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Abstract. From a 3-factor model of storable commodities discussed by Liu and
Tang (2010), we consider a cash market model such as futures exchange with a sin-
gle futures contract on one such commodities and a money market account. After
verifying that this model is arbitrage-free and incomplete in any finite time horizon
or delivery date, we show that there still exists a possibility to generate exponen-
tially growth risk-less profit in long term; a form of asymptotic arbitrage conjec-
tured by Follmer and Schachermayer (2008) and first solved by Mbele Bidima and
Résonyi (2012) in financial security models. And we find that works in this pa-
per generalize our recent works in Tadesse Welemical ef al. (2019) on Schwartz’s
one-factor model of commodity futures.
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1 Introduction

A key challenge for market makers and policymakers is to avoid losses while guaran-
teeing some (risk-less) profits in long-term economic trading. Such profits were first
studied under a concept named “asymptotic arbitrage” by Kabanov and Kramkov [13]
in their pioneering work. The concept gained some incredible development over
the past decade after the contributing and inspiring works of Follmer and Schacher-
mayer [8]. It is an emerging theory in modern Mathematical Finance where authors
are analyzing existence of arbitrage opportunities (risk-less profits) in long-term trad-
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ing, i.e. when the trading time horizon T tends to infinity, in general (or typical) fi-
nancial models. This concept is discussed depending on whether classical arbitrage in
any finite time horizon appear or not in those models as guaranteed by the First Fun-
damental Theorem of Asset Pricing (stated in [4,12]). However, the literature in this
subject is still narrow and shows that the analysis of asymptotic arbitrage has been
carried out essentially by a limited number of authors in models of financial securities
only, see for instance [3,6,11,14,16,17].

A couple of years ago [20], we were the first to conduct analysis of asymptotic arbi-
trage in models of storable commodities, especially in the Schwartz’s one-factor model
of storable commodity futures. In that article, we carefully started with highlighting
the difference between standard securities markets and (storable) commodities mar-
ket. Indeed, unlike financial securities (such as stocks, bonds, etc.), storable commodi-
ties (like oil, gold, coffee, etc.) are characterized by an unavoidable cost of carrying
a physical good, also known as the convenience yield. And they are traded in two
interrelated markets: the storage (inventory) market where physical commodities are
assumed traded at prices called spot prices, and the cash market (typically a futures
exchange) where futures contracts on those commodities with maturity time (delivery
date) T are traded at time ¢ < T with prices known as futures prices.

In Schwartz’s one factor model of storable commodities [18], the convenience yield
is assumed constant, and this was crucial in our analysis of asymptotic arbitrage
in [20]. But in a number of other classical models of (storable) commodities such
as [10], the convenience yield is not constant and is modeled as an Ornstein-Uhlenbeck
(OU) process, which can take negative values. But Liu and Tang [15, Lemma 1, Theo-
rem 1] proved that under short-selling prohibiting, the negativity of the convenience
yield is equivalent to existence of arbitrage opportunities in the storage market in any
finite trading time horizon. To overcome such a limitation, the authors of [15] mod-
eled the convenience yield using a Cox-Ingersoll-Ross (CIR) process. As a result, they
developed a so-called semi-affine 3-factor model (with factors being the spot price of
a commodity, the convenience yield and the short interest rate) under an equivalent
martingale measure (EMM) Q existing in the cash market. Since the CIR process as-
sumes the non-negativity constraint for the underlying (the convenience yield in this
case), then this guarantees the requirement of no-arbitrage opportunity in their such
storage market model in any finite time horizon.

In this paper, we consider in the section below the so-called Liu-Tang 3-factor com-
modity futures model (Definition 2.1) which we built on the setup of the Liu-Tang
3-factor model for a storable commodity that follows. We verify in Section 3 that this
constructed 3-factor futures model is arbitrage-free and incomplete in any finite time
horizon (future delivery date) T > 0. Next in Section 4, which is the main part of
our article, after recalling the concept asymptotic exponential arbitrage with geomet-
rically decaying failure probability which discussed in [20] for a Schwartz’s one factor
commodity futures model, we prove in Theorem 4.1 existence of such trading oppor-
tunities in the Liu-Tang 3-factor commodity futures model. And we end the paper
with a conclusion and some perspectives in Section 5.
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2 The Liu-Tang 3-factor commodity futures model

Consider the Liu-Tang 3-factor model where the three factors are respectively a spot
price process S; for a single storable commodity in a storage market, the short rate
process r; of trading such a commodity and a convenience yield process d;, all assumed
continuous, adapted and verifying sufficient stochastic integrability requirements on
the same filtered probability space (Q), F,F, IP).

