and H' semi-norm error (E;;1) in the numerical computational domain QY can be defined
as follows

N N
E = Y (o—2})T(vf—0})/ ;(@?)(v?), (5.1a)

ELz:\//()N(z')e—z')”)T(ve—v”)dx, (5.1b)

Em :\//QN(VTJC—VZ'J”)T(VW—Vv”)dx, (5.1c)

where v denotes the solution of the problem, such as ¢, ¢, or [¢ 1], and the supscript e
and n denote the analytical/ reference solutions and the numerical solution, respectively.
The subscript i denotes the value of the i-th node, i=1,2,---,N, in which N is the number
of nodes in the mesh. Besides, ¢ and 9" are the corresponding complex conjugates.

5.1 Scattering by a cylinder with a circle cross section

We consider the scattering of a plane wave by a cylinder with a circle cross section, and
the radius of the circle is R, as shown in Fig. 5. Assuming that the cylinder has no change
in the z-axis direction, the problem is transformed into a two-dimensional problem.

The analytical solutions [5] with Fourier series expansions of this above problem in
the polar coordinates are

W (i ; M (xer
p(r0)= Y2 LDy ryin, r0) = 3 P L)

pM(R)E™,  (52)
nez HyV (x,R) nez HY (kR)
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Figure 5: The geometry structure of scattering by a cylinder with a circle cross section.

where ¢(") and (") are the Fourier modes of ¢ and ¢, and can be written as, respectively

1y -
ksHy ' (kR) .y in o,
) = () %fm_fg() , (5.3a)
HY (k,R) R
: 1y
) _ ) (1 gy Ko Hn” (KpR)
n (Kp

in which
) R2HM (15, R)HS (1, R)

R HY (16, RYHSY (1,R) — n2HY (10, R)HY (1, R)

£ and ¢(") are the Fourier modes of the periodic functions f and g with 27t period, and
can be calculated by the fast Fourier transform (FFT).

In the calculation, only a single compressional wave is used to illuminate the obstacle,
i.e., u"c=de"»*d which d= (1,0) is the propagation direction of wave. These parameters
of obstacle, PML and TBC are listed in Table 1. The truncated domains with PML and
TBC are shown in Fig. 6. In this example, the problem domains are discretized using
the meshes with different sizes of triangular elements, which are generated using Matlab
software.

The results of solving above scattering problem by using the NS-FEM with PML (NS-
FEM-PML) and TBC (NS-FEM-TBC) techniques are shown in Fig. 7. It can be found that
the numerical solutions of two NS-FEM models are much different from the exact so-
lution and they are not extremely stable. The reason is that the NS-FEM model cause
"over-soft” stiffness in the scattering problem. Therefore, this paper focuses on compar-
ing the NS-FEM-L and FEM models from different aspects.
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(b)

Figure 6: Geometry structure of a circle-shaped obstacle scattering: (a) with the PML truncation; (b) with the
TBC truncation.
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Figure 7: The magnitude of potentials obtained using NS-FEM model at angular frequency : (a) with PML
technique; (b) with TBC technique (at mesh h=0.22).

5.1.1 Accuracy of numerical solutions

The accuracy and stability of the NS-FEM-L with PML and TBC at different angular fre-
quencies will be discussed. In this numerical example, the characteristic length of mesh
h is 0.22, which generates a mesh with 3583 nodes and 6954 elements for PML domain,
and a mesh with 968 nodes and 1828 elements for TBC domain. Several different angular
frequencies are used to discuss the effect on the accuracy of solutions. Fig. 8 shows the
relative errors of potentials ¢, ¢ and scattered field v;, v, on the circle with radius r =2
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Table 1: These parameters about the obstacle, PML and TBC.

