Analysis in Theory and Applications DOI: 10.4208 /ata.OA-0020
Anal. Theory Appl., Vol. 36, No. 2 (2020), pp. 128-160

Inside the Light Boojums: a Journey to the Land of
Boundary Defects

Stan Alamal*, Lia Bronsard! and Petru Mironescu?

1 Department of Mathematics & Statistics, McMaster University, Hamilton,
Ontario, L8S 4K1 Canada

2 Université de Lyon, CNRS UMR 5208, Université Lyon 1, Institut Camille Jordan,
43 blvd. du 11 Novembre 1918, F-69622 Villeurbanne Cedex, France

Received 14 March 2020; Accepted (in revised version) 20 June 2020

Abstract. We consider minimizers of the energy

(Yo Lz i/ :
Ee(u) —./Q {2|Vu| +4£2(|u| 1) }dx—}—zgs aQW(u,g)ds, u:0—-C 0<s<1,

in a two-dimensional domain (), with weak anchoring potential

1
W(u,g) =: §(|u|2 — 1%+ ((u,g) —cosa)?, 0<a< g

This functional was previously derived as a thin-film limit of the Landau-de Gennes

energy, assuming weak anchoring on the boundary favoring a nematic director lying

along a cone of fixed aperture, centered at the normal vector to the boundary.

In the regime where s[a? + (71 — )?] < 7%/2, any limiting map . : Q — S! has only

boundary vortices, where its phase jumps by either 2« (light boojums) or 2(7r — &)

(heavy boojums). Our main result is the fine-scale description of the light boojums.
Key Words: Nematics, thin-film limit, Ginzburg-Landau type energy, weak anchoring, boundary
vortices, asymptotic profile.
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1 Introduction

In this paper, we consider minimizers of the following two-dimensional variational func-
tional of Ginzburg-Landau type:

1 1 1
B0 = [ [2|Vu|2+4£2(|u\2—1)2] dt g [ W) ds. (1.1)
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Here,
1. O C R?is a smooth bounded domain, supposed for simplicity simply connected.
2. u: Q) — R? ~ C belongs to the energy space H'(Q);C).
3. W(u,g) is of the form

Wi, g) =t 5 (Ju? ~ 1)+ ({u,8) — cosa?, (12)

with ¢ : 90 — S' is smooth, a € (0, 77/2) and (, ) the scalar product in R2.
4. 0 < s < 1is a parameter indicating the strength of the anchoring term W (u, g).

This problem was derived in [2] as a thin-film limit of the Landau-de Gennes (Q-
tensorial) model of nematic liquid crystals. Assuming the physical sample occupies a
very thin cylinder over a planar domain Q C R?, and restricting to Q-tensors with a fixed
eigenvalue in the vertical direction, Golovaty, Montero, & Sternberg [7] proved that the
three-dimensional Landau-de Gennes energy Gamma converges to a two-dimensional
Ginzburg-Landau functional. While the connection between nematics and the Ginzburg-
Landau energy has been well established, the allure of (1.1) arises from the boundary
condition imposed on minimizers, via energy penalization (or weak anchoring, in the
parlance of liquid crystals). Instead of imposing a Dirichlet condition on the Q-tensor
which forces the nematic director to align with the normal vector to the boundary, we
may instead assume that it is energetically favorable for the director to lie along a cone of
prescribed aperture to the normal. This may be modeled at the Landau-de Gennes level
via a Rapini-Papoular surface energy [15], which in the thin-film limit appears as the
boundary integral present in E. The given function g : 90 — S!, which may be chosen
arbitrarily in the mathematical analysis of minimizers of E,, in the physical derivation of
the model is given by the square ¢ = v? of the complex representation of the outward
unit normal vector v = vy + 11, to 0Q). As W(u,g) > 0, with equality precisely when
u = ge*™, energy minimization favors u’s which lie, on 9(Q), in the cone of aperture &
around the vector g, and we expect to have u ~ ge™™ on 9Q) most of the time.

The asymptotic analysis of the energy of minimizers of E, was undertaken in [2].
Using the bad discs construction as in [3, 14], adapted to problems with boundary pe-
nalization (see also [1,12]), the authors derived a uniform upper bound on the energy
of the minimizers u, in the complement of a finite number of small discs containing the
defects. It follows from this preliminary analysis that any weak limit u, of u, is smooth
away from a finite defect set &, and satisfies |u,| = 1in O\ & and u. = ge** on 90 \ &.

The novelty of this problem is that there are four classes of defects { € & which
might occur. As in the Dirichlet problem for Ginzburg-Landau, one may observe interior
vortices, of integer degree. For boundary defects, there are three possibilities. First, u,
may jump from u, = ge™™ to u, = ge "™ (or from ge'* to ge™™) across a defect { € 0Q),
by following the shortest path on S!, of length 2&. This type of defect is termed a light
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boojum in [2]. Around ¢, minimizers u, satisfy, in a fixed annulus A, z({) =: [Br({) \

B/(2)] N Q, the estimate

Eelug Acx(@) > 27 (2) I - 0(1) (13)

Here and in what follows, we set, for any open set G C (),

oy [ Yoz L2 g2 1/

The second class of boundary defect are heavy boojums, for which u, jumps from u, =
ge "™ to u, = get™™ by following the longer route on S?, of length 2(7r — ). The energy
cost of such a defect is estimated by

Ee(ue; Arg(Q)) > 27 (1— %)zln§+o(1). (1.4)

By topological considerations, such heavy (or even heavier) boundary defects have to
exist when the boundary datum ¢ has non zero winding number (degree).

The third possibility is that of a boundary vortex for which the phase of u, jumps by
an integer multiple of 271. However it is easily shown that one of these vortices are more
costly than a pair of boojums, one light and one heavy, and so these defects are never
present in energy minimizers.

Define, for each « € (0,77/2),

a2 a2
G= () +(1-2) <1
The value of s C, governs the nature of defects: there are only interior defects when

sCy > 1/2 and only boundary defects when sC, < 1/2. In particular, we have the
following

Theorem 1.1 ([2]). Assume sCy < 1/2 and D =: deg(g,0Q)) > 0. Let u, minimize E; in
H'(Q;C). Then

and there exist a subsequence ¢ = ¢, — 0 and 2D points (1, --- ,{op € 9Q), ordered along the
boundary curve, such that:

1. Forevery 0 < o < %mini# |Ci — Cjl, there exists K such that

E; (”s;Q \ UBO(gj)) < K,. (16)
j

2. ug — u, weakly in Hi, (Q\ {¢1,---,{on}), where u, € CY(Q\ {1, ,L2p};S") isa
harmonic map satisfying W(u,, g) = 00n dQ\ {¢1,- - ,{op}-
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3. Each (pj_ is a light boojum jumping from ge™* to ge™"*, and each {y; is a heavy boojum
jumping from ge™'* to get™*.

In particular, we may write u, = e¢'¢*, where the phase ¢, is smooth in Q) \
{C1,--+,Cop}, and its restriction to 0O \ {3, - ,{2p} has jump discontinuities of am-
plitude 2« at light boojums and 2(7t — «) at heavy boojums.

Remark 1.1. A word about degree of g and the jumps at the boojums. We choose on Q2
the positive, conterclockwise, orientation. The degree and the jumps are considered with
respect to this orientation. At a light boojum ¢, the limit of u, 3 on the left of { (with
respect to the positive orientation) is g({)e™; on its right, g({)e"*. As we will see in the
proof of Lemma 2.2, on small arcs Cr({) N Q), ¢. essentially increases, linearly in the polar
angle, from 6y — a + 0(1) to 6y + « + 0(1), for an appropriate constant 6y = 6y({) such
that e = (). Similarly, at a heavy boojum, the limits of |5 are respectively g(Z)e ™™
on the left of ¢ and g({)e™ on the right of {, and the phase ¢. essentially increases on
small arcs Cr({) N Q), linearly, from 6y + a +0(1) to 6y + 27t — a + 0(1). This monotonicity
is determined by our assumption degg > 0. If deg g < 0, then the phase decreases on
small arcs, and the side limits are reversed. If deg ¢ = 0, then there are no boojums at all.

