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Abstract. We consider an inverse problem of determining unknown coefficients for a
one-dimensional analogue of radiative transport equation. We show that some com-
bination of the unknown coefficients can be uniquely determined by giving pulse-like
inputs at the boundary and observing the corresponding outputs. Our result can be
applied for determination of absorption and scattering properties of an optically turbid
medium if the radiative transport equation is appropriate for describing the propaga-
tion of light in the medium.
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1 Introduction

We consider a one-dimensional version of the inverse problem of identifying unknown
coefficients of the one-speed, time-dependent radiative transport equation. This inverse
problem is related with the study of optical tomography (see, e.g., [1,2] and references
therein). Optical tomography has been studied for several decades as a new modality
of medical imaging technique using low-energy light in the near-infrared region. Com-
pared with other tomographic techniques using high-energy radiation (e.g., X-ray CT),
optical tomography is considered to be less harmful to human body. In most researches
on optical tomography the propagation of near-infrared light in biological tissues is mod-
eled by the radiative transport equation, and the process of imaging is formulated as an
inverse problem of determining unknown coefficients of the equation. Although the orig-
inal problem is three-dimensional in space variables, our discussion here is limited to the
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one-dimensional case partly because the three-dimensional problem is quite difficult and
mainly because we can obtain a reconstruction formula for the unknown coefficients.

Let (0,H)={x€R; 0<x< H} be a finite open interval in R. Let y5(x), ps(x), and g(x)
be continuous functions on the closed interval [0, H] and assume that p,(x) >0, ps(x) >0,
and 0 <g(x) <1 there. We consider the situation where the interval [0, H] is occupied by
a medium that absorbs and scatters photons, with y,, 15, and g being the distribution of
the absorption coefficient, the scattering coefficient, and the probability of backward scat-
tering, respectively. Let I;(x,t) be the density of photons moving through the medium
with speed c¢ in the positive x direction, and I>(x,t) in the negative x direction. The time
evolution of I and I, are described by the system of differential equations
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—m = (pa ) b gush, 0<x<H, 0<t<T, (1.1a)
10, 9l
e (patqus) h+qush, 0<x<H, 0<t<T, (1.1b)
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where c and T are positive numbers. We always assign the initial condition
L(x,0)=0L(x,0)=0, 0<x<H. (1.2)

We assume that the speed c is a known constant, while the coefficients p,(x), ps(x),
and ¢(x) are unknown functions. In order to determine those unknowns, we consider an
experiment as follows. We give a pulse-like input at one end of the interval [0,H] and
observe the boundary values of the outward flow at both ends, i.e., I[; (H,t) and L(0,t).
We again follow the same process by giving the input at the other end. To be precise, we
solve (1.1) and (1.2) with the boundary condition

L(0,t)=6(t), I(H,t)=0. (1.3)
Writing the solution to (1.1), (1.2), and (1.3) as "= (111,121), we observe
L(H,t), B(0t), 0<t<T. (1.4)
Next we solve (1.1) and (1.2) with the boundary condition
L(0,t)=0, IL(H,t)=4(t), (1.5)
write the solution to (1.1), (1.2), and (1.5) as I>=(I%,13), and then observe
B(H,t), 12(0t), 0<t<T. (1.6)

Our main result is as follows.

Theorem 1.1. Let m and M be positive numbers with m < M. In the setting above, we consider
the admissible set A(m, M) of the unknown coefficients satisfying

1o, ts, €CC[0,H] and  paus>0, 0<g<1, m<p,+qus<M on [0,H].

Then there exists a number H* >0, such that if 0< H<H*, T>2H /¢, and (yg, pts,q) € A(m,M),
the data (1.4) and (1.6) uniquely identify p, and qus.



