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Abstract. In the present paper, we prove the 1
2 -Hölder continuity of spectral measures

for the Ck Schrödinger operators. This result is based on the quantitative almost re-
ducibility and an estimate for the growth of the Schrödinger cocycles in [5].
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1 Introduction

In this paper, we consider the Schrödinger operators defined on `2(Z)

(HV,α,θu)n = un+1 + un−1 + V(θ + nα)un,

where V : Td → R is the potential, θ ∈ Td = (R/Z)d is the phase, and α ∈ Td is the
frequency.

These operators have been extensively and thoroughly studied for the deep connec-
tion with quasi-crystal and quantum Hall effects [11,18]. This paper concerns the regular-
ity of the spectral measure of the quasi-periodic Schrödinger operators. For the analytic
potential V ∈ Cω(Td, R), there is some significant progress [5, 21, 24]. However for the
smooth potential V ∈ Ck(Td, R), there is no similar result as far as we know, so we will
give a supplementary answer to this situation.

Let us review some results on the Hölder continuity of the integrated density of states
(IDS) and the individual spectral measures.
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1.1 Hölder continuity of IDS

Let ΣV,α,θ be the spectrum of HV,α,θ , then ΣV,α,θ ⊂ R since HV,α,θ is the bounded self-
adjoint operator in `2(Z). The spectrum is independent of θ if (α, 1) is rational indepen-
dent. For any f ∈ `2(Z), the spectral measure µ

f
V,α,θ of HV,α,θ can be defined as

〈(HV,α,θ − E)−1 f , f 〉 =
∫

R

1
E′ − E

dµ
f
V,α,θ(E′), ∀E ∈ C\ΣV,α. (1.1)

Let µV,α,θ = µ
e−1
V,α,θ + µe0

V,α,θ , where {ei}i∈Z is the cannonical basis of `2(Z). Let NV,α be the
IDS of HV,α,θ , it is well known that IDS is the average of the spectral measure µV,α,θ with
respect to θ, i.e.,

NV,α(E) =
∫

Td
µV,α,θ(−∞, E]dθ.

Hence the regularity of IDS is closely related to that of the spectral measure.
Recall that α ∈ Td is Diophantine if there exist γ > 0 and τ > d − 1 such that α ∈

DCd(γ, τ), where

DCd(γ, τ) =

{
α : inf

j∈Z
|〈n, α〉 − j| > γ

|n|τ , ∀n ∈ Zd\{0}
}

.

Let DCd = ∪γ>0,τ>d−1DCd(γ, τ). For α ∈ R\Q, let pn
qn

be the continued fraction approxi-
mants to α, then one can define

β(α) = lim sup
n→∞

ln qn+1

qn
.

Given the operator HV,α,θ , one can define the Lyapunov exponent L(α, SV
E ) (see Section

2.1) of the corresponding Schrödinger cocycle (α, SV
E (θ)), where E ∈ R and

SV
E (θ) =

(
E−V(θ) −1

1 0

)
.

Hadj Amor [16] proved the 1
2 -Hölder continuity of IDS if α ∈ DCd and V ∈ Cω(Td, R) is

small, and her approach is based on the almost reducibility scheme developed by Elias-
son [13]. Recall that the cocycle (α, A) is reducible if (α, A) can be conjugated to some
constant cocycles and the cocycle (α, A) is almost reducible if the closure of its conjugates
contains a constant. Avila and Jitomirskaya [4] proved the 1

2 -Hölder continuity of IDS
for α ∈ DC1 and the small analytic potential. Their result was non-perturbative, which
means that the smallness is independent of α. After that, Avila [2,3] generalized the result
for the small analytic potential with β(α) = 0 if there is δ > 0 such that L(α, SV

E+iε) = 0
for |ε| < δ. Note that Leguil-You-Zhao-Zhou [20] showed the same result as well by the
global theory of the one-frequency Schrödinger operators [1].