A natural question concerning the boojums is to describe the local behavior of mini-
mizers u, in a neighborhood of each defect. From the analysis in [2], the natural scale of
boundary defects seems to be ¢°, determined by the strength of the penalization appear-
ing with the boundary energy term. (Intuitively, the scale of a defect is the smallest scale
at which one sees, after blowup, non constant functions.) This suggests that boundary
defects are significantly larger than interior vortices, which (as always) have characteris-
tic length e. The goal of this paper is to confirm this intuition, via a fine-scale asymptotic
analysis near a singularity. More specifically, our main result identifies the profile of u,
in a suitable O(&°) blowup limit around a light boojum. As we will show in Theorem 1.2
below, to each choice of the aperture « € (0,71/2) corresponds a unique non constant
profile function, which satisfies an elliptic boundary value problem in the half-plane.

To state the result, we first describe the blowup procedure. Forany y € Qand r > 0
we denote

wr(y) = Br(y) ﬂQ,T (1.7)

so that, for small r, we have w,(y) = B,(y) N Q. Since Q) is smooth, there exists ry > 0
such that, for every point y € 9(), there exist a smooth diffeomorphism

¥ =¥, wy(y) > By (0) = {z = (z1,22) € B1(0); 2 > 0} (1.8)
and a rotation R = R, such that:
1. ¥(y) =0.

tHere and in what follows, B, (y) (respectively C,(y)) is the open disc (respectively circle) of center y and
radius 7.
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2. D¥(y) = %.

3. ¥ is orientation preserving, and thus Rt = (1,0), Rv = (0, —1), where T is the
unit tangent to dQ) at y for the direct orientation on 9Q) (respectively v is the unit
outward normal at y to (2).

4. |D¥(z) — R|| < Clz —y|, Vz € w,(y), uniformly in y.

Using ¥, we may blowup a map u : () — C around a point y € dQ) at a scale A < 1 by
setting

()" (z) =: u (‘i’_l(Az)) , VzeBi(0) = {z = (z1,22) € Byya(0); 22 > 0}.  (L.9)

We may now state our main result.

Theorem 1.2. Let u, be minimizers of E. in H'(Q;C) such that u; — u, (possibly along a
sequence € = &, — 0), and assume that { € oQ) is a light boojum defect of u... Then there exists
Ye € 0Q with y. — { such that (with the notation in (1.9))

Ve =: (ug)y"”‘gs —g(Q)v (1.10)

locally uniformly on compact sets of R2, where v =: ¥, and PpeC” (]R7i, R) is the unique (up
to a horizontal translation) locally minimizing solution of

Ap =0 in R34,
op (1.11)
5, = sin P(cosp —cosa) on R ~9R?,
satisfying
x11i>r20041(x1,0) = Fa. (1.12)

Here, locally minimizing means
Joo V@ + 2P =997+ [ [(cos(y +8) ~ cosa)?
— (cosp —cosa)?] >0, V&€ C§°(IR7i) (1.13)

Equivalently, ¥ minimizes, with respect to its own boundary value, the local energy,
defined on bounded open sets U C R3 by

1 1
E(p; U) =: 2 /u[|V¢|2] t5 /IRQH(COSlP — cosa)>. (1.14)

The uniqueness statement in Theorem 1.2 is due to Cabré & Sola-Morales [6, Theorem
1.2, Theorem 1.5]: the system (1.11)-(1.12) has, up to horizontal translations, exactly one
locally minimizing solution.
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The idea of the proof is the following. We first show that |u,| is bounded away from
zero in a neighborhood of a light boojum. In order to prove this, we rely on the minimality
of ue. More specifically, for light boojums (, the total oscillation of the phase around {
is expected to be strictly less than 7t; this is verified along appropriate circular arcs in
Lemma 2.2. The fact that u, does not vanish in a neighborhood of { is then obtained by
means of a projection of the image of u,; see Lemmas 3.2 and 3.3.

Writing u, = pge':, we derive uniform a priori estimates near the boundary for the
rescaled maps uYe  the crucial estimate being

pe — 1 uniformly near (as ¢ — 0. (1.15)

These estimates rely on a variant of Boyarskil’s regularity theorem for elliptic systems
(see [4,5,11] and Lemma 3.4). They enable the passage to the limit after blowup. The
limiting map is of the form ¢'¥, with ¢ as in (1.11). The existence of blowup points y, such
that (1.12) holds requires some work (see Lemma 3.9.) The proof of Theorem 1.2 is then
completed in Section 4.

Once the existence of a boundary bad half-disc, of characteristic size €°, as above, is
proved, natural questions concern its uniqueness, and the possible existence of interior
bad discs. It turns out that, at the characteristic scale €, there are no other bad half-discs,
and no interior bad discs.

Theorem 1.3. Let u,, { and y, be as in Theorem 1.2.

1. Let z, € 9Q) be such that z, — { and |z, — y,| > €°. Then there exists t € {—1,+1} such
that, up to a subsequence,

(1) = g(Q)e™

uniformly on compacts of ]Rigr

2. Let z¢ € Q) be such that z; — { and dist (z;,0Q0) > ¢€°. Then there exists a constant
& € S! such that, up to a subsequence,

1
ug(e°(- —z¢)) = = (Q — z°) — C converges to & uniformly on compacts of R>.

With more effort, it is possible to improve the conclusion of item 2 and obtain the
convergence to a constant at scales A%, with ® < A* < dist (z,,0Q)) < 1; however, we do
not follow this route here.

Corollary 1.1. Let u and { be as in Theorem 1.2. Consider a small fixed neighborhood V of .
For small ¢, V contains exactly one bad disc, which is a boundary bad disc.

As was the case for Ginzburg-Landau with Sl-valued Dirichlet conditions, one ex-
pects that Theorem 1.1 gives the first term in an asymptotic expansion [3, 14] of the en-
ergy near its minimum, revealing a renormalized energy which determines the locations
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of singularities. A recent result of Ignat & Kurzke [8] proves such a lower bound ex-
pansion for a similar Ginzburg-Landau functional with boundary penalization, arising
in thin film ferromagnetism. These authors work within the context of I'-convergence
and weak Jacobians, and their method applies more generally to families with bounded
energy rather than minimizers, and with a more flexible relation between the boundary
penalization and the length scale parameter e. However, their work also assumes that
the energy cost of boundary defects is of a much smaller scale than interior vortices, and
hence it is complementary to our analysis. Moreover, our primary interest in this paper
is in the fine structure of solutions in the neighborhood of a singularity.

Our methods are limited to the analysis of light boojums. We do not know what happens
near a heavy boojum. As explained above, our proof relies heavily on a projection method
(Lemma 3.2), whose conclusion is that |u,| is far away from zero near a boundary defect
¢, and whose proof requires that the phase turns by less than 7t around (; this is indeed
the case when  is a light boojum. If we take for granted that |u,| is far away from zero
near (, then actually |u,| — 1 uniformly near { (see (1.15))-this part of the proof does
not see the difference between light and heavy boojums. In a neighborhood of a heavy
boojum, the phase turns by 2(7r — «) > 7, and hence our method of proof does not apply.
Topologically, there is no need for u, to vanish at a heavy boojum, and indeed the upper
bound construction in [2] is achieved with S!-valued maps for both species of boojums.
However, numerical evidence in [2] suggests that |u:| may not tend to 1 uniformly near a
heavy boojum, by contrast with the case of light boojums. If this is indeed the case, then,
as explained above, 1, gets close to 0 near a heavy boojum, making life inside the heavy
boojums of a different nature, ...

2 Refining the convergence u, — u,

In this section we re-examine some of the convergence arguments in [2] to obtain a more
precise description of u,.

2.1 Basic facts

First, we review some basic estimates and constructions related to minimizers. For fixed
¢ > 0, minimizers of E, in H'(Q); C) exist and satisfy the Euler-Lagrange equations

—Au+12(|u|2—1)u:o in Q,
€
2.1)
ou 1 2
a—v—l—g—s((\m —1Du+[(u,g) —cosalg) =0 on Q.

