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Abstract. For a finite discrete topological space X with at least two elements, a
nonempty set Γ, and a map ϕ : Γ → Γ, σϕ : XΓ → XΓ with σϕ((xα)α∈Γ) = (xϕ(α))α∈Γ

(for (xα)α∈Γ ∈ XΓ) is a generalized shift. In this text for S = {σψ : ψ ∈ ΓΓ} and

H = {σψ : Γ
ψ→ Γ is bijective} we study proximal relations of transformation semi-

groups (S , XΓ) and (H, XΓ). Regarding proximal relation we prove:

P(S , XΓ) = {((xα)α∈Γ, (yα)α∈Γ) ∈ XΓ × XΓ : ∃β ∈ Γ (xβ = yβ)}

and P(H, XΓ) ⊆ {((xα)α∈Γ, (yα)α∈Γ) ∈ XΓ × XΓ : {β ∈ Γ : xβ = yβ} is infinite} ∪
{(x, x) : x ∈ X}.

Moreover, for infinite Γ, both transformation semigroups (S , XΓ) and (H, XΓ) are re-
gionally proximal, i.e., Q(S , XΓ) = Q(H, XΓ) = XΓ×XΓ, also for sydetically proximal
relation we have L(H, XΓ) = {((xα)α∈Γ, (yα)α∈Γ) ∈ XΓ × XΓ : {γ ∈ Γ : xγ 6= yγ} is
finite}.
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1 Preliminaries

By a (left topological) transformation semigroup (S, Z, π) or simply (S, Z) we mean a
compact Hausdorff topological space Z (phase space), discrete topological semigroup S
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(phase semigroup) with identity e and continuous map π : S× Z → Z (π(s, z) = sz, s ∈
S, z ∈ Z) such that for all z ∈ Z and s, t ∈ S we have ez = z, (st)z = s(tz). If S is a discrete
topological group too, then we call the transformation semigroup (S, Z), a transformation
group. We say (x, y) ∈ Z× Z is a proximal pair of (S, Z) if there exists a net {sλ}λ∈Λ in S
with

lim
λ∈Λ

sλx = lim
λ∈Λ

sλy.

We denote the collection of all proximal pairs of (S, Z) by P(S, Z) and call it proximal
relation on (S, Z), for more details on proximal relations we refer the interested reader
to [4, 8].

In the transformation semigroup (S, Z) we call (x, y) ∈ Z × Z a regionally proximal
pair if there exists a net {(sλ, xλ, yλ)}λ∈Λ in S× Z× Z such that

lim
λ∈Λ

xλ = x, lim
λ∈Λ

yλ = y and lim
λ∈Λ

sλxλ = lim
λ∈Λ

sλyλ.

We denote the collection of all regionally proximal pairs of (S, Z) by Q(S, Z) and call it re-
gionally proximal relation on (S, Z). Obviously we have P(S, Z) ⊆ Q(S, Z). In the trans-
formation group (T, Z), by [9] we call L(T, Z) = {(x, y) ∈ Z× Z : T(x, y) ⊆ P(T, Z)} the
syndetically proximal relation of (T, Z) (for details on the interaction of L(T, Z), Q(T, Z)
and P(T, Z) with uniform structure of Z see [5, 6, 9]).

1.1 A collection of generalized shifts as phase semigroup

For nonempty sets X, Γ and self-map ϕ : Γ→ Γ define the generalized shift σϕ : XΓ → XΓ

by σϕ((xα)α∈Γ) = (xϕ(α))α∈Γ ((xα)α∈Γ ∈ XΓ). Generalized shifts have been introduced for
the first time in [2], in addition dynamical and non-dynamical properties of generalized
shifts have been studied in several texts like [3] and [7]. It’s well-known that if X has a
topological structure, then σϕ : XΓ → XΓ is continuous (when XΓ equipped with product
topology), in addition If X has at least two elements, then σϕ : XΓ → XΓ is a homeomor-
phism if and only if ϕ : Γ→ Γ is bijective.
Convention. In this text suppose X is a finite discrete topological space with at least two
elements, Γ is a nonempty set, X := XΓ, and:

• S := {σϕ : ϕ ∈ ΓΓ}, is the semigroup of generalized shifts on XΓ,

• H := {σϕ : ϕ ∈ ΓΓ and ϕ : Γ → Γ is bijective}, is the group of generalized shift
homeomorphisms on XΓ.

Equip XΓ with product (pointwise convergence) topology. Now we may consider S
(resp. H) as a subsemigroup (resp. subgroup) of continuous maps (resp. homeomor-
phisms) from X to itself, so S (resp.H) acts on X in a natural way.

Our aim in this text is to study P(T,X ), Q(T,X ), and L(T,X ) for T = H,S . Readers
interested in this subject may refer to [1] too.