Next, beside this storage market, we assume there is a cash market (a futures ex-
change) with a single futures contract on the above storable commodity whose prices
process is denoted Fy = F(t,T) := F(Sy, 8,11, t, T) for any future delivery date (or time
horizon) T > 0. We also assume there is an accompanying money market account
serving as a numeéraire (typically a risk-free bond) with deterministic price B; at any
time t > 0.

Definition 2.1 (Liu-Tang 3-Factor Commodity Futures Model). i) In our present pa-
per, we call “Liu-Tang 3-factor commodity futures model” any market model with the two
prices processes Fy (of a futures contract on the storable commodity in the Liu-Tang 3-factor
model) and By of the accompanying numéraire.

ii) According to [15], a trading portfolio in such a commodity futures model is a pair of
R-valued and F-adapted processes 1t := (0;, ¢1) representing respectively the investor’s po-
sition in the risk-free bond and in the futures contract.

iit) The value process of such a trading portfolio (or wealth of the investor) denoted V" is
defined by
th = 0;B; + gl)tPt, Vte [0, T] (21)

iv) Any such trading opportunity is said to be self-financing if it is a pair of predictable
processes and verifies
thT[ = thBt -+ (PtdFt- (22)

Assumption 2.1. For computational simplicity, we assume that the risk-free interest rate on
the bond is zero, i.e. the bond price is By :== 1 forall t € [0, T].

Remark 2.1. 1) This assumption implies that the discounted futures prices process
F; := F/B; is just F; and the discounted value V/* := V/*/B; of any portfolio 7; is
again V/".

2) Similar to the restriction assumed in [1, Section 2.2], the assumption above hints
that we may restrict the definition of self-financing portfolios to the part ¢; of invest-
ment in the futures contract only. Hence, denoting the value process now V/* = V7,
the self-financing relation above becomes

t
avy = gdF, ie. V7= VO(P —1—/ @sdF;s, Yte|0,T]. (2.3)
0
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Definition 2.2 (Admissible Strategy). A self-financing trading portfolio ¢y is said to be

admissible, if there is a constant a > 0 such that its corresponding value process V, verifies
the constraint Vfo > —a, P —a.s. forall time t € [0, T).

Let H be the set of admissible self-financing strategies in this model. For any time
t > 0 (in particular for time horizon T > 0), denote the set of value processes for all
admissible self-financing strategies ¢ up to time t with V' = 0as K, i.e.

t
K= {/ @sdFs : ¢s € H with Vogp = 0} . (2.4)
0

Under the no-arbitrage assumption, equivalent to the existence of an equivalent (local)
martingale measure (EMM) Q in the cash market (as provided by the fundamental
theorem of asset pricing in [4]), it is well known (see [9, p. 31]) that the (discounted)
futures price F; at any time t < T is given by the relation

F = EQ[S7|F] =: EQ[S7], (2.5)

where E® is the expectation taken under any such (local) EMM Q.
Next, under any such EMM Q, Liu and Tang [15] assumed that the three factors
St, 1+ and d; are governed by the following dynamics:

dry = x1 (1 — rp)dt + oq\/ridWL, (2.6a)
ddy = 12 (py — 8)dt + 02\/6,dW?, (2.6b)
dS; = [(ri — 61)Si + wldt + S,06,/11dW] + 51055/ 5,dW}

+Si7/v0 + 05501 + v dWS, (2.6¢)

where W}, W? and W} are each other independent Brownian motions under Q,
u1,k1 > 0 are respectively the long run mean and speed of mean reversion of the
interest rate with constant volatility o7 > 0, pup, k2 > 0 are respectively the long run
mean and the rate of mean reversion for the convenience yield with constant volatility
0y > 0, vg, vs5 and v, are R-valued non negative constants and w is the storage cost.