We next recall some a priori bounds obtained in [2, Lemma 3.2] for minimizers of E; and,
more generally, for solutions of (2.1) satisfying the natural energy bound E. (1) < K|Ing|.
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For any 0 < s < 1, such u,’s satisfy:
lim ||ue]|o = 1, (2.2a)
e—0

3 C; > 0 such that |Vue(x)| < %, VxeQ, V0<e<l. (2.2b)

2.2 Refined bad discs construction

For 0 < € < 1, minimizers u, will satisfy |u¢| ~ 1in Q) and W (u,, ) ~ 0 on 9}, except for
a finite number of bad discs, which converge to the defects which are observed in the e —
0 limit. Following the classical #7-compactness techniques [3,14] for the Ginzburg-Landau
functional, for any a € (0,1/2) one constructs a finite disjoint collection {B/};_y,... n, of
open discs, whose number N, < Ny(4, g, s, ) is uniformly bounded, satisfying

{x e Ju(x)?<1— a\/i} U {x € 00%; W(ue(x),g(x)) >a*} C E]J Bl (2.3)
j=1

The interior bad discs, centered at points in (), have radius ke, for a constant k =
k(a,g, Q) > 0. The remaining, boundary bad discs, centered at points on 0(), are larger,
with radius ke®; see [2, Lemma 4.4] for details.

By including the interior bad discs at distance ~ ¢ from the boundary into (artificial)
boundary bad discs, merging the interior bad discs at relative distance ~ ¢, respectively
merging the boundary bad discs with the other (interior or boundary) bad discs at dis-
tance ~ ¢° and increasing the value of k, we may also assume that:

1. The distance from an interior bad disc to the boundary is > ¢°.
2. The distance between any two interior bad discs is >> e.

3. The distance from a boundary bad disc to any other (interior or boundary) bad disc
is> ¢

4. Possibly up to a subsequence ¢, — 0, the number of bad discs B/ and their type for
fixed j (interior or boundary) is the same for each e.

We now briefly revisit the construction in [2] in order to define the topological invari-
ants associated with the bad discs.

We first consider an interior bad disc B/ = By, (xj-), for which we set d; =: deg (i, 9B/).
Let us note that d; is invariant in the following sense. If r > ke, B,(xjg.) C Qand Br(x;?)
does not intersect any bad disc except B/, then d; = deg(ug,aBr(x}‘f)). By (2.2b), d; is
uniformly bounded, and thus, up to a subsequence, it does not depend on «.

The case of a boundary bad disc B/ = B.s (x;) is more involved. To such a disc, we
associate two invariants, n; € N and 7; € {-1,0,1}, as follows. Assume that x}ﬁ, —
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¢ € 0Q. Locally on o) near {, write § = ¢'7, with smooth 7. Fix 0 < r < R such
that B/ C B,(x{) and such that the closed annular region A, r(x}) is disjoint from any

of the other bad discs. When R is sufficiently small, A, r(x]) is simply connected and

o0 N A,,R(x;?) consists of two arcs, l"ffR, with l"jl g on the right of x; with respect to the
direct orientation of d(). By definition of bad discs and the choice of » and R, we have
luel >1—+/2a > 0in Arr(x5) and W(ue, 7) < a% on FfR. Thus we may write u, = fe'¥ in

A,,R(x]f.),withf >0,f,¢ € CL Setyp™* =: l'b\r:‘fzz' Then, by [2, Lemma 5.1], for a sufficiently

small, for each of the two boundary arcs I“Tj’E , we may find integers tt e {-1,1} and
m* € Z such that
|t/Ji —y—tta — 27'tmi} < Cya on TfR, (2.4)

this is equivalent to u, ~ ge”i”‘ on I'Z,. If a is sufficiently small, then Coa < «/2, and
then = and m™* in (2.4) are unique. We may then set n; =: mt —m~ € Z and T =t
(1/2)[t" —t7] € {—1,0,1}; these integers describe the winding of the phase of u, around
a boundary bad disc centered at x; € d().

It is not clear at this stage that the integers 1, are uniformly bounded. However, the
analysis in [2] (see the proof of Theorem 1.1 there) shows that this is indeed the case, and
thus we may assume that #; and 7; do not depend on e.

We now introduce the ad hoc notion of essential bad discs: these are either interior
bad discs with d; # 0, or boundary bad discs with (7;,1;) # (0,0).

Lemma 2.1. Let g, D, u¢, uy, (1, - - ,Cop be as in Theorem 1.1. Then

1. For every small ¢ > 0 and for every £ = 1,---,2D, B,({;) N Q contains exactly one
essential bad disc.

2. This bad disc is a boundary bad disc, of the form Bl = By (x5), with x§ € 00, x7 — {y.
3. If {y is a light boojum, then T, = —1 and n; = 0.
4. If {y is a heavy boojum, then T = 1 and n; = 1.

In other words, the limiting defects (, are simple, in the sense that each one is the
limit of a single essential bad disc, which carries the same topological type. Thus, one
cannot have interior discs with nonzero degree colliding with dQ) as ¢ — 0, nor can one
observe the merging of essential boundary defects in the limit. In particular, the bad disc
in Corollary 1.1 is an essential bad disc.

This phenomenon is not specific to our particular problem, and the above lemma can
be adapted to similar situations where the number of bad discs is bounded and the upper
bound on the energy matches the lower bound up to terms of order one.

Proof. The conclusion of the lemma essentially follows from the method of discs expan-
sion and fusion in [9,13]. Such a procedure is followed in the proof of Lemma 7.1 of [2]:
the bad discs (centered at x]? € ) are expanded in time t > 1, with radii R;(t), from a
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seed size R;(1), which is initially equal to the bad disc radius ke* (for boundary discs) or
ke (for interior discs), by setting

R;(t) =: t1/ske  for an interior bad disc,
! tkes for a boundary bad disc.

The expansion phase yields a lower bound, depending on ¢, for the energy of u, in the
union of the annuli A R;(1),R;(t) (xf) This lower bound is obtained by applying the adapted
analogues of the lower bounds (1.3), (1.4) around each bad disc B/ (see [2, formula (6.1)]
for the precise lower bound). The (first step of this) process stops when either two ex-
panded bad discs collide, or an expanded interior bad disc touches 0(). By the assump-
tion on the mutual position of the bad discs, the collision time ¢(¢) goes to oo as ¢ — 0.

At the end of this expansion phase, the lower bound for the energy is

Es(”e; U ARj(l),Rj(t(e))(x]S')>
j

> [ZZH (nj - Tj%y + ZZCI]Z] Int(e) — K
>21CyDlInt(e) — K, (2.5)

where the first sum on the right-hand side of (2.5) is over the boundary bad discs, and
the second one over the interior bad discs (see [2, formula (7.5)] for the first inequality in
(2.5), and [2, Lemma 6.3] for the second one). Furthermore, by investigating the equality
case in

Y 2n (n]- — Tj%)z + ngf > 271C,D,

(see [2, proof of Theorem 1.1]), we find that the conclusion of (2.5) can be improved to

E. <u€; U Ag;1),x,1(0) (xj.)) > (2 CyD +6) Int(e) — K, (2.6)
j

for some constant 6 > 0, unless there are exactly 2D essential discs, each on the boundary,
satisfying items 14 of the lemma.

The next step is fusion (merging). This is explained in [2, proof of Lemma 7.1] when an
expanded bad disc hits an expanded boundary bad disc. When an expanded interior bad
disc B (1(e)) (x]g) hits the boundary at some point y;. We then replace it by By (s(c)) (y]E-),
that we treat in the next steps as a boundary bad disc. The fusion of interior bad discs
was already described in [9,13].

Once the touching expanded bad discs are merged, we start a new expansion phase,
then a fusion one, and so on; we end up with a single bad disc around each singularity.
Assuming that Lemma 2.1 does not hold, we may keep the extra term ¢ Int(¢) during all
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steps and improve the conclusion of [2, Lemma 7.1] from

E. <u£,- LZJ(BU(Q) N Q)) > 271C, D 1n;is — K, 2.7)
to
E, <“€?U (B+(Z¢) N Q)) >2nC, D lng + 6 Int(e) — K. (2.8)
l

However, for small € the lower bound (2.8) contradicts the global upper bound (1.5). This
contradiction shows that items 1-4 hold and completes the proof of the lemma. O

Remark 2.1. Using a similar argument, one may prove that the boundary vortices con-
sidered in [10] satisfy the conclusion of [10, Theorem 4.2]. The final estimate in [10, proof
of Theorem 4.2] seems too optimistic. However, a weaker estimate, in the spirit of the
above lemma, suffices to derive that result.