Type Parameters Symbols | Values
The radius of circle-shaped obstacle R 1
Circle-shaped The radius of compare circle Ij\c ;
obstacle Lame constants T T
The incident angle [ 0
The PML interior boundaries Xmin = Ymin 3
PML The PML outer boundaries ¥max = Ymax 5
The parameters of PML functions o =0 20
The thickness of the PML dy=dy 2
TBC The radius of TBC Ry 3
The truncated number of TBC series N 30

obtained by using FEM-PML, FEM-TBC, NS-FEM-L-TBC and NS-FEM-L-PML models.
From these results, we find the following some conclusions:

1) For the FEM-PML and FEM-TBC models, the relative errors of potentials ¢, ¢ and
scattered field v1, v2 have the same trend. The relative errors of ¢, ¥, (v, v2) de-
crease for w < 0.757, (w < 0.57) and increase for w > 0.757, (w > 0.577), with the
angular frequency increasing. Hence, the minimum relative errors of potentials are
0.059 for FEM-PML, 0.047 for FEM-TBC models and those of scattered field are 0.090
for FEM-PML, 0.088 for FEM-TBC, which are obtained at w =0.757 and w=0.57,
respectively.

2) For NS-FEM-L-PML and NS-FEM-L-TBC models, as the angular frequencies in-

0.4

—e—FEM-PML

0.35 | |—#—NS-FEM-L-PML
—w—FEM-TBC

o3l NS-FEM-L-TBC

0.6

——FEM-PML
—&—NS-FEM-L-PML
0.5 |-|=—+*—FEM-TBC
NS-FEM-L-TBC

0.4r

021

0.1r

() (b)

Figure 8: The relative errors of different models with the angular frequency by a circle-shaped obstacle scattering:
(a) potentials ¢,1p; (b)scattered field v1,v;.
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Table 2: The relative errors at circle r =2 for mesh size h=0.22.

Agular | Compressional Shear Scattered field
frequency potential ¢ potential ¢ v=(v1,02)
FEM-PML 0.0416 0.1459 0.1337
FEM-TBC _ 0.0360 0.1067 0.1224
NSFEM-LPML | “~7 0.0293 0.0607 0.0596
NS-FEM-L-TBC 0.0243 0.0454 0.0542
FEM-PML 0.0769 0.3506 0.3104
FEM-TBC 9 0.0721 0.2913 0.3131
NSFEM-LPML | <=7 0.0516 0.1098 0.1316
NS-FEM-L-TBC 0.0482 0.0879 0.1168

crease, the relative errors of solutions (potentials and scattered field) become de-
teriorate gradually. The minimum relative errors of potentials are 0.031 for NS-
FEM-L-PML and 0.032 for NS-FEM-L-TBC, and these of scattered field are 0.031 for
NS-FEM-L-PML and 0.039 for NS-FEM-L-TBC.

3) Compared to the FEM-PML and FEM-TBC models, the proposed models can obtain
more accurate solutions for potentials and scattered field. In addition, the NS-FEM-
L model is less sensitive to the wavenumber.

The relative errors of different models for the potentials (compressional and shear
potential) and scattered field on the circle r =2 at w =7 and w =27 are listed in Table 2.
Fig. 9 and Fig. 10 show the real and imaginary part of solutions at w =27, respectively.

From the table and figures, we can see that:

1) For the same angular frequency and mesh, the error of compressional potential is
smaller than that of shear potential. This can also be easily seen from Fig. 9. This
is due to that the shear wavenumber is greater than the compressional at the same
angular frequency. It also indicates that the error of coupled Helmholtz equations
is mainly caused by shear potential.

2) From the error data and figures of potentials and scattered field, it is clearly seen
that numerical solutions of two NS-FEM-L models are closer to analytical solution.
This suggests that the NS-FEM-L models are effective for this kind of scattering
problem.

5.1.2 Convergence of numerical solutions

The convergence of NS-FEM-L-PML and NS-FEM-LTBC models will be considered at
different mesh density for this problem. In this calculation, the angular frequency is fixed
to 27, and several different mesh models are generated by Matlab. Table 3 and Table 4 list
the number of nodes and elements of meshes for the PML and TBC problem domains,
respectively. From this table, we find that the degree of freedoms (Dofs) of the PML
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Figure 9: The potentials obtained using different models at w =7 by a circle-shaped obstacle scattering: (a)

Re(¢); (b) Re(y) ; (c) Im(¢p); (d) Im(yp) (at mesh h=0.22).

