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Abstract. Let P(z) be a polynomial of degree n having no zeros in |z| <1, then for
every real or complex number § with || <1, and |z| =1, R>1, it is proved by Dewan
et al. [4] that

pray+5(=) P <3 { (R +6() [+ lrs () ) masieea)
(R () - e (5) ) manieca}:

In this paper we generalize the above inequality for polynomials having no zeros in
|z| <k, k<1. Our results generalize certain well-known polynomial inequalities.
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1 Introduction and statement of results

It is well known that if P(z) is a polynomial of degree 1, then for |z| =1 and R>1

|P(Rz)[+]Q(Rz)| < (R”+1)mi>1<!1’(2)!, (1.1)

where Q(z) =z"P(1/Z) (see [6]).

On the other hand, concerning the estimate of |P(z)| on the disc |z| <R, R>1, we have,
as a simple consequence of the principle of maximum modulus (see also [6]), if P(z) is a
polynomial of degree 7, then for R>1

max |P(z)| < R"max|P(z)|. (1.2)
|z|=R |z]=1
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The result is best possible and the equality holds for polynomials having zeros at the
origin.

It was shown by Ankeny and Rivlin [1] that if P(z) doe not vanish in |z| <1, then the
inequality (1.2) can be replaced by
R"+1

P( P(z)|, R>1. 1.3
‘rzr‘lagl 2)| < —5 r‘?‘wf\ (), R> (1.3)

The inequality (1.3) is sharp and the equality holds for P(z) =az" +, where |a|=|7|.
The inequality (1.3) was generalized by Jain [5] who proved that if P(z) is a polyno-
mial of degree n having no zeros in |z| <1, then for || <1, R>1and |z|=

P(re) +p(5) "Pr2)
iR (55) e (557)
Aziz and Dawood [3] used

min |P(z)| (1.5)

|z[=1

}ﬁm;w( 2)]. (1.4)

to obtain a refinement of the inequality (1.3) and proved, if P(z) is a polynomial of degree
n which does not vanish in |z| <1, then for R>1

R"+1 R"-1
max|P(2)| < (=5 ) max|P(z) | = (=5~ ) min|P(2)] (L6)

The result is best possible and the equality holds for P(z) =az" +y with |a| =7/

As refinement of the inequality (1.4) and generalization of the inequality (1.6), Dewan
and Hans [4] have proved that if P(z) is a polynomial of degree n having no zeros in
|z] <1, then for || <1, R>1and |z| =

( R+1 )

pira)+p(%557) P < {([R+8(55)'
(Rn+ﬁ(R+1> s ﬁ(R-l—l)

The result is best possible and the equality holds for P(z) =az" 4+ with |a| =7/
Whereas if P(z) has all its zeros in |z| <1, then for any || <1, R>1and |z| =1,

R”—l—ﬁ(R+1>

max | P(
Jze

>m1n|P( )|}. (1.7)

|z|=1

min[P(ka +(=5) @) 2

‘rzr‘ur}!P( z)|. (1.8)

The result is best possible and the equality holds for P(z) =me'*z", m > 0.
In this paper, we obtain further generalizations of the inequalities (1.7) and (1.8). More
precisely, we prove



