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Abstract. In this paper the fractional Euler-Lagrange equation is considered. The fractional equation with the left and right Caputo derivatives of order α ∈ (0,1] is transformed into its corresponding integral form. Next, we present a numerical solution
of the integral form of the considered equation. On the basis of numerical results, the
convergence of the proposed method is determined. Examples of numerical solutions
of this equation are shown in the final part of this paper.
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1 Introduction
In the past few years, many applications in real phenomena have been found, where
certain dynamics are described not only by integer but also by real order operators [4,
15, 16, 23, 29, 33, 34, 38]. An important issue is that the derivative of fractional order has a
local property at any point of a domain only when order is an integer number. For noninteger cases, the fractional derivative is a nonlocal operator and depends on the past
values of a function (left derivative) or future ones (right derivative). We refer the reader
to a summary of fractional calculus theory in monographs [6, 18, 24, 27] and papers [1, 14,
19, 20, 26, 31, 36, 37] that cover various problems in this field.
One natural application of fractional operators is variational calculus. In this approach, one modifies the variational principle with replacing the integer order operators
by a fractional one. Then, the minimisation of the action leads to the fractional differential
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equations which are known in the literature as the fractional Euler-Lagrange equations.
Different approaches have been considered in recent years e.g., the Lagrangian or Hamiltonian approach with fractional integrals or fractional derivatives [1, 3, 5, 7, 19, 21].
The main feature of the fractional Euler-Lagrange equations is that the fractional operator appearing in these equations contains simultaneously the left and right derivative.
This is also a fundamental problem in finding solutions of equations of a variational
type [6]. Consequently, numerical methods have been devoted to solving fractional variational problems [8–12, 28, 35].
In this paper we present a numerical solution of the Euler-Lagrange equation with
Caputo derivatives in the finite time interval.

2 Fractional preliminaries
In this section, we introduce the fractional derivatives and integrals used in this work
and some of their properties (see [18, 25, 27]). The left and right Caputo derivatives of
order α ∈ (0,1] are defined as follows
C

Daα+ x(t) := Ia1+−α Dx(t),

(2.1a)

C

Dbα− x(t) := − Ib1−−α Dx(t),

(2.1b)

where D is an operator of the first order derivative and operators Iaα+ and Ibα− are the left
and right fractional integrals of order α > 0, respectively, defined by
Iaα+ x(t) :=

1
Γ(α)

Z t

x(τ )

dτ,
( t − τ ) 1− α
Z b
1
x(τ )
α
Ib− x(t) :=
dτ,
Γ ( α ) t ( τ − t ) 1− α
a

( t > a ),

(2.2a)

( t < b ).

(2.2b)

If α = 1, then C D1a+ x = x′ and C Db1− x = − x′ .
The composition rules of the fractional operators (for α ∈ (0,1]) are as follows [18, 22]
Iaα+ C Daα+ x(t) = x(t)− x( a),

(2.3a)

Ibα− C Dbα− x(t) = x(t)− x(b),

(2.3b)

and the fractional integral of a constant C
Iaα+ C = C

( t − a) α
.
Γ (1 + α )

(2.4)

