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Abstract. This paper presents a numerical study of the sensitivity of a fluid model
known as time relaxation model with respect to variations of the time relaxation coef-
ficient χ. The sensitivity analysis of this model is utilized by the sensitivity equation
method and uses the finite element method along with Crank Nicolson method in the
fully discretization of the partial differential equations. We present a test case in sup-
port of the sensitivity convergence and also provide a numerical comparison between
two different strategies of computing the sensitivity, sensitivity equation method and
forward finite differences.

AMS subject classifications: 65M60, 65M12, 76D99

Key words: Sensitivity analysis, time relaxation model, Navier-Stokes equations, finite element
method.

1 Introduction

Sensitivity investigations have become an important feature in understanding the fluid
behavior. A meaningful solution for the Navier-Stokes equations at high Reynolds num-
ber requires computations with a fine mesh. This leads to expensive simulations regard-
ing the storage of matrices and running time. Fluid models have been developed in order
to avoid these obstacles. As it has been presented in [3], even when a fluid flow model
has performed well in practice, the reliability of the approximated flow variables is often
not addressed. If the model displays sensitivity to certain parameters, the resulting flow
solution is not reliable. To that end, sensitivity analysis techniques provide a measure to
compute solution uncertainties due to the variation of the selected parameter and deter-
mine a reliable interval for the parameter value. Over the years, there have been studies
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on the sensitivity of fluid flows in different aspects, [3, 9, 23, 39, 41, 42]. Assessing model
error that leads to uncertainty quantification is an important application of sensitivity
analysis, see [35, 40] for recent works in this direction. Defining the sensitivity of state
variables in a physical system as derivatives of state varaibles with respect to the selected
parameter, there are basically two methods of numerically calculating the sensitivities:
Forward Finite Difference method (FFD) and Sensitivity Equation Method (SEM). One
simply uses finite differences and the other is based on forming an equation for the state
variable sensitivity by differentiating the original model equation. In the latter approach,
the resulting sensitivity equation is a linear equation and in most cases it is solved in tan-
dem with the model equation when the state variables from the original system appear in
the sensitivity equation. SEM is categorized by two different strategies: Continuous Sen-
sitivity Equation Method (CSEM) and Automatic Differentiation Method (ADM). The
difference between ADM and CSEM is in the order of operations of discretization and
differentiation. CSEM implements differentiation first and then discretization, where-
as ADM implements discretization first and then uses differentiation. There have been
many works done using ADM, see [24, 25, 28, 29] for some examples. The possibility of
combining these two methods is discussed in [12]. While finite difference quotient is easy
to compute using a flow solver code, it might not be a reliable technique to compute sen-
sitivites of a fluid model, see [7, 22]. In that aspect, the use of CSEM is preffered to that
one of the finite difference, see [6, 39] for a camparison between these two methods in
computing sensitivities. For computing flow sensitivity via CSEM, once the flow solver
has converged only a linear solve is needed. This is computationally less expensive than
running a code for calculating non-linear flow for two different parameter input in the
attempt of calculating sensitivity via finite difference quotient. CSEM has been extensive-
ly used to compute the sensitivities with respect to different regularization parameters,
see [5, 7, 8, 10, 19] for some examples among many others in the literature. This paper
explores the sensitivity of a time relaxation type model with respect to a regularization
parameter given below.

The governing equations of fluid motion are the Navier Stokes equations,

ut+u·∇u+∇p−ν∆u= f in Ω×[0,T],

∇·u=0 in Ω×[0,T],

where u and p represent velocity vector and pressure respectively, ν represents the vis-
cosity and f represents the body force. Time Relaxation model (TRM) was introduced by
Stolz, Adams and Kleiser [17]. The model was computationally tested on compressible
flows with shocks and on turbulent flows [1, 2, 17], i.e., on the aerodynamic noise [20].
A continuous finite element analysis for the model along with numerical results can be
found in [17], while a discontinuous finite element analysis can be found in [36]. Prelim-
inary sensitivity computations can be found in [37]. In [38] a computational study have
been published of the Leray-α model with respect to the filter width. This model applies
a regularization to the non-linear term in NSE in the form of u·∇u, where u is calculated


