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Abstract. A new Semi-Lagrangian scheme is proposed to discretize the surface
convection-diffusion equation. The other involved equati ons including the the level-
set convection equation, the re-initialization equation a nd the extension equation are
also solved by S-L schemes. The S-L method removes both the CE condition and the
stiffness caused by the surface Laplacian, allowing larger time step than the Eulerian
method. The method is extended to the block-structured adap tive mesh. Numerical
examples are given to demonstrate the ef ciency of the S-L me thod.
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1 Introduction

Solving PDEs on evolving interfaces has attracted a lot of attention in recent years (e.qg., [6,
9,11, 16,17, 23, 26]). One of the important applications is he surfactant, which plays a
critical role in numerous important industrial and biologi  cal applications (e.qg., [28,30, 32]
and the references therein). In a uid ow, surfactant is tra nsported along the interface
by advection via the tangential interface velocity as well b y diffusion within the interface.

In [26], an Eulerian level-set method for convection-diffu sion equations on evolving
interfaces. The Eulerian method was applied in simulating i nterfacial/two-phase ows
with insoluble surfactant in [28-31], two-phase ows withi nsoluble surfactant and mov-
ing contact line in [32], two-phase ows with insoluble surf actant under electric elds
in [24], and the surface phase separation in an interfacial ow in [12]. However, all these
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works were done on uniform mesh. For practical problems, oft en some part of the com-
putational domain needs higher resolution than the others. Uniform mesh re nement
can be prohibitively expensive in both computer storage and computation time. Adap-
tive mesh re nement stragety has been an ef cient way to overco me this dif culty by
putting more grid points only in the under-resolved region.

It is well-known that the Eulerian level-set methods have th e CFL stability constrain.
On the other hand, The semi-Lagrangian (S-L) method of [5] is an alternative for problem-
s with convection. In a S-L method, ordinary differential eq uations for the characteristic
curves are solved backward to locate the departure points, t hen variable approximation-
s at the grid points are obtained by appropriate interpolati ons. Thus the S-L method
releases the CFL stability constraint, allowing larger tim e steps than its Eulerian counter-
part. This feature together with the interpolation makes th e S-L method convenient for
adaptive mesh re nement.

In this work, we propose an adaptive nite difference level-s et method for solving
convection-diffusion equations on evolving surfaces. In p articular, a new S-L scheme
is proposed for solving the extended convection-diffusion equation. The level-set con-
vection equation and the re-initialization are also solved by using S-L schemes. In the
adaptive method, we use the block-structured adaptive mesh (BSAM) of [1-3]. The ad-
vantages of BSAM include relatively easy mesh generation and parallelization. BSAM
is an important component of well-known software packages s uch as Chombo of [4],
Bearclaw of [15] and Paramesh of [13].

The paper is organized as follows. The governing equations are given in Section
2. The S-L schemes on uniform mesh are presented in Section 3. The adaptive mesh
method is described in Section 1. Numerical examples in 2D and 3D are shown Section
4. Conclusion is given in Section 5.

2 Problem description

The evolving surface Q(t) is represented by the zero level-set of a level set function f (x,t).
In this work, it is passively convected according to a given v elocity u. The level-set
Hamilton-Jacobi (H-J) equation (see [18]) is following:

1f _
wrurf=o (2.1)

The dynamics of surfactant concentration f is governed by the convection-diffusion e-
quation:

f+f(r su)=Dg 2f on G (2.2)

where f= 1.|11—I+r sf u is the material time derivative, r s=(1 n n)r isthe surface gra-

dient, and Dg is the material diffusivity. The left-hand side of the equat ion corresponds
to the convection of the material by the velocity eld, which ¢ an be derived from the
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following transport relation (e.g., [10]):

qZ z
— fds= (f+ fr g u)ds (2.3)
dt s s
where Sis an arbitrary material subsurface of the uid interface.

Without the loss of the generality we assume that the surface diffusive coef cient
Ds= 1.

