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Abstract. In this work, some new fixed point results for generalized Lipschitz map-
pings on generalized c-distance in cone b-metric spaces over Banach algebras are ob-
tained, not acquiring the condition that the underlying cone should be normal or the
mappings should be continuous. Furthermore, the existence and the uniqueness of the
fixed point are proven for such mappings. These results greatly improve and general-
ize several well-known comparable results in the literature. Moreover, some examples
and an application are given to support our new results.

Key Words: Cone b-metric spaces over Banach algebras, generalized c-distance, non-normal cone,
generalized Lipschitz mappings, fixed point theorems.

AMS Subject Classifications: 54H25, 47H10

1 Introduction and preliminaries

In 2007, Huang and Zhang [1] introduced the notion of cone metric space as a general-
ization of metric space. Subsequently, [7] expanded the work of [1] into cone b-metric
space with coefficient s > 1 which greatly generalized cone metric space. Later on, many
authors established various fixed point theorems in cone metric (or cone b-metric) spaces
(see [4,17] and references mentioned therein). Since 2010, some scholars showed that the
fixed point results in cone metric spaces with the assumption of normal cone are the sim-
ple consequences of corresponding results of usual metric spaces (see [2,10]). It is not a
hot topic. Fortunately, Liu and Xu [13] firstly defined cone metric space over Banach al-
gebra and proved some fixed point theorems in such spaces. Moreover, they also gave an
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example which showed that fixed point theorems in cone metric spaces over Banach alge-
bras are not equivalent to those in (general) metric spaces. In2011, Cho et al. [5] and Wang
and Guo [19] introduced the concept of c-distance which is a cone version of w-distance
of Kada et al. [6]. Then, lots of fixed point results on c-distance in cone metric spaces,
cone b-metric spaces and tvs-cone metric spaces were introduced in [8,9,12,15,18]. Very
recently, Bao et al. [4] defined generalized c-distance in cone b-metric spaces and obtained
several fixed point results in ordered cone b-metric spaces. However, the conditions of
these theorems relied strongly on the assumptions that the underlying cone is normal or
the mappings are continuous.

In this work, we obtain the existence of the fixed point but also the uniqueness on
generalized c-distance in cone b-metric spaces over Banach algebras, without the assump-
tion of normality of the cone and the notion of continuity of the mappings at the same
time. The main results improve and generalize some important known results in the
literature [5,8-10,12,15-19]. Moreover, some examples and an application are given to
show that the main results are indeed real improvements and generalizations of the cor-
responding results in the literature.

First, we recall some basic terms and definitions about Banach algebras and cone
metric spaces.

Let A be a real Banach algebra, i.e., A is a real Banach space in which an operation of
multiplication is defined, subject to the following properties: forall x,y,z € A, a € R

1) x(yz) = (xy)z

() x(y+z) =xy+xzand (x+y)z = xz + yz;
@) a(xy) = (ax)y = x(ay);

@ llxyll < lIx[lyll-

In this paper, we shall assume that the Banach algebra A has a unit (i.e., a multiplica-
tive identity) e such that ex = xe = x for all x € A. An element x € A is said to be
invertible if there is an inverse element y € A such that xy = yx = e. The inverse of x is
denoted by x~1. For more details, we refer to [20].

The following proposition is well known (see [20]).

Proposition 1.1. Let A be a real Banach algebra with a unit e and x € A. If the spectral radius
r(x) of x is less than 1, i.e.,

r(x) = lim ||x"[|" = inf ||x"||" <1,
n—»o00 n>1

then e — x is invertible. Actually,

A subset P of A is called a cone if :



