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Abstract. In this paper, we analyze semi-discrete and fully discrete mixed finite ele-
ment methods for linear elastodynamics problems in the symmetric formulation. For
a large class of conforming mixed finite element methods, the error estimates for each
scheme are derived, including the energy norm and L2 norm for stress, and the L2

norm for velocity. All the error estimates are robust for the nearly incompressible ma-
terials, in the sense that the constant bound and convergence order are independent
of Lamé constant λ. The stress approximation in both norms, as well as the veloc-
ity approximation in L2 norm, are with optimal convergence order. Finally numerical
experiments are provided to confirm the theoretical analysis.
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1 Introduction

Let Ω⊂Rd (d=2,3) be a bounded domain with Lipschitz continuous boundary Γ= Γ̄D∪
Γ̄N , where ΓD∩ΓN=∅ and meas(ΓD)>0. We consider the following linear elastodynamics
problem: 

ρ
∂2u
∂t2 −divσ= f in Ω×[0,T],

σ=2µε(u)+λdivuI in Ω×[0,T],
u= g on ΓD×[0,T],
σn=0 on ΓN×[0,T],

u=u0,
∂u
∂t

=v0 on Ω×{0},

(1.1)
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where ρ = ρ(x) is the density of the medium satisfying 0< ρ0≤ ρ≤ ρ1 <∞, u(x,t)∈Rd

the displacement vector, σ(x,t)∈Rd×d the symmetric stress tensor, ε(u) := ∇u+(∇u)T

2 the
strain tensor, λ>0 and µ>0 the Lamé coefficients, and I the d×d identity matrix. T>0
denotes the final time, f (x,t)∈Rd the body force, g(x,t)∈Rd the prescribed boundary
displacement on ΓD, n the unit outward vector normal to Γ, u0(x) and v0(x) the initial
displacement and velocity data, respectively.

Besides, the initial data must satisfy the compatibility conditions

Cε(u0)n|ΓN
=0, u0|ΓD

= g(0). (1.2)

From the second equation of (1.1), we can easily get

ε(u)=
1

2µ

(
σ− λ

2µ+dλ
tr(σ)I

)
=:Aσ.

Then, if ∂g
∂t exists, by introducing the velocity field variable v= ∂u

∂t , we can rewrite the
displacement-stress fields model (1.1) into the following first-order velocity-stress fields
system: 

ρ
∂v
∂t
−divσ= f in Ω×[0,T],

A∂σ

∂t
−ε(v)=0 in Ω×[0,T],

v=
∂g
∂t

on ΓD×[0,T],

σn=0 on ΓN×[0,T],

(1.3)

with initial conditions
σ(·,0)=σ0 :=Cε(u0), v(·,0)=v0. (1.4)

In the displacement-stress formulation (1.1), it retains the same variables as for elasto-
statics. However, the constitutive equation does not involve time differentiation, which
leads to a system of differential-algebraic equations in time. Owing to such character, it
needs special design to obtain stable time stepping methods for fully discrete schemes. To
overcome such difficulty, Hughes etc. [23] proposed the space-time finite element meth-
ods which combine the using of discontinuous Galerkin method in time and stabiliz-
ing terms of least-squares type. In [25], a C0−continuous time stepping displacement-
type finite element method is constructed to obtain stable time discretization. Boulaajine
etc. [10, 11] proposed dual mixed finite element methods with explicit/implicit New-
mark schemes for the time approximation. We refer to [30,31] for semi-discrete and fully
discrete of hybrid stress finite element methods for elastodynamics, where a second-
order center difference and an implicit second-order difference were used for the time
discretization, respectively.

In the velocity-stress scheme [16, 26], the displacement is not a primary unknown,
but can be recoverable as the time-integral of the velocity. The most important advan-
tage of this scheme is that it leads to a standard hyperbolic system, thus many stable