2.3 Variation of the phase

From the convergence stated in Theorem 1.1, along a sequence ¢ = ¢, — 0, we have
ue — u, weakly in Hi, (Q\ {¢1,---,l2p}), where u, € CY(Q\ {¢1,---,{2p};S!) is an
Sl-valued harmonic map in (), and on dQ), we have u, = geil“ except at the defects ¢ s

j=1,---,2D. In particular, we may write

u, =e% in Q\{¢,---,%p}), with ¢. € C{(Q\{¢, - ,0p)}). (2.9)

At any point { € d(), we may define the jump of ¢, at { by

J(Q) =: 95 (8) — 94 (0), where ¢ (0) = lim ¢.(x), (2.10)
xedQ)
as discussed in Remark 1.1, the side limits are calculated with respect to the positive
orientation on dQ).

If  is not a boojum, then we have J({) = 0. By Theorem 1.1 item 3, across a light
boojum we have J({) = —2a and thus |J({)| < 7, while J({) = —2(m—a)and |J({)| > 7
at a heavy boojum.

Away from fixed small neighborhoods of the boojums, we have, for small ¢, |u.| > 0,
and thus we may write, locally (and actually globally), u, = pee'?:, with p, =: |u,| and
@ € CL.

Lemma 2.2. Let { € 0Q and let 6y € R be such that g(7) = e'%.

1. For all sufficiently small ¢ > 0, there exists R = R, € (¢/2,0) such that, possibly along
a further subsequence € = €, — 0, we have ue — u, uniformly on Cr(g) N QL
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2. Lete = e, — 0beas in item 1. For every 6 > 0, there exist ¢ > 0 and € > 0 such that, for
o < oand e < g we may write ug = pee'? on Cg,({) N Q, with

1 — 1 _
@) -6 < max | — 0 —2kn| < Z|J(Q)] +6, (2.11)
2 Cry (N0 2

for some appropriate integer k = k. € Z.

Proof. 1. Choose o > 0 for which the annulus A, /, ,({) does not contain any of the boo-
jums (i, with k = 1,--- ,2D. By the global bound (1.5) on the energy, Tonelli’s theorem
and Fatou’s lemma, there exists R = R, € (¢/2,0) with

. 1 1
lim sup [2|Vug|2—|—482(]u€]2—1)2 dsgr

e—0 Cr(2)NQ
<lim sup Ee(ue; Ao/ao(8)) _ (2.12)
T e Ja@ra o/2 -

along a sequence ¢ = ¢, — 0.

Hence, u, is uniformly bounded in H'(Cg(Z) N Q) and thus, along a further subse-
quence, we have u, — u, uniformly on Cg({) N Q.

2. In view of item 1, it suffices to prove that, with ¢, as in (2.9), there exists some fixed
integer k € Z such that

lim max |@. — 2k — 60| = ~|J()], V¢ € Q. (2.13)
R—0 Cr(0)NQ 2

When ( is not a defect, this is clear. Assume next that { is a defect. For the sake of
concreteness, we consider the case of a light boojum; the case of heavy boojums is similar.
With no loss of generality, we may assume that { = 0 and that the oriented unit tangent
tooQ at =0is T = (1,0). Denote | =: J(0) = —2a. Let ®(r,0) =: (r cos b, r sin@). For
sufficiently small o, we have

B,(0) N Q = wy(0) = @ (ws(0)),
with @,(0) =: {(r,0); 0 <r<o,0_(r) <0 <64(r)}, (2.14)

here, 0, () are differentiable and satisfy
0_(r) =0(r), 0+(r)=rm+0(r). (2.15)

ForO0<r<oc,0_(r) <0 <6y(r)and x =: ®(r,0) € w,(0) \ {0}, set

h(x) =: —%9 +¢f(0) and ¢ =:¢.—h. (2.16)
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We next note that ¢ has the following properties.

1 is harmonic in w,(0) and continuous in w,(0) \ {0}, (2.17a)
Y restricted to [0w,(0)] \ {0} has a continuous extension (still denoted 1)

to 3wy (0), (2.17b)
and this extension satisfies ¢(0) = 0. (2.17¢)

Property (2.17b) follows from the fact that, thanks to Definition (2.16), h makes the same
jump across { = 0 as .

We will see below that, under the assumptions (2.17a)—(2.17b), ¢ has a removable
singularity at the origin, i.e., { can be extended as a continuous function to wy(0). As-
suming this, we conclude the proof of item 2 as follows. On the one hand, since e'#* (0) =
¢(0)e " (see Theorem 1.1), there exists some k € Z such that ¢ (0) = 6y + 2k — a,
and therefore (again, by Theorem 1.1) ¢, (0) = 6 + 2kt + a. We next observe that h
is increasing in 6 for fixed r, and, by (2.15), (2.16) and the (granted) continuity of 1, the
restriction of i to Cr({) N Q) takes values in an interval of the form

(93 (0) +0(1), @5 (0) +0(1)] = [0 + 2kt — a + 0(1), 60 + 2kt + a + 0(1)]

= [GO—I—an—I—;]—i—o(l),GO—I—an— %]—i—o(l) as R—0.

This implies (2.13) and thus (via item 1) (2.11). It remains to show that the function ¥
above is continuous at the boundary point ¢ = 0. First, we observe that, by Corollary 7.2
of [2], there exists a constant ¢y = co(g, &, )) such that for, all fixed 7, 0 < r < ¢, we have
the upper bound

1

- |V, |? < liminf Ee(ue; Ao (0))
2 Ar,tf(o) e—0

< liminf Ec(u 0\ UjBi(())) < 275C, ln% + o (2.18)
e—

Note that, by (2.18), (2.16) and the fact that |V6| = 1/r, the function ¢ satisfies an upper
bound of the same form,

1
V> <cpln= +cy, 2.19
[, o |V#P < elng o 219)

with constants ¢1, ¢, which are independent of r € (0, 0).

Consider a conformal bi-Lipschitz transformation & : Q — E(Q), which maps
the origin into itself, Q) into a region contained in the upper half plane, and straight-
ens the boundary near the origin. With no loss of generality, we may assume that
E(@0QNB;(0)) € R x {0} ~ R. Choose r; > 0 such that B} (0) =: B,,(0) N {Imz >
0} C E(ws(0)). Since E is bi-Lipschitz, there exists a constant ¢ < 1, independent of
r < r1, such that

E71 (B (0)\ B, (0)) C Acre(0) C we(0). (2.20)
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Forz € & (wU(O)) \ {0}, define v(z) =: $(E7!(z)). Using (2.17a)~(2.17b), (2.20) and
the conformal invariance of the Dirichlet integral, we find that

v is harmonic in B, (0) and continuous in B;{ (0) \ {0}; (2.21a)

v restricted to [9B;7(0)] \ {0} has a continuous extension to 9B, (0); (2.21b)
1

Vo> <cIn= 4¢3, 2.21c

/B - [Vol" <caln—+cs (2.21¢)

with c3 independent of r. In order to complete the proof of the lemma, it suffices to
show that, under the assumptions (2.21a)—(2.21c), v has an extension continuous up to
the origin. By (2.21c), there exists a sequence {p;} such that 0 < p; < rq, Vj, p; — 0 and

/ |Vo|? < Zﬂ, vj. (2.22)
C,. (0)N{Imz>0} Pj

b
(2.22) is easily obtained, via (2.21c), by arguing by contradiction. By (2.22) and Cauchy-

Schwarz, the oscillation osc of v on C,,(0) N {Imz > 0} satisfies

osc (v, Cp,(0) N {Imz > 0}) < / |Vo|
Co; (0)N{Im 20}

1/2
<(710:)1/2 / Vol? < (27, )Y/, 2.23
<(mp)) ( ij(o)m{lmzo}l d ) < (27c2) (2.23)

Combining (2.23) with the fact that v is uniformly bounded at the endpoints of C,.(0) N
{Imz > 0}, we find that v is uniformly bounded on C,,(0) N {Imz > 0}. The maximum

principle applied to v in B}t (0) \ By, (0) implies that v is bounded in the closure of this set,

with bounds independent of j. Letting j — oo, we find that v is bounded in B, (0) \ {0}.