Table 3: The meshes for PML problem domain (circle-shaped obstacle).

Characteristic Total Total Number of nodes on the obstacle
Mesh and PML boundary
length number number ——
PML interior | PML outer
of mesh of nodes | of elements | Obstacle
boundary boundary
M1 0.40 1055 1990 16 62 104
M2 0.35 1358 2580 20 75 116
M3 0.30 1886 3612 24 84 136
M4 0.25 2668 5144 28 97 164
M5 0.20 4124 8012 32 124 204

problem domain is more than that of the TBC problem domain at the same characteristic
length of triangular element for solving the elastic wave scattering problem.
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Figure 10: The potentials obtained using different models at w=27r by a circle-shaped obstacle scattering: (a)
Re(¢); (b) Re(y) ; (c) Im(¢p); (d) Im(yp) (at mesh h=0.22).

Table 4: The meshes for TBC problem domain (circle-shaped obstacle).

Characteristic | Total number | Total number Number of nodes on the obstacle
Mesh length of mesh of nodes of elements and TBC boundary

Obstacle TBC
M1 0.40 290 516 16 48
M2 0.35 373 670 20 56
M3 0.30 518 948 24 64
M4 0.25 714 1324 28 76
M5 0.20 1111 2094 32 96
Me6 0.15 2003 3834 44 128

1) The PML problem domain
The convergence behavior of solutions (L? norm and H' semi-norm errors) for the
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Figure 11: The convergence behavior from different models with PML for potentials by circle-shaped obstacle
scattering: (a) L? error; (b) H! semi-norm error.
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Figure 12: The convergence rate of L2 error from different models with PML for scattered field by circle-shaped
obstacle scattering.

NS-FEM-L-PML method is considered, which is compared with the FEM-PML model.
Fig. 11(a) and Fig. 12 show the convergence rate of L? error for potentials and scat-
tered field with the Dofs for the FEM-PML and NS-FEM-L-PML models at the angu-
lar frequency w =27. Fig. 11(b) displays the H! semi-norm error of potentials against
Dofs. It is clear from these figures that the convergence rates (L2, H') of NS-FEM-L-PML
(r=—1.0897, r = —0.85654) are better than the FEM-PML (r = —0.75018, r = —0.63526) for
potentials, and the L? error convergence rate of NS-FEM-L-PML (r = —0.86612) is better
than the FEM-PML (r = —0.63244) for scattered field, and the solution errors of two mod-
els decrease with mesh refining. In addition, it is found that the H! error convergence rate
of the potentials is comparable to that of the L? error of the scattered field. The reason is
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that the scattered field is transformed from the divergence and gradient of the potentials
in Eq. (2.9) in this paper. From these figures, we can also find that the errors of NS-FEM-L
model are smaller at the same mesh.

These results indicate that NS-FEM-L-PML can obtain higher accuracy of solutions
and the convergence behavior is better than FEM.

2) The TBC problem domain

Next, the convergence behavior of NS-FEM-L-TBC model is considered for this prob-
lem, which is compared with the FEM-TBC model. The angular frequency is set to 2.
Fig. 13(a) and Fig. 14 show the convergence of L? error for potentials and scattered field
with the Dofs for the FEM-TBC and NS-FEM-L-TBC models. Fig. 13(b) shows the H 1
semi-norm error versus the logarithm of Dofs. Fig. 13(a) and Fig. 14 show that the L2
error convergence rate of the NS-FEM-L-TBC (r = —0.84606, r = —0.79914) is better than
that of the FEM-TBC (r = —0.7625, r = —0.677) for potentials and scattered field; the H1
semi-norm error convergence rate of the NS-FEM-L-TBC (r=—0.79757) is also better than
that of the FEM-TBC (r = —0.67553) for potentials. This result also verifies that the H'
semi-norm error of potentials is consistent with the L? error of scattered field. These re-
sults suggest that the convergence property of the proposed method is better than that of
the FEM-TBC for this scattering problem. Meanwhile, NS-FEM-L-TBC model can obtain
higher accuracy of solutions.