According to [15], the equivalent martingale measure Q and the probability mea-
sure IP are related as

W} /Tt Z
d|W?| = 127/0¢ dt+d |Z?|, (2.7)
Wt3 173\/’00 4+ Vg501 4+ Vs, 1t Z?

where 171, 172, 173 are real constants and Z}, Z?, Z3 are standard Brownian motions under
the physical measure IP such that

dz}dz} = dz}dz} = dz}dz} =0,
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and the vector

Y= (P8, g (t), ¥3(t)) = (771 Vi 12V 81,113/ 00 + vssdt + USrrt> (2.8)

is the market price of risk for the Liu-Tang 3-factor model, i.e. ¢;(t) fori = 1,2,3, are
respectively market prices of risk of the factors ¢, J; and S; corresponding to respective
standard Brownian motions W} fori =1, 2, 3.

Remark 2.2. Since the convenience yield J; > 0 by construction of the CIR process in
the Eq. (2.6b), we may even assume in this paper that ; > 0 for all time t > 0, then as
pointed out from the introduction, [15, Lemma 1, Theorem 1] imply that the Liu-Tang
3-factor commodity model (all equations in (2.6)) does not allow short-selling and is
arbitrage-free for any finite time horizon T > 0.

3 Absence of finite horizon arbitrage and model
incompleteness

Recall the following classical definitions in Mathematical Finance.

Definition 3.1 (Finite Horizon Arbitrage). i) For any finite time horizon T > 0, a (self-
financing) portfolio ¢ is an arbitrage opportunity in this futures market model if its corre-
sponding value process V¥, t € [0, T), satisfies the following conditions:

vy =0, VI>0 P—as with P(V{>0)>0. (3.1)
ii) The model is said to be arbitrage-free for any finite time horizon T > 0 if there is no
arbitrage opportunity in the sense above.

Definition 3.2 (Model Completeness). A market model is said to be complete if every con-
tingent claim is attainable i.e. there is a self-financing strategy whose final value equals the
payoff of the claim, otherwise it is said to be incomplete.

In the specific case of their model, Liu and Tang [15] derived the following explicit
formula for the futures prices.

Proposition 3.1 ([15, Proposition 4]). Assume (for computational simplicity) that the stor-
age cost w = 0. Then the (discounted) futures price process F; for the Liu-Tang 3-factor
commodity model is given as

Fy = Syexp (A(t,T) + B(t, T)r + C(t, T)éy), (3.2)

where

AT) = 2’;25‘2 [(T ~f)by +1In (1 - %) I <1 - %exp ((by — b2)(T — t))ﬂ
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+21;127«11 [(T—t)b3+ln< bs > (1——exp((b3—b4)(T—t))>}/

1
2by 1—exp ((by —by)(T —
o2 1—b1exp((b1—b2 T ) /bz

)
C(,T) 2b3[ 1—exp((b3—b4 (T — t ]

B(t,T) =

0'12 1—b3€Xp ((bg—b4 ) /b4
with
bl = —1(0'20'55 — Kz) — 1\/(02055 — Kz)z + 20'2
2 2 2’

1 1
by = —5(02(75(5 —K2) + 5\/((72(755 —K2)% 4203,

b3 - —E(

1 1
by = _E(Ulasr —x1) + E\/(UlaSr —x1)? — 207

From this we state the following useful result.

1
0105, — K1) — E\/(alaSr —x1)% — 207,

Proposition 3.2. 1) The (discounted) futures prices process F; in (3.2) obeys the dynamics
dFy = DiFy - AWy (3.3)
under any EMM Q in the cash market, where
Dy := ((USr + 01By) /11, (055 + 02C1) /81, /00 + vse11 + Usa‘&) ,
W, == (W}, WE, 7).

2) Assuming vy = vs, = vgs = 0 (again for calculation simplicity), then under the physical
measure IP the (discounted) futures price in (3.3) is expressed as

Pt +dz}
dF; = DiF; - | odt +dZ?
0+dz?

where the market price of risk for the futures contract is the same as the market price of risk

= (91(t), p2(), ¥3(t)) = (v/71,72+/31,0)

of the original Liu-Tang three factors in (2.8) and depends on the two factors ry and &y only.

(3.4)

3) Hence, according to (2.3) a trading strategy ¢; in the Liu-Tang commodity futures model

is self-financing if and only if its (discounted) value process satisfies

rdt +dZ}

Podt +dZ?
0+dz}

Proof. 1t is an application of Itd lemma on F;. O

AV = @iDiF; - (3.5)
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Next, what Liu and Tang [15] missed to highlight and which is crucial to our anal-
ysis of asymptotic arbitrage in the next subsection is that the equivalent martingale
measure Q in the cash market is no longer unique in the case of their 3-factor model.
Indeed.