In a Cartesian grid method, the surface quantity f is extended into a small neigh-
borhood of the uid interface, so is the Eq. (2.2). The extension is done by solving the
following H-J equation (see [34]):

fc+S(f)nr f=0,
F(,0)= fo(x), (4)
where t is the pseudo-time, fg is the surfactant concentration before extension. Sis the
sign function de ned as

8
< 1, x<0,

S(x)=_ 0, x=0, (2.5)
R x> 0.

Assume that u is solenoidal (i.e., r u= 0), which is true for incompressible ows, then
Eg. (2.2) can be rewritten as (e.g., [26])

1111_:+urf nrunf=r?f nD?n knr f, (2.6)

where D?f is the Hessian of f.
In practice, the level set function f needs to be re-initialized. This is done by solving
the following H-J equation originally proposed in [21]:

8
< %+ S(to)ir 1j 1)=0,

f (x,0)= fo(X),

2.7)

where f g is the level-set function before the re-initialization.
Let fx:f (x,t) < Og be the region enclosed by the interface, the outward normal v ector

and total curvature are

n= T k=r I 2.8)

In summary, the mathematical problem consists of the level- set convection equation (2.1),
the re-initialization equation (2.7), surfactant transpo rt equation (2.6), and the extension
equation (2.4).
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3 Numerical methods

We rst describe the method on uniform mesh, then we extend itt o the adaptive mesh.

3.1 Uniform mesh method

For simplicity, we describe the algorithms in 2D. Roughly sp eaking, the 3D algorithms
can be obtained by adding one more dimension.

Lay down a uniform Cartesian grid for the computational doma in W=[ab] [c,d],
with grid length h. Let Dt be the time step. We use the cell-centered approximations for
the variables. Denote x;= a+(i+ 0.9h,y;=c+(j+0.9h,i=0,1, ,M 1,j=0,1, ,N 1,
t"=nDt,n= 0,1,

3.1.1 S-L scheme for the convection-diffusion equation oni nterface

Denote
A(f) nrunf nD? n kr fn.

Along the characteristic curve % = u, Eg. (2.6) can be rewritten as

daf
=1 2T Ax). (3.1)

Integrating (3.1) over the time interval [t",t"* 1], and approximating the right hand side
by the trapezoidal rule, we get

0 frat)= 22 260 A (r 20+ AV (), @2)

where the departure point X4 is calculated by the second-order RK method:

Dt
X = Xjj 7u[J‘ (3.3a)

Xd= Xij Dtu™ z(x ). (3.3b)

When the velocity is time dependent, u(x )”+% is calculated by standard second-order
accurate extrapolation:

1

“u™ (x). (3.4)
2
Sincex is not a grid point, the third-order ENO scheme (see [19]) is u sed to interpolate
u(x ). The reason to use ENO interpolation is due to the possible non-smoothness of the
velocity eld in practice (e.g., in two-phase ows). f (Xq) is also calculated by the ENO
scheme.

u™i(x )= gu”(x )
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The complete semi-Lagrangian scheme can be obtained by usirg a second-order time
extrapolation for the term A( f){}+ ! as following:
1 gt = o (r 260 L DAt (AT (1 25+ Ap)" 3.5
i (Xg,t") = ?( h )ij ?[(( h)ij ( h)ij )+(r n' (Xa)], (3.5)

where the quantity at (xq,t") is calculated by the ordinary third-order Lagrangian inter -
polation. r ﬁf,Ah denote the discrete forms using standard second-order central differ-
ence schemes to calculate involved quantitiesr 2f,r f, n, k.

We will demonstrate through numerical experiments that the global S-L method de-
scribed above is convergent in both 2D and 3D. We will also sho w that the S-L method
allows larger time step for stability than the Eulerian meth od in [26, 27]. This is an ad-
vantage of the S-L method over the Eulerian method.

3.1.2 S-L scheme for the level-set convection equation

The S-L scheme for level-set equation (2.1) is simply
f =1, (3.6)

where the departure point X4 is calculated by the second-order RK method, which results
in a second-order S-L method. This second-order S-L method has been used for solving
the level-set convection equation (2.1) in the literature, see e.qg., [14, 20, 25].