—6—FEM-TBC(r =-0.7625) 0.6 —6—FEM-TBC(r =-0.67553)
—A— NS-FEM-L-TBC(r = -0.84606) | | —A— NS-FEM-L-TBC(r = -0.79757)
Slope-1 Slope-1/2

2.6 28 3 32 34 3.6 38 2.6 238 3 32 34 3.6 38

luglO(Dofs) logm(Dofs)

(@) (b)

Figure 13: The convergence behavior from different models with TBC for potentials by circle-shaped obstacle
scattering: (a) L? error;(b) H' semi-norm error.

5.2 Scattering by the elliptical obstacle

The scattering problem by an elliptical obstacle is studied in the subsection. Fig. 15 shows
the truncated domains with PML and TBC for an elliptical obstacle. The related param-
eters for PML and TBC and material parameters are the same as those of Section 5.1.
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Figure 14: The convergence rate of L2 error from different models with TBC for scattered field by circle-shaped
obstacle scattering.

PML I 2
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Figure 15: Geometry structure of an ellipse-shaped obstacle scattering: (a) with the PML truncation; (b) with
the TBC truncation.

The incident wave is a compressional wave, and the incident angle is 0. The parametric
equations of the obstacle boundary are

x(t)=cos(t), y(t)=0.5sin(t), (5.4)

where the parameter t € [0 27t]. For the convenience of comparison, the reference solution
is obtained by using Freefem++ software and taking the continuous piecewise quadratic
function as the basis function. Besides, all meshes in this experiment are generated by
Freefem++ software.
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5.2.1 Accuracy of numerical solutions

The accuracy of solutions by the NS-FEM-L with PML and TBC for the elliptical obstacle
scattering at different angular frequencies are discussed in this sub-section. In this exper-
iment, the mesh is fixed. The PML model includes 7437 nodes and 14464 elements, where
the characteristic length is 0.16. The TBC model includes 2552 nodes and 4834 elements,
where the characteristic length is 0.145. Fig. 16 shows the relative errors of numerical
solutions (¢, P and v1, v2) on the circle r =2 with different angular frequencies. The circle
sets 90 nodes for PML and TBC models. From the above results, the following can be
found:

1) For the two FEM models, the numerical errors at small angular frequency (w €
[0.2577,0.757]) are relatively large, and then the errors increase as the angular fre-
quency increases. For the NS-FEM-L models, both NS-FEM-L-PML and NS-FEM-
L-TBC models increase as angular frequency increases. Moreover, the solution of
two NS-FEM-L models also keeps a small error at small angular frequency. These
results indicate that two NS-FEM-L models are not very sensitive to angular fre-
quency;

2) For the same mesh and angular frequency, it can be found that the error of the
proposed method is smaller than that of FEM, which shows that NS-FEM-L model
is more stable.

To compare the numerical solutions of different models more clearly, the magnitudes
of potentials and scattered field (w = 27) are plotted in Fig. 17 and Fig. 18. The mesh
consists of 4049 nodes and 7798 elements for PML problem domain, and its characteristic
length is 0.22; the mesh includes 1486 nodes and 2786 elements for TBC problem domain
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—&— NS-FEM-L-PML

—#—FEM-TBC
NS-FEM-L-TBC

0.45
—6—FEM-PML
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035k NS-FEM-L-TBC

0.15

() (b)

Figure 16: The relative errors of different models with the angular frequency by an ellipse-shaped obstacle: (a)
potentials ¢, 1; (b) scattered field v1, vp.
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Figure 17: The magnitudes of potentials obtained using different models by an elliptical obstacle: (a) FEM-
PML; (b) NS-FEM-L-PML; (c) reference solutions (PML); (d) FEM-TBC; (e) NS-FEM-L-TBC; (f) reference
solutions (TBC).

and its characteristic length is 0.19. From these figures, we can observe that the solution
of NS-FEM-L model is closer to reference solution than that of FEM model, regardless of
PML or TBC techniques. These results also show that the solutions of NS-FEM-L models
have high accuracy and stability.