Next, let 7 be the continuous function on 9B, (0) which agrees with v outside the
origin, and let w be the harmonic extension of 7 to B/} (0) (so that w is continuous up
to the boundary). In order to conclude, it suffices to prove that V =: v — w vanishes
everywhere in B/ (0) \ {0}. In turn, the equality V = 0 is a consequence of the following
straightforward properties of V:

V is harmonic in B, (0) and continuous and bounded in B/ (0) \ {0}, (2.24a)
V vanishes everywhere on 9B (0) \ {0}. (2.24b)

Indeed, let § > 0 and set

|x]

Ve(x) =:V(x) —é1In o vx € B (0) \ {0}.
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By (2.24a)-(2.24b), V° is harmonic in B/ (0) and continuous in B (0) \ {0},
limy_,o V°(x) = coand V° > 0 on 9B, (0) \ {0}. By the maximum (or rather minimum)

principle, we have V9 > 0in B/ (0) \ {0}. By letting 6 — 0, we find that V > 0. Similarly,
by considering

x»—>V(x)—|—(51n‘:i’, Vi e BF(0)\ {0}, V5>0,

we find that V < 0in B,{(0) \ {0}, whence the conclusion V = 0 in B,/ (0) \ {0}. The
proof of Lemma 2.2 is completed. O

Remark 2.2. The argument used to establish item 2 proves a property of u, near the
defects which is common in the Ginzburg-Landau theory. More specifically, assume e.g.,
that { is a light boojum. Assume moreover that the unit tangent vector to Q) at { is (1,0).
Then the proof of Lemma 2.2 implies that, near {, we may write

20
e = ol 0l gtren — (F=CNF g
F '

where 6 is the polar angle as in (2.16) and ¢ is harmonic in w,({) and continuous in
wy(Z), with $(Z) = 6. This is the analogue of the canonical harmonic map in [3]. While
we have only stated an estimate on the oscillation of the phase ¢, on circular arcs around
a defect, in fact we have shown that the minimizer u, closely resembles (up to a constant
multiplicative factor) e, which interpolates the phase linearly around the jump.

3 Blowup analysis

In this section, we derive the sharp estimates needed to justify the blowup at scale ¢° near
a light boojum (.
3.1 Localizing the image of 1, near a light boojum

Our first task in the proof of Theorem 1.2 will be to show that u, is bounded away from
zero in a neighborhood of . This is achieved by constructing, in Lemma 3.2, a convenient
projection IT which reduces the energy inside wg({), for some convenient small R. We
start with a preliminary remark.

Lemma 3.1. Let Q C R, U C R", I1 : U — R* be an L-Lipschitz function* and u €
HL (QU). ThenT1ou € H. (Q,R¥) and

|IV(ITou)| < L|Vu| ae in Q. (3.1)

tHere and in what follows, Lipschitz constants are calculated with respect to the standard Euclidean norms.
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Proof. We extend II to an L-Lipschitz function on R", still denoted II. We are then in
position to smooth both u and IT (without increasing the Lipschitz constant of IT) and
thus it suffices to prove (3.1) when both u and IT are smooth. In this case, we have, with
(ej) the canonical basis of R™,

m m .
2 _ , 2 _ 1
VU = LBy = fim b 7 ,

and similarly for IT o u. We find that

|V(Hou)(x)|2 :limi ‘(Ho”)(x+h€]’) - (Hou)(x)|2

hﬁOj:l h?
mu(x + he;) — u(x)]?
<L*li / =12 2,
<ujim 3 Vu(x)
Thus, we complete the proof. O
Lemma 3.2. Consider a, B,7y,0 > 0 such that
T
tx+5<5<’y<§, (3.2a)
cosy +sind < cosa. (3.2b)
Let
S5 =: {¢'%; || <o} (3.3)

For0 < A <1, set

U=Uy=:{z€Clz| <1+A}, V=Vig={pe% 1-A<p<1+A, |0 <B},
(3.4a)
W =W,, =:{z=pe? € U;Rez > cos, |0 <7} C{z€C; |z] >cosvy}. (3.4b)

Then, for sufficiently small A (depending on «, B, v and d), there exists a function IT: U — W
such that:

IT is 1-Lipschitz, (3.5a)
M=Id onV, (3.5b)
((w,T1(z)) — cosa)? < ({w,z) —cosa)?, Vze U, wecS" (3.5¢)
1= TI(2)[")? < (1—[2[?)? Vzel (3.5d)

SHere and in what follows, (, ) denotes the real scalar product of complex numbers.
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Proof. Set
U'=:{z€U;Rez >0}, UW*=:{pe?;0<p<1+A, |0 <v}cCU.

We will construct Iy : U — UL, I, : U — U%, T13: U2 - W satisfying (3.5a)—(3.5d),
for small A and for z in the respective domain of definition for each map I1;, j = 1,2,3.
Then clearly IT =: I13 o Il; o I'l; has all the required properties.

Step 1. Construction and properties of I'T;. We let

X+ 1y, if x>0,
—x+uw, ifx <0.

Iy (x +1y) =: {

Clearly, Iy : U — U! satisfies (3.5a), (3.5b) and (3.5d).
We claim that (3.5¢c) holds for I'ly provided

(14+A)sinéd < cosw (3.6)

which, for small A, follows from (3.2b).
Indeed, we have to check (3.5c) only for z = x +1y € U, with x < 0. For such z and
forw = wy + 1w, € S%, we have

w,—x+1 —cosa)? — w,x+1 —cosa)? = —2wqx[2w —2cos«l, 3.7
(« y) )" = y) ) ?%[ 2y ] (37)
and thus (3.5c) amounts to the following;:
[x+1we U, x <0 = wyy < cosa. (3.8)
In turn, (3.8) follows from

woy < |wy||x+1y| < (1+A)sind < cosw (by (3.6)).

Step 2. Construction and properties of IT,. If x + 1y € U!, then we may write x + 1y =
pele, with0 <p<1+Aand —7r/2 <6 < /2. Set

0, if [0] <7,
O [—7m/2,71/2] = [—7,7], P®O)=1<9, if y<O0<7/2,
—, if —m/2<0< —7.

We let T, (pe’?) =: pe'®®),¥0 < p <1+ A,V —m/2/ < 60 < /2. Clearly, IT, maps U!

into U? and satisfies (3.5b) (since v > B, by (3.2a)) and (3.5d).
We check (3.5a) (for I'Tp). We actually claim that

pe@(ﬂ) o reltb(go) )2 < ‘pezf) — re'? 2

, Vr,p>0, [0|<m/2, || <m/2 3.9)
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Indeed, with 6, ¢ as above, (3.9) amounts to
cos(8 — @) < cos (®(0) — D(¢)). (3.10)
Assuming, with no loss of generality, that 6 > ¢, (3.10) follows from
0<PO)—D(p) <O0—¢ <.
We next turn to the proof of (3.5¢) for I'l,. We have to prove that, for small A, we have
(0 cos(®(0) — @) — cosa)?
<(pcos(d — @) —cosa)?, YO<p<1+A, <I0|<m/2, |o| <. (3.11)

Note that (3.11) becomes an equality when |0] < 7. We may thus assume that |6] > 1.
With p, 6, ¢ as above, we have ®(¢) = ¢ (since < 7, by (3.2a)), and thus

(0 cos(® () — @) — cosa)? — (pcos(f — @) — cosa)?

=p [cos(P(0) — ¢) — cos(8 — ¢)] x[pcos(P(0) — ¢) + pcos(f — ¢) —2cosa]. (3.12)
>0, by (3.10)

Therefore, (3.11) will follow from

pcos(P(0) — ¢) + pcos(f — )
<2cosa, YO<p<1+4+A, <0 <m/2, |¢p| <. (3.13)
In turn, (3.13) is, via (3.10), a consequence of

pcos(P(0) — @)+ pcos(6 — @) <2pcos(P(0) — ¢) <2(1+ A)cos(y—9)
<2cosa for small A (by (3.2a)).

In conclusion, I'l; satisfies (3.5a)—(3.5d).

Step 3. Construction and properties of 1. If x + 1y € U?, we set

X+ 1y, if x > cosv,

[3(x +1y) =: {

cosy+1y, if x <cosq.