3.1.3 S-L scheme for the level-set re-initialization

In [20], the computational geometry based method on quadtre es was used for the re-
initialization. In [14], the classical Eulerian method was used for the re-initialization.
In [25], a marching tetrahedra based S-L scheme was proposed Here we adopt the
method in [33], which are brie y described below. Eq. (2.7) ¢ an be rewritten as

1%—:4' S(fo)n r f=95(fp). (3.7)

The velocity eld v = S(f o)n has jump discontinuity across the interface. Caution
needs to be taken for the grid points just adjacent to the inte rface (i.e., the so-called irreg-
ular grid points).

The set of irregular grid points is identi ed as

G= fxjj:biby 0Og, (3.8)
where
by=maxffi,q;,fi 1505.fi+0fi; 10
and

bo=minffi ;i 1).f.fij+1fij 10
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The other grid points are regular.
If xj; is regular, the following rst-order S-L scheme is used:

FA7t=f"(xa)+ S(f o(x;j)) D, (3.9)

where the departure point Xy is obtained by the rst-order Euler method:  Xg = X;;
S(f o(xij))n;;Dt. Here Dt is the pseudo-time step. f (xq) is calculated by the bilinear
interpolation.

Next let x;; be irregular. First, we nd its projection point © x= x;; + an;; on the interface
is obtained by solving the following quadratic equation for a:

2

0=fo(xj+anj) folxj)+ajr fo(xi)j+ %nEHe(f o(Xij)) nij, (3.10)
where He(f o) is the Hessian matrix:
0 Pro o 1
He(f )= 1;72_?20 1@’ .
TyTx  Ty?

When the quadratic equation (3.10) has two real roots, we choose the one with s-
maller absolute value as a since x;; is close to interface already. In the case there is no
real root, we choose a grid point adjacent to X;j, say, X+ 1, such that f o(x;;)f o(Xi+1;) O.
Then f is linearly approximated by setting the projection point ™ x = xj; o(Xj;)(Xi+ 1,
xij)! (fo(xi+1;) fo(xij)). ThenXis used to mimic the signed distance function at the ir-
regular grid point x;; as follows. Since the level-set function is only Lipschitz ¢ ontinuous,
in order to prevent fake projection point ~x due to the non-smoothness of f o, we set

maxf f O(Xij)- ] Xij Xjg, if fo(Xij) <0,

Fij= minffo(x;).jx; Xjg, if fo(xjj)> 0.

(3.11)

In evaluating the normal nj =r f/jr fj(x;), the modied difference scheme of [7]

may be used. For example, %(xij) is approximated by standard center difference scheme
(fivn; fi 1)/ (2h),iffi+q; fijandf;; f; 1;havethe same sign; by maxmodf (f i+ q;

f i,j)/ h,(f i fi 1,1')/ hg otherwise, where

a if j&> jbj,

maxmod (a,b) = b, otherwise

and similarly for the evaluation of %(xij). This modi cation gives a more accurate nor-

mal direction of the interface in the unresolved region arou nd the interface, e.g., near the
places where the interfaces are about to have topological changes.
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3.1.4 S-L scheme for the extension equation

The velocity of the extension equation (2.4) is v= S(f o) n, the same as of the re-initialization.
The S-L scheme for the extension is following:

f"(xq), if x; is regular,

i, if bx; is irregular,

fit= (3.12)
where the departure point Xg= X;j virj‘Dt , here Dt is the pseudo-time step. The bilinear

interpolation is used for calculating f"(Xq).

3.2 Adaptive mesh method

In this section, we extend the above described method to the BSAM. The adaptive mesh
of domain W s a hierarchy of nested rectangular mesh levels, indexed by k=0, ,Kin
the increasing order of mesh neness. Let W be the domain covered by the k-level mesh,
Ri k be the open region covered by the ith patch G; of the k-level mesh, hy be the grid
length of the k-level mesh. An illustration is given in Fig. 1.

The adaptive mesh satis es the following three rules:

Wo =W.

We Wk 1, Rix\ Rjxk=4&i6j,k=1, ,K,ij=1, ,ng wherenyis the total number
of patches of the k-level mesh.

he= 21 k=1, K.