Proposition 3.3 (No-Arbitrage and Model Incompleteness). The cash market model (the
Liu-Tang commodity futures model) is arbitrage-free and incomplete in any finite time horizon
T > 0.

Proof. The dynamics in (3.4) shows that the (discounted) futures contract, which
is the only risky asset in that cash market, is driven by three independent random
sources i.e. by the three Brownian motions Z}, Z? and Z?. This implies by [2, Meta-
Theorem 8.3.1] that the Liu-Tang commodity futures model is incomplete and arbi-
trage-free for any finite delivery date (time horizon) T > 0. O

4 Existence of asymptotic exponential arbitrage

Recall first that the futures prices of the underlying commodity is F; = F(t,T) for all
times t € [0,T], where T > 0 is a fixed time horizon, and that for any admissible
self-financing portfolio ¢; in H, the investors” wealth in the futures contract in (3.2) is

t
V=Vl + /O @sdF;

atany time t € [0, T].

Notice that unlike in financial security models, since the futures price depends
on two time parameters ¢ and T, to discuss the asymptotic behavior of the wealth
process V, i.e. from long-term trading in the futures contract when the delivery date T
becomes larger and larger, it is enough to discuss it when the running time ¢ is getting
larger and larger since t < T.

Next, Mbele Bidima and Résonyi [16,17] gave a better mathematical formulation of
the following form of asymptotic arbitrage inspired by Follmer and Schachermayer [8]
and which we adapt here in our present modeling setting of commodity futures.

Definition 4.1 ([16, Definition 1.1]). We say that the futures prices process F; generates
asymptotic exponential arbitrage (AEA) with geometrically decaying failure probability
(GDEFP), if there are constants C,A1, Ay > 0 and a trading strategy ¢; € H such that the
value process V' satisfies the following conditions:

D)V > —e M, P —as,
(ii) P[V! > eMt] > 1 — Ce™"! for large enough time t > 0, or equivalently
(ii) P[V! < eM!] < Ce=! for large enough time t > 0.
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This definition presents a better economic interpretation: It says that the maximal
loss of the investor’s wealth at any time ¢ is exponentially bounded in (i) by e~
and (ii) means that, even from zero initial capital, an investor may generate a profit
that grows exponentially fast in time with probability converging to 1 exponentially
(geometrically) fast. And (ii)’ states that failing to achieve such a growth profit can be
controlled in time by a probability converging to 0 exponentially fast.

Our main goal as announced in this paper is to find trading opportunities ¢; gen-
erating that form of asymptotic arbitrage in the Liu-Tang 3-factor commodity futures
model (3.4) despite classical arbitrage opportunities do not exist in any finite time
horizon as highlighted in Proposition 3.3. For this purpose, note that Proposition 3.3
entitles existence of several equivalent (local) martingale measures in our constructed
Liu-Tang 3-factor commodity futures model i.e. probability measures Q ~ P (ie.
equivalent to IP) and under which the (discounted) futures prices process is a (local)
martingale. We denote M7 the set of such measures Q in the model up to any future
trading date ¢ > 0 (in particular any delivery date T > 0).

As similarly argued in [6, Section 1] and [11, Section 2.2], we may consider this
class M{ defined in terms of the Radon-Nikodym densities

d ! Lt
L= d% = eXp{—/O Ps - dWs — E/O HlPsHZdS} (4.1)

for any time t > 0, where ; is the market price of risk vector for the futures prices
given in (3.4) (or for the 3-factor model as given in (2.8)),

AW, = (dW}, dW?,dW}),

and ||¢|| is the Euclidean norm of ¢; given by

l9ell == /93(0) + w3(6) + ¥3(1).
We state below the main theorem of this paper.

Theorem 4.1. There exists an admissible self-financing strategy @ that allows the futures
prices process F; to generate asymptotic exponential arbitrage with geometrically decaying
failure probability in the Liu-Tang 3-factor commodity futures model.

The proof of this theorem is based on a technical mid-way result to asymptotic
arbitrage stated in a general semi-martingale setting in [8] and on the following pre-
liminary set of results which we prove applying those on Large Deviations Theory
from [5,7]. First, we state and prove the key lemma below.