5.2.2 Convergence of numerical solutions

The convergence behavior of numerical solutions by NS-FEM-L with PML and TBC for
the elliptical obstacle scattering are considered in this sub-section. The angular frequency
is taken as 27t and the meshes that generated by Freefem++ software are used for conver-
gence analysis. The numbers of nodes and elements in PML and TBC problem domains
are listed in Table 5 and Table 6, respectively.

1) The PML problem domain

The convergence behavior of NS-FEM-L-PML and FEM-PML models are analyzed
in this subsection. Fig. 19 shows the convergence rate of potentials, including L? error
and H'! semi-norm error, respectively. Fig. 20 shows the convergence rate of L? error for
the scattered field. From Fig. 19(a) and Fig. 20, we can see that the convergence rates of
L? error of the NS-FEM-L-PML model (r = —1.2236, r = —0.98214) are better than that of
the FEM-PML (r = —0.88437, r = —0.76526). It can be found from Fig. 19(b) and Fig. 20
that the convergence rate of L? error of the scattered field (r = —0.988, r = —0.78299) is
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Figure 18: The magnitudes of scattered field obtained using different models by an elliptical obstacle: (a) FEM-
PML; (b) NS-FEM-L-PML; (c) reference solutions (PML); (d) FEM-TBC; (e) NS-FEM-L-TBC; (f) reference
solutions (TBC).

Table 5: The meshes for PML problem domain (ellipse-shaped obstacle).

Characteristic Total Total Number of nodes on the obstacle
Mesh and PML boundary
length number number ——
PML interior | PML outer
of mesh of nodes | of elements | Obstacle
boundary boundary
M1 0.35 1625 3098 24 96 128
M2 0.27 2772 5352 32 128 160
M3 0.22 4196 8160 40 160 192
M4 0.18 5893 11514 48 192 224

Table 6: The meshes for TBC problem domain (ellipse-shaped obstacle).

Characteristic | Total number | Total number Number of nodes on the obstacle
Mesh length of mesh of nodes of elements and TBC boundary
& Obstacle TBC
M1 0.30 585 1074 24 72
M2 0.23 1003 1878 32 96
M3 0.18 1591 3022 40 120
M4 0.15 2305 4418 48 144




1590 Y. Wang, J. Yue, Y. Li and M. Li / Adv. Appl. Math. Mech., 15 (2023), pp. 1562-1601

04 ¢ —e— FEM-PML(r=-088437) || 041
—&— NS-FEM-L-PML(r = -1.2236)
-0.6 - Slope-1 ] 02l

-0.8 1

—6—FEM-PML(r =-0.76526)
—A— NS-FEM-L-PML(r = -0.98214)
Slope-1/2

SRS <
E3 5 02
1.2
-0.4 1
S14F 1
16k 1 -0.6 \ d
3.6 3.7 3.8 39 4 4.1 3.6 3.7 3.8 39 4 4.1
logm(Dofs) luglO(Dofs)
(@) (b)

Figure 19: The convergence behavior from different models with PML for potentials by ellipse-shaped obstacle
scattering: (a) L2 error; (b) H! semi-norm error.
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Figure 20: The convergence rate of L2 error from different models with PML for scattered field by ellipse-shaped
obstacle scattering.

consistent with the convergence rate of H 1 semi-norm error of potentials (r=—0.98214, r=
—0.76526). Besides, these figures also show that the numerical errors (L? error, H' semi-
norm error) of NS-FEM-L-PML model is smaller at the same degree of freedoms. These
conclusions suggest that the NS-FEM-L-PML model is an effective numerical method for
solving scattering problems.