+9 + +

Figure 1: An example of the adaptive mesh of 3 levels. Top: tlyobal composite mesh; Middle: thé-level
mesh patchesk= 0,1,2 Bottom: domains covered at di erent levels.
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Figure 2: lllustration of data transfer from old mesh to new esh.

For simplicity the same time step is used on every level mesh, though this may be
generalized through a "subcycling” time stepping procedur e in [2].

Now starting from a multilevel adaptive mesh on which anumer ical solution is given,
we mark grid cells where re nementis needed according to cert ain criterion. In this work
we re ne mesh at the cells close to the interface:

ifi w, (3.13)

where f is the level-set function, wis a xed small number. The point clustering algorith-

m in [3] is used to regroup the marked cells into rectangular m esh patches. The cluster-
ing algorithm keeps a good balance between the number of patc hes and the unnecessary
region covered by the patches. The mesh re nement is done on every patch. This pro-
cedure is repeated on every level of the old mesh. Finally the data on the old mesh are
transferred to the newly generated mesh via copying restric tion or bilinear interpolation,
as illustrated in Fig. 2.

Note that in the adaptive method of [22], the level-set conve ction equation is solved
on all level meshes. We found that it is only needed to be solved on the nest level
mesh. In particular, we do the following steps to evolve the s urface convection-diffusion
problem:

Step 1 Solve the level-set convection equation (2.1) only onK-level mesh, i.e., the nest
mesh.

Step 2 Solve the re-initialization equation (2.7) on every | evel mesh.
Step 3 Solve the extension equation (2.4) only onK-level mesh.
Step 4 Solve the surface convection-diffusion equation (2.6) only on K-level mesh.

Step 5 Generate new adaptive mesh. Go to Step 1.
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Below we give more explanations on Step 2. Suppose that Eg. (21) is solved on K-
level mesh in a tube Ty with width 5 hy, i.e., Tc=fx{:jf (x)j 5hkg, where x; represents
the cell center of K-level mesh. The re-initialization is done in a larger tube w ith width
10hk. Then the level-set function is restricted to the (K 1)-level mesh by averaging in a
tube roughly with width 5 hx 41, sincehx 1= hTK Then the re-initialization is done on the
(K 1)-level mesh in a tube with width 10 hx ;. Keep going until the 0-level mesh. In this
way, the level-set function is de ned on every k-level mesh in a tube of width 10 hy. Thus

new adaptive mesh can be generated.

4 Numerical examples

In this section, we demonstrate the ef ciency of the S-L level -set method by several nu-
merical examples in 2D and 3D, including comparison among th e uniform mesh S-L
(UMSL) method, the classical Eulerian (UMCE) method in [26,27 ], and the adaptive mesh
S-L (AMSL) method. The local level-set technique is used, i.e., all the equations are solved
in small tubes containing the interface. The tube widths are just a few multiple of grid
lengths. For example, the widths are chosen as %, 8h, 5h and 11h for the surfactant
transport, the extension, the level-set convection, and the re-initialization, respectively.
Note that though the curvature is constant in Examples 4.1 and 4.2, we still use standard
central difference scheme to calculate it.

Example 4.1. We check the accuracy in 2D on a uniform grid. We choose a simple ve-
locity eld u=(1,07 so that the exact solution is available. The initial level set function
f(x,y,00=  x2+y?2 2 and the initial distribution of surfactant

£(x,y,0)= sin(q)+ 2= p—Y—+ 2.
X2+ y2

w=[ 3,5 [ 3,3. The exact solution is

f(x,y,t)=e %sin(q(t))+ 2, (4.1)
where I
- - y
g(t)= arcsin pﬁ

Let f,, f, be numerical solutions of the surfactant concentration f and the level-set
function f respectively. We measure the error ¢,= f f;, in a small neighborhood of the
interface, i.e.,

kesky = max feQ. 4.2)
jfhi<1.5n

The errors and the orders of accuracy at time t= 2 are given in Table 1.
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Table 1: Errors for surfactant concentration at timet= 2.0, Dt= h/4 .

