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1 Introduction

Dirichlet forms (energies) play an important role in the area of analysis on fractals. There
is a measure associated to the energies, called energy measure, which is essentially the
Carrë du Champ from the Beurling-Deny-LeJan theory. Energy measures have attracted
a lot of attention in recent years (see [1–3, 7–18, 20] and the references therein). However
even for the self-similar fractals, the energy measure may be not self-similar. Hence it is
very interesting to understand the explicit structure of energy measures.

In [1] Azzam etc. obtained a linear extension method to compute the energy measures
of harmonic functions at different levels of the Sierpinski gasket. This was unexpected
because the energy is a quadratic quantity. Later the authors in [18] derived a linear
extension method for energy measures on connected p.c.f. self-similar sets. It would
be nice to show that the linear extension method holds for energy measures on random
hierarchical gaskets (see [4–6, 16, 19]), but up to now it is still not clear how to do this.
The ultimate goal is to obtain the linear extension method on wider classes of fractals.
Therefor it is worthwhile to have a basic example worked out in detail.

A homogeneous hierarchical gasket K (see [4–6, 16, 19]) is a fractal constructed level
by level. Here we take a special construction (see Fig. 1). If the level of the gasket K is
odd, we take the same construction as the Sierpinski gasket. If the level of the gasket K is
even, we take the same construction as the level 3 Sierpinski gasket.

In this paper we will provide details of how to establish a linear extension method for
energy measures of harmonic functions on a homogeneous hierarchical gasket K.
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Figure 1: The construction of the homogeneous hierarchical gasket.

2 Some basic results on K

In this section we first summarize some basic facts about a homogeneous hierarchical
gasket K from [4–6, 16, 19].

Let p1, p2, p3 are the vertices of an equilateral triangle, and V0={p1,p2,p3}. If k is odd,
then Vk+1=

⋃3
j=1 FjVk. If k is even, then Vk+1=

⋃6
j=1 FjVk. We approximate the fractal K by

a sequence of graphs G0,G1,··· with vertices V0 ⊆V1 ⊆V2 ··· . For x,y∈Vm and x 6= y, the
edge relation is defined if there exists a word with length |w|=m such that x,y∈ FwV0,
denoted by x∼m y. Let u and v denote continuous functions on K.

The Dirichlet form (ε,̥) on K are defined as follows. The energy ε and the domain ̥

are given by

ε(u,u)= lim
m→∞

∑
|w|=m

∑
x∼my

1

rw
(u(x)−u(y))2, ̥={u∈C(K) : ε(u,u)<∞}, (2.1)

where rw = rw1
···rwm . Note that rwi

=3/5 if i is odd, and rwi
=7/15 if i is even.

A function h on Vm (for m≥1) is said to be graph harmonic if it satisfies

h(x)=















1

4
∑

y∼mx
h(y), if ♯{y : y∼m x}=4,

1

6
∑

y∼mx
h(y), if ♯{y : y∼m x}=6,

(2.2)

for all junction point x, and ♯A denotes the number of the elements of a set A.

A function h is said to be harmonic on K if it satisfies ε(h,h)=minu{ε(u,u):u|V0
=h|V0

}.
Then h is harmonic if and only if the restriction of h on each Vm is graph harmonic for any
m≥1. For any harmonic function h, εm(h,h)= ε(h,h) is a constant independent of m.

The space of harmonic functions is 3-dimensional. Each harmonic function is deter-
mined uniquely by its boundary values. If the values of h on V0 are known, then the