2) The TBC problem domain

The convergence behavior of the NS-FEM-L-TBC model is considered in this subsec-
tion. Fig. 21 shows the convergence rates of L? error and H' semi-norm error for poten-
tials. The convergence rates of L2 error and H! semi-norm error are —1.2695, —0.86705
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Figure 21: The convergence behavior from different models with TBC for potentials by ellipse-shaped obstacle
scattering: (a) L? error; (b) H' semi-norm error.
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Figure 22: The convergence rate of L2 error from different models with TBC for scattered field by ellipse-shaped
obstacle scattering.

for NS-FEM-L-TBC model, which are higher than FEM-TBC model (r = —0.89885, r =
—0.75786). The L? convergence rate of scattered field is shown in Fig. 22. The conver-
gence rate of H! semi-norm error for scattered field (r=—0.87011, r = —0.77946) is basi-
cally the same as the L2 convergence rate of the potentials by using the two models. Form
these figures, it is clearly seen that the NS-FEM-L-TBC model can obtain high accuracy
and better convergence rate.

5.3 Scattering by the acorn-shaped obstacle

The scattering problem by an acorn-shaped obstacle will be considered in the subsection.
The parameters of PML and TBC are the same as Example 1, the problem domains are
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Figure 23: Geometry structure of an acorn-shaped obstacle scattering: (a) with the PML truncation; (b) with
the TBC truncation.

shown in Fig. 23. The incident wave is same as in Section 5.2. The parametric equations
for this acorn-shaped obstacle boundary are

x(t)=cos(t)(1+0.25cos(3t)), y(t)=sin(t)(1+0.25co0s(3t)), (5.5)

where the parameter t € [0, 277]. In this example, the reference solution is obtained by
Freefem++ software, where the basis function is the continuous piecewise quadratic func-
tion. Besides, all meshes in this experiment are generated by Freefem++ software.

5.3.1 Accuracy of numerical solutions

The accuracy of solutions of different models for the acorn-shaped obstacle scattering at
different angular frequencies is studied in this sub-section. In this calculation, several
different angular frequencies are selected and the mesh is fixed. Both PML and TBC
problem domains have 100 points on the obstacle and the circle of comparison. For PML
model, the mesh is discretized by setting 160 points on inner boundary and 200 points
on outer boundary of PML, which includes 5190 nodes and 10040 elements. For TBC
model, the mesh is discretized by setting 150 points on the TBC boundary, which includes
2186 nodes and 4122 elements. Fig. 24 shows the relative errors of the potentials and
scattered field at different angular frequencies, where the error on the red curve in Fig. 23
is calculated. From the results, the following can be observed:

1) For both PML and TBC models, the numerical solution of FEM is greatly affected by
the angular frequency, and its overall error is higher than that of NS-FEM-L model.
Besides, the error growth rate of NS-FEM-L models are much smaller than that of
FEM. It also shows that the NS-FEM-L model is stable.

2) The accuracy of the solution of the scattered field is not as high as that of the po-
tentials. The reason is that the scattered field is obtained by the transformation of
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Figure 24: The relative errors of different models with the angular frequency by an acorn-shaped obstacle: (a)
potentials ¢, 1; (b) scattered field v1, v5.

the solution of the potentials through curl and gradient operator in Eq. (2.9), which
leads to certain errors.

Next, we study the magnitudes of the numerical solutions for different models at
angular frequency, as shown in Fig. 25 and Fig. 26. For the PML problem domain, the
mesh contains 2126 nodes and 4034 elements, where there are 50 nodes on the obstacle,
100 nodes on the PML inner boundary and 168 nodes on the PML outer boundary. For
TBC, the mesh consists of 1034 nodes and 1918 elements, with 50 nodes on the obstacle
and 75 nodes on the TBC boundary. From these results, it can see that the NS-FEM-L
model can obtain better solutions, especially near the obstacle boundary. It also suggests
that NS-FEM-L model can solve the problem more effectively.