h ke ky order
0.2 3.22 107 -

0.1 960 103 1.75
0.05 251103 193

Table 2: Errors for surfactant concentration at timet= 1.0, Dt= h/4 , h is the grid length of the nest mesh.

h ke, ky order
0.1 236 103 -
0.05 7.27 104 1.70
0.025 2.17 104 1.73

Example 4.2. We check accuracy in 3D using the adaptive mesh. Velocity eld u =
(1,0,0".W=[ 44 [ 2,2 [ 2,2. Weintroduce a source term

2(x_D*+y+7 4
((X t)2+y2+22)3/2

1 .
= Ze?z 4.3
g= e (4.3)
in the surface convection-diffusion equation (2.6), i.e., we will solve the following equa-
tion:
fi+ur f nrunfr 2f=gqg. (4.4)

S

The exact solution
e 124

(x 2+y2+22

f(x,y,z,t)= p

p . . . .
f=" (x t)2+y2+2z2 1 Errors at time t= 1 are given in Table 2. In the adaptive mesh,
the gird length of the root level mesh is h=0.1.

In the following the interface is deformed. The exact soluti ons for the level-set func-
tion and surfactant concentration are not available.

Example 4.3. f (x,y,0)= P x2+y2 1,f(x,y,00=1,W=[ 3,3 [ 3,3 The velocity eld
isu=(y,0)". The uniform mesh size is 240 240. The adaptive mesh has 3 levels with the
root level mesh size being 60 60. Dt= h/2.

We rst give a comparison among the UMSL method, the UMCE method, and the
AMSL method. Three methods work well and produce similar resu Its, as shown in Fig. 3.
Here surfactant concentrations are plotted as functions of the arc length s. To make this
plot, the interface is reconstructed by projecting the irre gular grid points onto interface
control points. A piecewise linear representation of the in terface is used to calculate arc
length. The starting point s= 0 corresponds to the control point closest to the positive
x-axis and s increases in the counterclockwise direction. The surfactant concentration on
the interface are obtained the third-order ENO interpolati on at the control points.
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Figure 3: Surfactant concentrations as function of arc-lggh at di erent times: the UMSL method (red dashed
line), the UMCE method (blue solid line), and the AMSL methoddark dash-dotted line). Three methods agree
quite well.

Figure 4: Adaptive meshes together with drop shapes at dient times.
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Figure 5: Left: Surfactant concentrations as function of arlength at t = 2 for three di erent adaptive mesh
re nements ; Right: A zoomed plot around a drop tip. The nestgrid length h= 0.025(blue solid line),0.0125
(red dotted line), 0.00625(black dash-dotted line). Numerical convergence is obsetk

t=1.2 t=1.6 t=2.0
12 12

Figure 6: Surfactant concentrations as function of arc-lgh for three di erent time steps. Top row: UMSL
method; Bottom row: UMCE method. Dt = 1.6h (blue solid line), Dt = h (red dotted line), Dt = h/2 (black
dash-dotted line), h=0.025

The adaptive meshes at different times are given in Fig. 4.

A numerical convergence study for the adaptive S-L method is given in Fig. 5.

In Fig. 6, the UMSL method is stable for the three choices of time steps. The UMCE
method is unstable when Dt = 1.6h due to the violation of the CFL condition.

Example 4.4. In this example we show that the method can handle discontinu ous initial
surfactant concentration. The setting is the same as in Exanple 4.3 except that the initial
surfactant concentration is

1, if x<0,

fxy.0= o5 ifx o

(4.5)
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Figure 7: The moving interface together with surfactant carentration at di erent times. Dt= h/2.

Due to the same mesh re nement criterion (3.13), the time-dep endent adaptive mesh is
the same as in Example 4.3. The contour plots of surfactant cancentration at different
times are showed in Fig. 7.
Similar surfactant concentrations (as function of arc-len gth) produced by the the UM-
SL method, the UMCE method and the AMSL method are given in Fig. 8 . Itis also found
that the UMSL method allows larger time step than the UMCE metho d (not shown here).
A numerical convergence study is given in Fig. 9.