Lemma 4.1. Let Y; and X; be the stochastic processes defined for all time t > 0 by

1 £ 1 £
Y; = n (fylét + 'yz/o 5sds> , Xp:i= T (oqrt +1x2/0 rsds> , (4.2)



Asymptotic Exponential Arbitrage in a Liu-Tang 3-Factor Model 55

where y1, Y2, a1, a2 are R-valued constants, but assuming 7y2, ax > 0. Then Y; and X; satisfy
the large deviations principle in R respectively with good rate functions I and 1y defined on
R as follows, for x € R* := R\ {0},

(Kox — Kop2y2)? (k1X — K1 p12)°
I = , 1 = , I»(0) =00 =11(0). 4.3
Z(X) 20_2272|x| 1(x) 20_12“2’3(’ 2( ) S 1( ) ( )

Proof. Solving the second stochastic differential equation in (2.6), we get

t

S =300e ™ +up(1—e ) 0 [ et /5.dW2, 5y > 0. (4.4)
Z ; s

For any t > 0, let M;(y) be the moment generating function of Y; at some y € R, then
analogously to the computations made in the proof of [7, Lemma 4.1] and using the
definition of the confluent function of the first kind R(c, d, z), for complex numbers
with Re(c), Re(d) > 0,

1
R(c,d,z) := / A (1 — p)te gy 4.5)

I'(d—c)I'(c) Jo
with I being the gamma function defined on R as
I'(x):= / tle7tdt, x€R,
0

we get

t
Mt(y) = IE |:exp <w/ (55d5>:|
0

_T(a+(b+1)/2) K Bdo cosh(Bt/2)
Tty O L—?W”%)—a—gsmhwt/z)}

B 1(b+1)—a o ﬂ ﬁ —(a+1(b+1))
x<m> X ﬁsmh > + cosh >

1 B?60
xR <a+§(b+1),b+1, 03 sinh(Bt/2) [k, sinh(Bt/2)+ COSh(,Bf/Z)]) , (46)

_ 20 —03/2) B [x2— 20372y
oz o3 o 2 t

Next for suitable y € R, define A(y) as

where

Aly) = lim %m Mi(ty). 47)

t—o0
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Since
.1 T(a+(b+1)/2)
AR T
1 1 B2, >
lim —InR —(b+1),b+1, =0,
et (a * 2( b+ 03 sinh(Bt/2) [k sinh(Bt/2) + cosh(pt/2)]

then similar to the derivation in the proof of [7, Lemma 4.2], we have
o1
Aly) = lim - In Mi(ty)

1K _ Bdo cosh(Bt/2)

. 1 /b+1 Bdo
Iim-(——a|In{ 5——F7—~
R < 2 ”) n(agsinh(ﬁt/z)>
— lim 1 a+ bj) In (K—z sinh <ﬂ> + cosh < 2t

=
——
~——

t—oo t 2 ,3 2
_ G bB B
2
03 2 2
2 2
K H2 2 ) 2 2 175 2
=2k 2 — 22 /K2 — 20290y — =1 /12 — 20
022 5 % <K2P’2 5 > K3 272y 5 K3 22y
2 )
K3H2 > ) 2oy — 0y
= == — —\/Kk5 — 20 1
o3 2V 2 272y< 03 - >
2
ko2 1 [ ; <2K2y2>
=22~ 220
o2 2V 72 212y 03

Koo
— U—g <K2 — /13— 2(722'yzy> ) (4.8)

Recalling we assumed 7, > 0, then A(y) so defined is a real number only if y €
(—oo, K%/ 2(7%72]. Hence, we may extend the definition of A(y), for any y € R, as
an extended real number by setting

2

s , K
Z—P;Z <K2 —\/K5 — 2a§'yzy> , if y < 22 ,
o5 20572
Aly) = >

K
00, if > 2
Y 2027,

(4.9)

Obviously the function A is convex and differentiable in the interior of its effective
domain

K2
Dai= (y € R:AW) < oo} = (~ou 2],
ni= Y € R:AW) <o) = (oo 72
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which contains the origin 0. It is easy to check that it verifies the remaining conditions
of Gartner-Ellis” theorem (see [5, Theorem 2.3.6] and its such conditions [5, Assump-
tion 2.3.2 and Definition 2.3.5]), which implies that the process Y; satisfies the large
deviations principle (LDP) with good rate function I, := A*, the convex conjugate
of A, ie.