5.3.2 Convergence of numerical solutions

In this sub-section, the convergence of numerical solutions by the NS-FEM-L-TBC models
are studied for the acorn-shaped obstacle scattering with fixed angular frequency 27r.
Table 7 and Table 8 list the mesh information of PML and TBC problem domains.

1) The PML problem domain

Firstly, the convergence behavior of PML problem by using NS-FEM-L-PML and
FEM-PML models is studied. Fig. 27(a) and Fig. 28 show the convergence results for po-
tentials and scattered field according to the L? error versus the Dofs, respectively. From
these figures, it can be observed that the convergence rates of L? error of NS-FEM-L-
PML model (r = —1.2055, r = —0.95929) are high than that of FEM-PML (r = —0.83852,
r = —0.77368) for potentials and scattered field. Fig. 27(b) plots the convergence result
with respect to H! semi-norm error of potentials. The results indicate that NS-FEM-L-
PML model (r = —0.95831) converges faster than FEM-PML model (r = —0.64669). All
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Figure 25: The magnitudes of potentials obtained using different models by an acorn-shaped obstacle: (a) FEM-
PML; (b) NS-FEM-L-PML; (c)reference solutions (PML); (d) FEM-TBC; (e) NS-FEM-L-TBC; (f) reference
solutions (TBC).

Table 7: The meshes for PML problem domain (acorn-shaped obstacle).

Characteristic Total Total Number of nodes on the obstacle
Mesh and PML boundary
length number number ——
PML interior | PML outer
of mesh of nodes | of elements | Obstacle
boundary boundary
M1 0.36 1437 2702 40 80 132
M2 0.30 2126 4034 50 100 168
M3 0.22 4207 8124 70 140 220
M4 0.17 6855 16460 90 180 300
Table 8: The meshes for TBC problem domain (acorn-shaped obstacle).
Characteristic | Total number | Total number Number of nodes on the obstacle
Mesh leneth of mesh f nod f el ¢ and TBC boundary
ength of mes of nodes of elements |-~ o TBC
M1 0.32 466 832 40 60
M2 0.26 731 1337 50 75
M3 0.19 1386 2597 70 90
M4 0.15 2262 4299 90 135
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Figure 26: The magnitudes of scattered field obtained using different models by an acorn-shaped obstacle:
(a) FEM-PML; (b) NS-FEM-L-PML; (c) reference solutions (PML); (d) FEM-TBC; (e) NS-FEM-L-TBC; (f)
reference solutions (TBC).
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Figure 27: The convergence behavior from different models with PML for potentials by acorn-shaped obstacle
scattering: (a) L2 error; (b) H' semi-norm error.

these conclusions indicate that the NS-FEM-L-PML model is superior to the FEM-PML
model.

2) The TBC problem domain
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Figure 28: The convergence rate of L2 error from different models with PML for scattered field by acorn-shaped

obstacle scattering.
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Figure 29: The convergence behavior from different models with TBC for potentials by acorn-shaped obstacle

scattering:(a)L? error;(b)H' semi-norm error.

Then, the convergence behavior of TBC method is discussed in this subsection. Fig. 29
shows the convergence rates of L> and H! semi-norm errors for potentials versus the
logarithm of Dofs. The convergence rate of L? error of scattered field is shown in Fig. 30.

From these figures, the following can be observed:

1) The convergence rates (L2, H') of the NS-FEM-L-TBC model for potentials (r =
—1.2799, r = —0.90368) are higher than those of the FEM-TBC (r = —0.87807, r =
—0.67366), and the error is smaller at the same mesh.

2) The NS-FEM-L-TBC model can provide better convergence rate (r=—0.91235) than

FEM-TBC (r =—0.78716) for scattered field.
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Figure 30: The convergence rate of L2 error from different models with TBC for scattered field by acorn-shaped
obstacle scattering.

