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Abstract. We prove the existence of trajectories shadowing chains of heteroclinic or-
bits to a symplectic normally hyperbolic critical manifold of a Hamiltonian system.
The results are quite different for real and complex eigenvalues. General results are
applied to Hamiltonian systems depending on a parameter which slowly changes with
rate ε. If the frozen autonomous system has a hyperbolic equilibrium possessing trans-
verse homoclinic orbits, we construct trajectories shadowing homoclinic chains with
energy having quasirandom jumps of order ε and changing with average rate of order
ε| ln ε|. This provides a partial multidimensional extension of the results of A. Neish-
tadt on the destruction of adiabatic invariants for systems with one degree of freedom
and a figure 8 separatrix.
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1 Introduction

Consider a smooth Hamiltonian system (M, ω, H) with phase space M, symplectic form
ω and Hamiltonian H. Let v = J∇H be the Hamiltonian vector field and φt the phase
flow. Suppose H has a connected symplectic nondegenerate critical manifold N. Then
any z ∈ N is a critical point of H with rank d2H(z) = dim M− dim N, and the restriction
ω|Tz N is nondegenerate. We also assume that N is normally hyperbolic, i.e., nonzero
eigenvalues of the linearization Λ(z) = Dv(z) have nonzero real parts.

Denote by
Ez = {ξ ∈ Tz M : ω(ξ, η) = 0 for all η ∈ TzN}
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the symplectic complement to TzN. Since N is symplectic, Tz M = TzN ⊕ Ez and ω|Ez

is nondegenerate. Hence Ez = E+
z ⊕ E−z , where E±z are Λ(z)-invariant Lagrangian sta-

ble and unstable subspaces of Ez corresponding to the eigenvalues with negative and
positive real parts respectively.

Let
W±(z) = {x ∈ M : lim

t→±∞
φt(x) = z}, TzW±(z) = E±z ,

be the stable and unstable manifolds of z ∈ N and

W±(N) = ∪z∈NW±(z)

the stable and unstable manifolds of N. The intersection W+(N) ∩W−(N) \ N consists
of orbits γ : R→ M homoclinic to N, i.e., heteroclinic from z− = γ(−∞) to z+ = γ(+∞).
The heteroclinic orbit is called transverse if Tγ(t)W−(z−) ∩ Tγ(t)W+(N) = Rγ̇(t).

Define a multivalued partially defined symplectic scattering map F : N → N by
F(z−) = z+ if there is a transverse heteroclinic from z− to z+. We call a sequence σ =
(σi)i∈Z of transverse heteroclinic orbits a heteroclinic chain if σi(+∞) = σi+1(−∞) = zi ∈
N. A heteroclinic chain corresponds to an orbit z = (zi)i∈Z of the scattering map. We call
the chain strongly nondegenerate if the orbit z is hyperbolic.

Without loss of generality let N ⊂ Σ0 = H−1(0). Our goal is to construct, for small
µ, orbits γ : R → Σµ = H−1(µ) shadowing strongly nondegenerate infinite heteroclinic
chains. This requires several assumptions which are different for real and complex eigen-
values. For degenerate heteroclinic chains we get weaker results.

Our research is motivated by two classical problems. The first is Poincaré’s theory
of second species almost collision solutions in celestial mechanics. This application was
already discussed in [6, 7], so we will be brief. Consider the plane 3 body problem with
two small masses of order µ� 1. Let the center of mass be at rest and let qi be the relative
positions of small bodies with respect to the large one. Then we obtain the Hamiltonian

Hµ(q, p) = H0(q, p) +
µ

2
|p1 + p2|2 − µ

α1α2

|q1 − q2|
, q ∈ (R2 \ {0})2,

where

H0 =
2

∑
i=1

(
|pi|2
2αi
− αi

|qi|

)
is the Hamiltonian of two uncoupled Kepler problems with masses αi. For µ > 0 there are
singularities at double collisions ∆ = {q : q1 = q2}. Fixing an energy level H−1

µ (E) and
performing the Levi-Civita regularization at ∆, we obtain the regularized Hamiltonian Ĥ
which has a symplectic normally hyperbolic critical manifold N ⊂ Ĥ−1(0) correspond-
ing to ∆. Trajectories of the 3 body problem on H−1

µ (E) correspond to trajectories of the
regularized Hamiltonian on Σµ = Ĥ−1(µ). Homoclinic trajectories to N correspond to
orbits of the uncoupled Kepler problems with collisions of the small bodies, and trajec-
tories on Σµ shadowing heteroclinic chains correspond to almost collision second species