Then I3 is 1-Lipschitz, since it is the nearest point projection on the convex set W.
On the other hand, we note that

x+1yeV = x> (1—A) cosp > cosy forsmall A (by (3.2a)),

and thus (3.5b) holds for small A.
We check (3.5d) for I1;. It suffices to consider x + 1y € U?, with x < cos . We write
Xty = pele, with0 < p <14 Aand |6] < 7. Since x < cosy, we have p < 1, and thus

lx + 1yl = 22+ y* < [TIz(x +1y)|*> = cos® v + p*sin? 0 < cos® ¢ +sin®y =1, (3.14)
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whence (3.5d).
Finally, we check (3.5¢c) for I15. Again, it suffices to consider x + 1y € U?, with x <
cos 7y (and thus, by the above, |y| < 1). Arguing as for (3.7), it suffices to have

w1 (x + cosy) + 2wy < 2cosa, Yw =w;+ 1wy € S};. (3.15)
In order to prove (3.15), we note that
w1 (x 4 cos 7y) + 2woy < 2w; cosy + 2|wa| < 2cosy +2sinéd < 2cosa (by (3.2b)).
The proof of Lemma 3.2 is completed. O

As a consequence of Lemma 3.2, a minimizer u, of E; which lives on the boundary of
a domain D C O, near an arc of S! of length < 7 is far away from zero in all the domain.
More precisely, we have the following result.

Lemma 3.3. Let o, B, v and J satisfy (3.2a)—(3.2b). Let A > 0 be such that (3.5a)—(3.5d) hold.
Let D C Q) be a Lipschitz domain. Assume that:

u = ug is a minimizer of (1.1), (3.16a)
00ND #QanddDNQ # @, (3.16b)
D is simply connected, (3.16¢)
g(@0ND) c {e% 10| <4}, (3.16d)
u@DNQ) c{pe;1-A1<p<1+A4, 10 <B}. (3.16€)

Then, for sufficiently small €, we have

u(D) c{pe®; 0<p<1+A, 10| <9, pcos® > cosvy}
C{pe?; cosy <p <1+, 10| <7} (3.17)

In particular, we may write u = pe'? in D, with

p € H(D)NC(D), cosy<p<1+A4, (3.18a)
¢ € H(D)NC(D), |[¢| <. (3.18b)

Proof. Recall that u is continuous, and even Cl in Q); see (2.2b). We consider, as a com-
petitor in (1.1),

oo in Q\D,
" "IIMou, in D,

with IT as in the proof of Lemma 3.2. The fact that v is a competitor follows from (3.5b)
and (3.16e).



S. Alama, L. Bronsard and P. Mironescu / Anal. Theory Appl., 36 (2020), pp. 128-160 147

Write [IL oIlyjou = f = fi +1f and Il ou = h = hy + thy. By Lemma 3.1, (3.5a)-
(3.5d) and the minimality of u,, we have

Vfl=IV({ILyoh)| = [Vh|
Vu| a.e.in DNQ. (3.19)

We claim that
fi >cosy in D (and thusin D). (3.20)

Indeed, consider the open set w =: {z € D; f1(z) < cosv}, a.e. in w, we have |V (I3 o
I = |V£A[% while |[Vf|? = [VA|> 4+ |Vf2/2. We find that Vf; = 0 a.e. in w, which
implies V[(cosy — f1)+] = 0 a.e. in D. Since D is connected, we find that (cosy — f1)+
is constant a.e. (and thus everywhere) in D, and therefore also constant in D. Since, on
the other hand, (cosy — f1)+ = 0 on the non empty set 90 N D (by (3.16b) and (3.16¢)),

we find that f; > cosy in D, as claimed.
By (2.2a) and (3.20), for small ¢ we have cosy < || < 1+ A; thus, thanks to (3.16¢),
we may write h = pe'? in D, with

p€ H(D)NC(D), cosy<p<1+A4, (3.21a)
p € H(D)NC(D), —-m/2<¢@<m/2. (3.21b)

By (3.5b), and (3.16e), we have
p(dDNQ) C [-B, B (3.22)

We claim that
¢(D) C [=7,7]. (3.23)

Indeed, we prove that ¢ < - in D. For this purpose, we consider the open set @ =: {z €
D; ¢(z) > v}, ae. in @, we have

IVh]> = |Vp[* +p* |Ve|* and |Vf|]* =|Vp[~ (3.24)

By (3.19) and (3.24), we obtain V¢ = 0 a.e. in w. Combining this with (3.22), we obtain
(as above) that (¢ — )+ = 0in D. Similarly, we have (¢ + v)_- = 0in D, whence (3.23).
By (2.2a), (3.20) and (3.23), for small ¢ we have h(D) C W (with W as in (3.4b)), and

thus
u(D) C Z =: (T1;) " Y(W). (3.25)

Now Z has two connected components, one of which is W. Since u(D) is connected and,
by (3.16b) and (3.16e), u(D) intersects W, we find that u(D) C W, i.e., (3.17) holds. The
proof of Lemma 3.3 is completed. O
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3.2 Uniform estimates at the ¢° scale

Lemma 3.5 below improves the conclusion p > cos<y to p — 1 locally uniformly. This,
in turn, leads to a number of uniform estimates at the €° scale.) This relies on the follow-
ing variant of Boyarskil’s regularity result for elliptic systems in divergence form in the
plane [4,5], in the form presented in Meyers [11].

Lemma 3.4. Let ID be the unit disc. Let A, M € (0, 0) be fixed. Let A : ID — M;(IR) satisfy

(A(x)E) - & > A|E]%, VxeD, VéeR2T (3.26a)
[A(x)]] <M, Vx € D. (3.26b)

Then there exists some 2 < p < 4 (depending only on A and M) such that the problem

A _ .
div(AVov) =0 in D, (3.27)
v=feHYS') on S,
admits a (unique) solution v € WP (D), and in addition we have
IVl oy < Cllf 2 (3.28)

Proof. We have H'(S') — W3/44(S1), and thus there exists w € W'#(ID) such that w = f
on S and
IVwll sy < Cllf l2sn)- (3.29)

Writing v = w + u, u then solves,

iv(A =divF in D
div(AVu) =divF in D, (3.30)
u=0 on S!
with F =: —AVw satisfying (by (3.26b) and (3.29))
IFll sy < Cllf li2sny- (3.31)

By [11, Theorem 1], there exists some 2 < p < 4 (depending only on A and M) such that
(3.31) has a solution in W' (ID), satisfying the estimate

IVullpr iy < ClIFllrr(p)- (3.32)
The conclusion of the lemma follows from (3.29), (3.31) and (3.32). O

THere and in what follows, - denotes the standard scalar product in R2.
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Lemma 3.5. Let s € (0,1) and A € (0,00). Consider y = y. € o). Setr = r, =: Ae’,
U=U, = w/(y) =B:(y) NQ, w = we =: wy2(y) = B, 2(y) N Q. Assume that u = u, is a
critical point of Ee, satisfying

0<CG <|ul<C<oo in U, (3.33a)

u=|ule’, where ¢=g@.c H(U)NC(U) satisfies |p| < C3 < oo, (3.33b)

|Vul| < % for some C4 < o0, (3.33¢)

812 (1—|u|*)> < Cs(|Ing|+1) forsome Cs < oo. (3.33d)
u

Then, for sufficiently small €, we have

IVolli2w) < Co < o0, (3.34a)
Vol < Cres P~V forsome 2<p<4 and C;< oo, (3.34b)
| @l cor-2/p(e) < Cge? P~V for some Cg < co. (3.34¢)

The above constants Cq, C7, Cg depend on Cy, - - - ,Cs and A, but not on small e.
Moreover,
|u| = 1 wuniformlyin w as € — 0. (3.35)

Proof. SetT =TI’y =: 0Q N U. In what follows, C,C’, - - -, denote generic finite positive
constants independent of (possibly small) €, whose values may change in different calcu-
lations.