In conclusion, these results indicate that NS-FEM-L-TBC model is more effective and
accurate than FEM model for solving this scattering problem.

Appendix: The uniqueness of Helmholtz decomposition

In the section, we give a brief illustration of Remark 2.1. Firstly, we apply TBC on the
appropriate boundary, and obtain the following boundary value problem of the total
field u (u=v+u""°)

uhu+(A+p)VV-u+w?u=0 in Q,

u=0 on I'p, (A1)
PBu=Tu+g on I'p,

where ' _
§:=PBu" —Tu" and HBu=pou+(A+u)V-ve,,

in which e, is the unit outward normal vector on I'g. It is shown in [3] that the scattered
field satisfies the transparent boundary condition on I'p

PBo=Tv=)_ Mol p—= ) p(meint

nezZ nez

where M, is a 22 matrix.
Because TBCs are derived from the sommerfeld conditions, we have the following
Remark.

Remark A.1. The problem (2.2)-(2.4) is equivalent to the TBC truncated problem (A.1)
and the problem (2.6)-(2.8) is equivalent to the TBC truncated problem (2.6), (2.7) and
(2.18).
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Combined with above Remark, we need to illustrate the uniqueness of Helmholtz
decomposition through the well-posedness of truncated problems (A.1) and (2.6), (2.7),
(2.18) to demonstrate Remark 2.1. See the following Remark for details.

Remark A.2. Let v =u—u"" be the scattered field corresponding to the solution u of
the boundary value problem (A.1). Then the scattered field v can be decomposed using
the Helmholtz decomposition v = V¢ +curlyp, where ¢ = —K, 2V .o, Pp=x, 2curlo are the
solutions of the coupled boundary value problem (2.6), (2.7), (2.18), and the Helmholtz
decomposition is unique.

Proof. Let v=u—u""° be the scattered field corresponding to the solution # of the boundary
value problem (A.1), which is proved by its variational formulation in of [3, Theorem
3.10].

According to the relationship between scalar and vector curl operators, we can obtain

curlcurlv=—Av+VV-v. (A.2)

Divide both sides of the Navier equation of the scattered field v by w?, and then combine
with the above relationship, the Eq. (2.2) can be re-written as

—K;2curlcurlv+K;2VV-v+v:O. (A.3)
Let
vpi= —K;ZVV ‘U, Ugi= stzcurlcurlv. (A4)
Then Eq. (A.3) becomes
U:ZJP+US. (A.5)

It is clear that v, and v, satisfy
curlv, =0, V-v5=0. (A.6)

From Egs. (A.4)-(A.6), we can get

VV -0,+150,=0, Avs+io;=0. (A7)
If we take
p:= —K;ZV v, P ::K;ZCLITZU, (A.8)
then we have
v=v,+0vs=Vp+curly, (A.9)

where v, = V¢ and v = curly, which is the Helmholtz decomposition of the scattered
field v. It is from Egs. (A.7) and (A.8) that ¢ and 1 satisfy

Ap+ipp=0, Ap+x;p=0. (A.10)
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Similarly, using Eq. (A.9), the boundary condition (2.3) and sommerfeld condition (2.4),
we can obtain the following boundary conditions for the potentials

av¢+aT¢:f/ aleJ—aT(P:g on I'p,

1 1 A1l
lim o} (3,9 —ix0) =0, lim o (0pp—ixs) =0, p=. (1D
Besides, we can know that the variational problem of (2.6), (2.7), (2.18) has at most one
solution from in [3, Theorem 3.5], which implies the solutions ¢ =—x,, 2V-v, p=x;2curlv
are unique for the truncated potentials problem.

Combined the Remark A.1 with the uniqueness of solution v in problem (A.1) and
solutions ¢ = —«,, 2V -0, =« *curlv in truncated potentials problem, the uniqueness of
the Helmholtz decomposition can be obtained. It is clear that Remark 2.1 is hold based
on Remarks A.1 and A.2. O]
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