—inf I(x) < liminflln]P[Yt € U] < limsup % InP[Y; € G] < — iné L(x) (4.10)
xe

xel t—oo t—00

for any open subset U of R* and closed subset G of R*.
Next, by definition, for all x € R, we have:

1. If x = 0, then A*(0) is given by

A*(0) = sup{0xy—A(y)} =co obviously. (4.11)
y€DA
2. If x # 0, then
A" (x) = sup {xy — A(y)}- (4.12)
YEDA

The supremum here in (4.12) is obtained when A’(y) = x. But since

VK5 — 20372y
then this supremum is obtained when
_ ot = (k)3 _ K5 (k)12 gy 113
y= SN Ry Y 1 RS (4.13)
052X 20572 205 x
Therefore,
_ 2
A*(x) = (o 2"2””2) : (4.14)
2075 72| x|

This allows to obtain the exact formula for the rate function I := A*, taking extended
real numbers values as stated in (4.3).

Using similar arguments, the process X; satisfies the large deviations principle
with good rate function I; given in (4.3), ending the proof of the lemma. O

Next, since W! and W? are independent Brownian motions, then for all real con-
stants A, Ay > 0, and for any time t > 0, {L} > e ™'} and {L? > e "'} are indepen-
dent events, where

Ll

~

t t

= exp <_/0 P (s)dW! — %/0 gb%(s)ds) , (4.15)
t t

= exp (— [ waawz -2 [ w%(s>ds), (4.16)

and 9y (t), P2 (t) are respectively market prices of risk for the interest rate r; and the
convenience yield J;.

L

N
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Then we state and prove the following result.

Proposition 4.1. Let the constants A1, Ay > 0 be such that

2 2

M1y H21713

A < == Ay < 212
1> ) ’ 2 > 2

Define for all time t > O the event
Av={rlz e {12 > e e 3

limsup — ; ln]P[A ] < -,

t—o0

Then we have

where

bi=1 <—A1 - —’71K1”1> + b (—Az - 7’72"2”2) > 0.
01 (%]

Proof. The following holds:
InL! = /¢1 dwl——/ 2 (s)ds

drs — (x — K175)ds
(i)

2
= ﬂro — ﬂrt — <—171K1 + 17—1> / reds + ——— e
1] o] o] 2 0 %]

t
=Dy + <zxm +zxz/ rsds> + Iy
01 0 01

_ 2 2
Y M::_(my?_l), ,716<_£0>
o %) 2 01

so that wp > 0. Which implies that

where

PlLf>e ™ '73{0}
—P|InL! > Ayt — M]
L 01
r t
=P <D€11’t + 062/ 1’st> + wt > —)Llf]
L 0 %1
1 ! n1K1p1
=P |- <zx1rt +a2/ rsds> > —A — 7] .
Lt 0 o1

Using a similar argument

¢
InL? = @50 + | v10; + 'yz/ Ssds | + Mt,
(%) 0 (%]

(4.17)

(4.18)

(4.19)

(4.20)
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and so

& t
P [Lg > —] _p [; (Wst i Ms) > Ay — %] (4.21)
o

2
—12 Moka 13 2K

=, ==+, ——=,0],

71 Y2 <a2+2> 772€< o >

with

so that v > 0.
Thus,

P[A;] = ]P[L} > e*Alf*@I‘)}P[L% > M —ﬁ}

by independence. It follows that

lim sup % InP[A;]

t—o0

- 5
— limsup + In (]P [L} = E_M_%O} P {Lf > e_Azt‘%OD
t—ro00 t
mr
< limsup 1 InlP [L} > ei)‘ltiéilo}
t—o0

2

1 A p_ 2%
—Himsup?ln]P[sze Azt 20}

t—o0
t
= limsup ! InlP [1 <0617’t —i—Déz/ 1’st> > =AM — LK”“]
t—r00 t t 0 1]
i ! 1 ' 2K2 2
+limsup ~InP | - (116 +72 | dads | > —Ay — =] (4.22)
t—o0 t t 0 0

