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Abstract. We give an estimate of type sup×inf on Riemannian manifold of dimension
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1 Introduction and main results

In this paper, we deal with the following Yamabe type equation in dimension n=4:

∆gu+hu=8u3, u>0. (1.1)

Here, ∆g=−∇i(∇i) is the Laplace-Beltrami operator and h is an arbitrary bounded func-
tion.

The Eq. (1.1) was studied a lot, when M =Ω⊂Rn or M= Sn see for example, [2–4,
11, 15]. In this case we have a sup×inf inequality. The corresponding equation in two
dimensions on open set Ω of R2, is:

∆u=V(x)eu. (1.2)

The Eq. (1.2) was studied by many authors and we can find very important result about a
priori estimates in [8,9,12,16] and [19]. In particular in [9], we have the following interior
estimate:

sup
K

u≤ c= c
(

inf
Ω

V,‖V‖L∞(Ω),inf
Ω

u,K,Ω
)

.

And, precisely, in [8, 12, 16] and [20], we have:
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and
sup

K

u+inf
Ω

u≤ c= c
(

inf
Ω

V,‖V‖Cα(Ω),K,Ω
)

,

where K is a compact subset of Ω, C is a positive constant which depends on

infΩV

sup
Ω

V

and α∈(0,1]. When 6h=Rg the scalar curvature, and M compact, the Eq. (1.1) is Yamabe
equation. T. Aubin and R. Schoen have proved the existence of solution in this case, see
for example [1] and [14] for a complete and detailed summary. When M is a compact
Riemannian manifold, there exist some compactness results for Eq. (1.1) see [18]. Li and
Zhu see [18], proved that the energy is bounded and if we suppose M not diffeormorfic
to the three sphere, the solutions are uniformly bounded. To have this result they use the
positive mass theorem. Now, if we suppose M a Riemannian manifold (not necessarily
compact) Li and Zhang [17] proved that the product sup×inf is bounded. Here we ex-
tend the result of [5]. Our proof is an extension Li-Zhang result in dimension 3, see [3]
and [17], and, the moving-plane method is used to have this estimate. We refer to Gidas-
Ni-Nirenberg for the moving-plane method, see [13]. Also, we can see in [3,6,10,11,16,17],
some applications of this method, for example an uniqueness result. We refer to [7] for
the uniqueness result on the sphere and in dimension 3. Here, we give an equality of
type sup×inf for the Eq. (1.1) in dimension 4. In dimension greater than 3 we have other
type of estimates by using moving-plane method, see for example [3, 5]. There are other
estimates of type sup+inf on complex Monge-Ampere equation on compact manifolds,
see [20, 21]. They consider, on compact Kahler manifold (M,g), the following equation:

{

(ωg+∂∂̄ϕ)n= e f−tϕωn
g ,

ωg+∂∂̄ϕ>0 on M.
(1.3)

And, they prove some estimates of type supM+minfM ≤C or supM+minfM ≥ C under
the positivity of the first Chern class of M. Here, we have,

Theorem 1.1. For all compact set K of M, there is a positive constant c, which depends only on,
h0 =‖h‖L∞(M), K, M, g such that:

(

sup
K

u
)1/3

×inf
M

u≤ c,

for all u solution of (1.1).

Here we consider more general equation and this theorem extends a result of Li and
Zhang, see [17]. Li and Zhang considered precisely the Yamabe equation and here we
consider a general equation (h 6= 1

6 Rg with Rg the scalar curvature). Here, we use a differ-
ent method than the method of Li and Zhang in [17]. Also, we extend a result of [5].