If we let p = p. =: |u|, then p and ¢ satisfy

div (pZV(p) =0 in U, (3.36a)
1 .
—8p = 5p(1- p*) —p|Vel? in U, (3.36b)
o C
< = .
5| <= on T, (3.36¢)
Jp C
Pl <« = .
3| S = on T, (3.36d)

for (3.36¢) and (3.36d), we use (3.33a).
Step 1. Proof of (3.34a). Choose a cutoff function € C®(IR?%; [0, 1]) such that

. C
(=1 in V=V,=:Bsu(y), (=0 on oU\TI and |V§|§€—S. (3.37)

Multiplying (3.36a) by (%@, we obtain (via (3.33a), (3.33b), (3.36c) and (3.37))
0
/ Go* Vel =/5292¢a£ —2/ {*Ve- Vg < —2/ o’V Vg
u r v u u

. 1
gc’+E/ugzp2|V(p|2+2/up2|VC|2 < C”+§/UCZPZIV§0\2/
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and therefore
[ #Ivel < [ 2Vl <c. (3.39)

Applying (3.33a) once more, we obtain (3.34a).
Step 2. Proof of (3.34b) and (3.34c). Consider some R = R, € (r,3r/4) such that

c
Vol2 < = < = 3.39
-/C(y,R)ﬂQ’ == R ( )

r

the existence of such R follows from (3.38). We consider the conjugate ¢ of ¢, defined in
U, up to a constant, by

Iyt = p?0xp, Oxp = —p?0y9, (3.40)

the existence, for small ¢, of ¢, is a consequence of (3.36a) and of the fact that U is simply
connected. In view of (3.36¢), (3.39) and (3.40), ¢ satisfies

div <ple1/J> =0 in U, (3.41a)
oY C
| S = on T, (3.41b)
»_C
Vv < —. 341
/C(lem\ yi2 <= (3.410)
Set

W =W, =: wr(y) = Br(y) N Q. (3.42)

We consider a bi-Lipschitz homeomorphism ® = &, : W — D such that
c C o ,
§|x —y] < |P(x) —D(y)| < E|x -y, VYx,yeW, with 0<C' <C<oo (343)

Set &(z) =: o ®1(z), Vz € D. Using (3.41a)—(3.43), we find that & satisfies

div(fV¢) =0 in D forsome f = f. such that (3.44a)
C<f<C, (3.44b)
/Jaﬁgc% (3.44c)
s

By (3.44a)—(3.44c) and Lemma 3.4, we find that for some 2 < p < 4 we have
I1VEllroy < C. (3.45)
Set u =: ¢ o ®~'. From (3.45), (3.40) and (3.33a), we find that

IVl o) < C. (3.46)
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By the Morrey embedding, we also have
|1lcor2rp(py < C. (3.47)
Combining (3.46) and (3.47) with (3.43), we obtain
1Vl < Cer7D, (3.482)
[plen-2mqy < CEFPY, (3.48b)

in particular, (3.34b) and (3.34c) hold.

Step 3. Proof of (3.35). Let { be a cutoff function as above. We multiply (3.36b) by ¢2(o — 1)
and find (using (3.38), (3.36d) and (3.37)) that

1
[, @IVpP+ 5 [ Eo+p)(1 -0
= [ Co-p)IVpl—2 [ c0-p)Vp Vi~ [20-p0)E
u u r v
<Cc-2[ {(1-p)Vp-VE
1
<Cy [ Vel 2 [ (1-pp?Ive?
1 Cc’
<C+3 [ EIVoP+ 5 [ (192
<c’+5 [ EvoP, (3.49)

where in the last line we have used (3.33d) and the assumption 0 < s < 1.
Combining this with(3.33a), we find that

1
2 2, 1 201 _ 52 <
[ @Ivelr+5 [ 2a-er<c (3.50)
In particular, with W as in (3.42), we have
1
2, 1 )2 <
[ 1veP+5 [ a-pr<c @51)
If @ is as in (3.43), then (by (3.51)) 7 = 17 =: p o @~ ! satisfies
1
2 )2 !
/D Vil + Sy /D(l n)?*<c, (3.52)
and thus
n—1 in HY(D) as ¢ =0, (3.53a)

/1|1—;7|%0 as € 0. (3.53b)
S
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Using (3.33a), we obtain from (3.53a) that

/11—;7|'1—>0 as e 0, V1<gq< oo (3.54)
D
Going back to p, (3.53b) and (3.54) imply (via (3.43))
1ol = 0, 3.55
Sy LRI =0() as e (3:552)
/ 11— p|7 = o(e*) as e >0, Vl<g<oo. (3.55b)

Let A € C*(R?[0,1]) be a cutoff function such that

A=1 in w, A=0 in U\W and \VMSEES. (3.56)

Let 2 < p < 4 be as in (3.34b) and let g be the conjugate exponent of p/2. We multiply
(3.36b) by A%(p — 1) and obtain (by (3.55a)—(3.56) and (3.34b)):

[ 21968+ 5 [ 22001+ p)(1 - p)
_/AZ 0)|Vol? - 2/ (1—p)Vp-VA— /AZ p)gf/
=/u?»29 1—p)IV(PIZ—2/u (1—-p)Ve-VA+o(1)
<C (/W I —p|‘7)1/q (/W |v¢|r’)2/p —Z/UA(l —0)Vp- VA +0(1)
:0(1)—2/UA(1—p)VP-VA

1

<o(1)+5 [ AVpP+2 [ (1= p)*|VAP
1 c’

<o(L)+5 [ AVpP+ 5 [ (1-p)?

go(1)+;/ A2V as € 0. (3.57)
u
Combining (3.57) with (3.33a), we find that

1

2 / (1-p)> =0 as &0, (3.58)

On the other hand, by (3.33c) we have

E

Vol < (3.59)

We thus obtain (3.35) from (3.58) and (3.59). The proof of Lemma 3.5 is completed. O
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For further use, we note the following interior version of Lemma 3.5.

Lemma 3.6. Lets € (0,1) and A € (0,00). Set r = r, =: Ae® and consider some y = y, € Q)
such that U = U, =: B,(y) C O. Let w = w, =: B,/2(y). Assume that u = u, is a critical
point of Ee, satisfying

0<C <|u/<C<oo in U, (3.60a)

u=|ule’, where ¢ =@, c H' (U)NC(U) satisfies |@p| < C3 < oo, (3.60b)

|Vu| < % for some Cyq < oo, (3.60c)

1

8—2/ (1—|u[*)? < Cs(|Ine| +1) forsome Cs < oo. (3.60d)
u

Then, for sufficiently small €, we have

HV(PHLZ(W) < Cp < o0, (3.61a)
[IVollr(w) < Cpes(2/p—1) forsome 2<p<4 and C;< oo, (3.61b)
|@lcor-2rp() < Cge? P~V for some Cg < co. (3.61¢)

The above constants Cq, C7, Cg depend on Cq, - - - ,Cs and A, but not on small e.
Moreover,
\u| =1  uniformly in w as e — 0. (3.62)

The proof of Lemma 3.6 is similar to the one of Lemma 3.5 and is left to the reader.

3.3 First properties of the limit profiles

The results from the previous section allow us to pass to the limits at the €° scale, either
at the boundary (Lemma 3.7), or inside (2 (Lemma 3.8).

We will perform a blow up analysis of critical points u, of E; satisfying, near a bound-
ary point y¢, uniform bounds on the energy and the modulus. For simplicity of the state-
ments, we assume that

Ye =y €00 as ¢ =0, (3.63a)
the unit tangent vector to 0Q at y is (1,0), (3.63b)
g(y) =1 (3.63¢)

Lemma 3.7. Assume (3.63a)—(3.63c). Consider constants 0 < A = A < oo such that

lim A, =00 and lim A.e® =0. (3.64)
e—0+ e—0+

Letr = v, U= U, ' =T and u = u, be as in Lemma 3.5 (with variable A). Assume that
(3.33a)—(3.33d) hold.
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Set R2 =: {x = (x1,x2) € R?; x; > 0}. Consider also a family of C'-diffeomorphisms
® = d, : U, — R% N By, (0) such that:

P(y.) =0, (3.65a)
P(I) =[—-A A x{0} ~[-A, 4], (3.65b)
D® = :7(1 +o(1)); as e—0.l (3.65¢)
Set _
0(z) = ve(z) = uo®1(z), Vze€RZNB4(0). (3.66)

Then, possibly up to a subsequence, v, converges, locally uniformly on compacts of ]RT+ and weakly
in H'(Y), for each bounded open set Y C ]Ri, tov = e, where P € C“(Ri;IR) solves

Ay =0 in RZ, (3.67a)
31’5 = siny (cos P — cos ) on Rx {0} ~R. (3.67b)

If, in addition, u, is a minimizer of E, in U with respect with its own boundary conditions, i.e.,
Ee(ue) < Ee(w), Yw € HY(Q) suchthat w=u. on Q\U, (3.68)

then 1 is a locally minimizing solution of (3.67a)—(3.67b), i.e.,

[ I9@+20F = V9P + [ [(cos(p+7) — cosa)?