Example 4.5, We consider a shear velocity u =(y,0,0T. The initial level-set function
f(x,y,2,00=  x2+y2+ 72 1, and the initial surfactant concentration on the interfac e is
uniformly 1. The computational domain W=[ 4,4 [ 2,2 [ 2,2. In the adaptive
mesh, the root level mesh size is 80 40 40.

The drop shape together with surfactant concentration at di fferent times are showed
in Fig. 10. In this gure, the root level mesh is re ned 3 times ( hz= 0.0125). Total number
of grid cells in all level meshes is 5793303, while the uniform mesh with grid length h3
has 6553600F= 640 320 320) grid cells. Adaptive mesh re nement saves the computer
storage greatly.

With the deformation of the drop, its surface area increases, leading to surfactant
dilution. Meanwhile, more surfactant tends to accumulate at the drop tips due to the
convection.

A view of the adaptive meshes is given in Fig. 11.

Numerical convergence studies for surfactant concentrati ons at the cross-sections on
yz-plane and xz-plane are given in Fig. 12.
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Figure 8: Surfactant concentrations as function of arc letiy for the three methods at di erent times: the
UMSL method (red dashed line), the UMCE method (blue solichi), and the AMSL method (dark dash-dotted

line). They agree quite well.Dt= h/2 .

09

0.46
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Figure 9: Left: Surfactant concentrations as functions ofra-length at t = 2 for three di erent adaptive mesh
re nements; Right: A zoomed plot around a drop tip. The nestgrid length h= 0.025 (blue solid line),0.0125
(red dotted line), 0.00625(black dash-dotted line). Dt= h/2 . Numerical convergence is observed.
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Figure 10: Contour plots of surfactant concentration at dierent times. Dt= h/2 , h is the nest grid length.

t=0.0 t=04

y-axis
y-axis
o

y-axis
y-axis
o

Figure 11: Adaptive meshes together with the drop shapes dtatent times. Same setting as in Fig. 10.
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Figure 12: At two dierent cross-sections, surfactant conentrations as functions of arc-length at = 1.2 for
three di erent adaptive mesh re nements. Top panel: at the wss-section onyz-plane (left) together with a
zoomed plot (right). Bottom panel: at the cross-section orxz-plane (left) together with a zoomed plot (right).
Due to the shear ow, drop is shrunk onyz-plane and elongated orxz-plane. The nest grid length h=0.05

(blue solid line), 0.025 (red dotted line), 0.0125(black dash-dotted line). Dt = h/2 . Numerical convergence is
observed.

relative volume change
relative mass change

time

Figure 13: The relative changes of the volume enclosed by theerface (left) and of the total mass of surfactant
on the interface (right). Dt= h/2, his the nest grid length.

Fig. 13 shows a mesh re nement study for the relative changes of the total mass of
surfactant on the interface and the volume enclosed by the in terface. It can be seen that

mesh re nement reduces errors signi cantly. The formulas for surfactant mass and the
volume are the same as in [26].
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Figure 14: Atthe cross-section on xy-plane, surfactant coantrations as function of arc-length for three di erent
time steps. Top row: UMSL method; Bottom row: UMCE method.Dt= 2h (blue solid line), Dt= h (red dotted
line), Dt= h/2 (black dash-dotted line)h= 0.05 Code crashed for UMCE method whebt = 2h.

Lastly we show that the S-L method is more stable than the Eule rian method in Fig. 14.
The Eulerian method is unstable when Dt = 2h due to the violation of the CFL condition.

5 Conclusions

An adaptive nite difference S-L level-set method has been pr oposed for solving the

convection-diffusion equation on an evolving surface unde r a prescribed solenoidal ve-
locity eld. The S-L schemes removes both the CFL stability co nstraint and the stiffness
of surface Laplacian, allowing large time step than the Eule rian method. In the adaptive

mesh method, the block structured adaptive mesh re nementis used. It reduces the need
of computer storage signi cantly. The level-set reinitiali zation equation is solved on all

levels of the adaptive mesh, the other equations are only solved on the nest level mesh.

This makes the adaptive mesh ef cient.
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