Next, since we chose Ay < pp175/2 and Ay < p1n7 /2, which imply

K K
—Ay — raj > U2, —A— nhm = pian.
%) n
And since from the proof of Lemma 4.1 above, the rate function I := A* for the

process Y; is strictly increasing on [y272, ) (and similarly, the rate function I; for the
process X; would be strictly increasing in [p1a2,00)), then applying the upper bound
LDP inequalities in (4.10) with appropriate choice of closed sets G, we get

limsup ~ InP[A[] < I, <—A1 - M) YA <—A2 - M) = b (423)
t—o00 t 01 02

with

b:=1 <_A1 - M) oy (_M _ Uszﬂz) _
%1 0

This ends the proof. ]
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Proposition 4.2. Consider again the set
7y 4
A= {L} > eiAltJ‘}_lo} N {L% > e_AZtJ‘%TO}
for any time t > 0 as in (4.18). Then for A1, Ay > 0 verifying (4.17), we have
PlA] <e™™, Q[A]>1-2e7M (4.24)
forall Q € M¢, where A := min(Aq, Ay).
Proof. The first inequality in (4.24) is straightforward from Proposition 4.1 where
b= L <_M_m> L <_A2_M> -0,
01 %]
Next, Radon-Nikodym theorem (see [19, Section 1.6]) yields, for all time ¢ > 0,

AC] = / LdP — / L,dP
ol A (Lze My ze e

<

/ L,dP + L,dP
{Lize M} {Lize "2}
< e—/\lt + e—/\zt S 26—/”

— 7

which implies that Q [A;] > 1 — 2¢ M for all Q € M, for the second inequality in
(4.24), as required. 0

Proof of Theorem 4.1. From Proposition 4.2 above, for a large time t > 0, we have
PlA] <e b =:ie;, QA]>1—-20M=1—¢),, VQe M.

Since €1,&2 > 0, then for large enough time t > 0, [8, Proposition 2.3] implies that,

there is a value process V;P, € Ky, i.e. there is an admissible self-financing strategy
¢’ € H such that

V> —2eM P-as, and PV >1-20%] 21— (4.25)

Next, for any positive constant ¢ < A and for a large enough time t > 0, consider
the trading strategy @5 := @le*~9),s > 0. Then, since ¢’ € H so is ¢, and we have (at

large time )
1

‘/t(l’ — EE(A_C)tth) )
It follows we have both V;p > ¢ %P —as.,and
]P[‘/;P > ect] > P th) > %e(/\—c)t _ect
=PV >1-2eM >1—¢" (4.26)

for large enough time ¢t > 0. Showing existence of asymptotic exponential arbitrage
with geometrically decaying failure probability in the Liu-Tang 3-factor commodity
futures model. O
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Remark 4.1 (The Main Theorem in the General Case). For computation simplicity, we
proved Propositions 4.1 and 4.2 by assuming the constants vy = vs, = vg; = 0. But
in general these propositions and hence the main theorem (Theorem 4.1) hold true for
the case where vy, vs,, vss > 0 by modifying that: for A1, A2, A3, Ay > 0, the set A; to be
defined by

{2 R i R oz s} )

for some constant 8, where {L} > e "'}, {L? > ¢!} and {L3 > ¢~ (}sTM)1 are
independent events in F, with

t 1 gt
= exp (- [ pa(e)an? = 5 [ yieias)

and by similar arguments used in Proposition 4.1, one gets the constant b in this propo-
sition to be replaced by

o Mmr1p 1 1305 K111
b:=1 <—)\1 — o ) + L <§(17300 + 173%00) + # — )\3)

+ I (_/\2 _ 772K2V2> + 1 (77317557(2#2 o A4> < 0.
(%] (%]

5 Conclusion and perspectives

The work in this paper present a first novelty that is a generalization of the analysis of
asymptotic exponential arbitrage discussed in [20] for the Schwartz one-factor com-
modity futures model where the convenience yield was constant and not a stochastic
process, and the commodity futures model was complete (i.e. with a unique equiva-
lent martingale measure) unlike its counterpart in the present 3-factor setting.

However, we notice that like in [20] and unlike the inspiring works [16,17] done in
standard security markets, the trading opportunity generating asymptotic exponen-
tial arbitrage within the Liu-Tang 3-factor commodity futures model is not explicitly
constructed. Nevertheless the result offers a hint to potential investors in the sense
that even if arbitrage opportunities are ruled out for finite delivery date T > 0 as
guaranteed in Proposition 3.3, trading in log-term (i.e. when T is large enough) in
a futures exchange whose prices follow the Liu-Tang 3-factor commodity model may
generate exponential growth risk-less profit for some trading strategy still to be found.

The present works open possible future research including interesting an case
where the prices of the underlying storable commodity exhibits jumps and/or sea-
sonal trends.
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