2
T

— (cosp —cosa)?] >0, Vxc C?(E) (3.69)

Proof. We write v, = |vg|e'¥s = n.e'¥:. By (3.35), 7. — 1 uniformly on compacts of R?.
Setb =: 1—2/p, with p as in (3.34b)—(3.34c). By (3.34c) and (3.65c), 9. is bounded in
C%(K), for each compact K C RR?, and thus possibly up to a subsequence we have
e — 1 uniformly on compacts, for some  such that ¢ € C%?(K), VK. Moreover, by
(3.34b), (3.65¢) and the uniform bound of ¢ in Ccob (K), ¢, is bounded in H!(Y), for each
bounded open set Y C R%. Combining this with the uniform convergence of ¥ to  on
compacts, we find that ¢ — ¥ in H(Y). Using, in addition, (3.33a), (3.35) and (3.51), we
deduce that v, — v uniformly on compacts and weakly in H'(Y), VY.

We next determine the equation satisfied by . Let x € C¥(RR%) and set x.(x) =:
X o P¢(x), Vx € U,. Since ¢ = ¢, satisfies (3.36a) and the boundary condition
dp 1

: 1 :
v € <e¢'g>_;“’s“ (g18ing +gocosg) on I, (3.70)

he

IExistence of ® follows from assumption (3.63a), (3.63b) and (3.64).
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we have, for ¢ sufficiently small such that supp x. C By, (0),

2
Vg-vgz—/hg 5 3.71
/ups pe - VX | ex (3.71)

Going back to IR%r and using (3.65¢), (3.35), (3.63a), (3.63¢c) and the convergence of ¥, to ¥
weakly in H!(Y) and uniformly on compacts, we find that

L V- Vx = —/ sinyp(cosp — cosa)y, Vx € C(R2), (3.72)
R% R

i.e., | satisfies (3.67a)—(3.67b).
Finally, assume that u, satisfies (3.68). Then, for small ¢, we have

[, P9+ )P = Vouf)

= [(p£<el(9”*‘+?‘f),g> — Cos oc)z — (pe(e'?e, g) — cos zx)z] > 0. (3.73)
T

Transferring (3.73) to IR%r and arguing as above, we find that (3.69) holds. O

Similarly, we have the following interior blow up analysis result.

Lemma 3.8. Consider some 0 < A = A, < oo such that

lim Ac =00 and lim A’ =0. (3.74)
e—0+ e—0+

Letr = r., U = U; and u = u, be as in Lemma 3.6 (with variable A). Assume that (3.60a)—
(3.60d) hold. Set

v(z) =ve(z) = u <Z _y> = U, (Z ;%) , Vz€R? suchthat |z| < A= A, (3.75)

Then, possibly up to a subsequence, v, converges, locally uniformly on compacts of R? and weakly
in HY(Y), for each bounded open set Y C R?, to a constant ¢ € S'.

Proof. Repeating the proof of Lemma 3.7 (and using Lemma 3.6 instead of Lemma 3.5),
we find that, up to a subsequence, v converges, in Cj,. and Hllo ~toamapw € Hllo . (]RZ; Sl).
Write v, = pce'%. Using (3.61a) and the conformal invariance of the Dirichlet integral, we
find that w is of the form w = ¢'¥, with ¢y € H!(IR?). On the other hand, (3.36a) implies,
after rescaling, applying (3.62), and passing to the weak limits, that i is harmonic. Now
a harmonic function ¥ in R? with finite Dirichlet integral is constant. Thus w is constant,
whence the conclusion. ]
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3.4 Boundary limit profiles

In the proofs of Theorems 1.2 and 1.3, we will be in position to apply Lemma 3.7, having
at our disposal more information than the assumptions of Lemma 3.7. Under these better
assumptions, it is possible to identify all the solutions of (3.67a), (3.67b), (3.69) which can
arise as limits of v,’s.

Lemma 3.9. We use the same notation as in Lemma 3.7. Assume (3.33a)—(3.33d) and (3.63a)—
(3.64). Assume, in addition, that

the constant Cs in (3.33b) satisfies C3 < 71; (3.76a)
U = Uy is a minimizer of E¢ in . (3.76b)
Let p € C* (ﬂ;lR) be such that, possibly up to a subsequence, we have ve — ¥ locally
uniformly on compacts of R3 and weakly in H'(Y), for each bounded open set Y C R%. Then:
1. Either ¢ = a.
2. Oryp = —a.

3. Or y is (up to an isometry of R?.) the unique (up to an isometry of R2 ) locally minimizing
solution of

Ap =0 in R2, (3.77a)
?;f = siny (cos P — cosu) on Rx {0} ~R, (3.77b)
xl_1>ri100 (x) = *a. (3.77¢)

Proof. Step 1. Identification of constant profiles. Assume that i is constant. Since we have
lp| < 7t (by (3.76a)), we find, via (3.67b), that either = «, = —a, or P = 0. It remains
to rule out the possibility that ¢y = 0. This is achieved by arguing by contradiction. If
we write (as in the proof of Lemma 3.7) u, = p.e'? and v, = 1e€'%e, then (possibly up to
a subsequence) ¢ — 0 uniformly on compacts of R. Set I'; . =: 02 N By (ye), for every
constant ¢ > 0. Going back to ¢, and using (3.65a)—(3.65c), we have ¢, — 0 uniformly on
I'y,, for every £. Combining this with the fact that p, — 1 uniformly on I'y, (by (3.35)),
we find that

2

W(ue, g) = (1 —cosa)” uniformlyon TI,, as &— 0. (3.78)

Fix now some 0 < a < 1 — cosa and consider corresponding bad discs B/ as in Section 2.2,
satisfying (2.3), of radii < ke® and such that the mutual distance of two distinct boundary
bad discs is > ¢°. Note that

W (ue(x),8(x)) < a*> < (1—cosa)?, Ve, Vx € 0Q\ | JB. (3.79)
j
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For fixed ¢ > 2k and small ¢, I'y . is not contained in the union of the boundary bad discs,
and thus, by (3.79), (3.78) cannot hold. This proves that any constant profile is either «,
or —a.

Step 2. Asymptotic behavior of non constant profiles. Let i be a non constant limiting
map. Then ¢ is locally minimizing (Lemma 3.7) and, by assumption, non constant, so
that

either g;p(xl,xz) >0, VY(x1,x)€ lRiZ+ or g;cp(xl,xz) <0, VY(x1,x) € 1R72+; (3.80)
1 1
see Cabré & Sola-Morales [6, Theorem 1.5].
Combining (3.80) with the bound |¢| < C3 < 71, we find that

there exists Y10 =: llgE\ P(x1,0) € (=, 1), and Y- # Yoo- (3.81)
X1 oo

Possibly by considering —1 instead of ¢, we may assume that
Y=o < Yooy (3.82)
and then, in order to conclude, it suffices to prove that
Yoo = —a and Yoo = Q. (3.83)

Indeed, granted (3.83), ¥ is a locally minimizing solution of (3.77a)—(3.77b) satisfying
(3.77¢c), and thus ¢ is unique up to a translation in x; [6, Theorem 1.2, Theorem 1.5]. Since
we also allow replacing 1 by —1 (exploiting the reflection symmetry in x1, [6, Theorem
1.2]), we find that ¢ is unique up to an isometry of IR?..

In turn, (3.83) is proved as follows. Using || < 7, (3.67a)-(3.67b) and standard
elliptic estimates, we find that

is bounded in C*?(K) for every 0 < B < 1 and compact K C RZ. (3.84)
¥ y p +

Set now L

l[)h(xl,xZ) = l[J(Xl + h, XQ), V(Xl,.XQ) € ]R%_, Vh € R.
Clearly, each ¢, is a locally minimizing solution of (3.67a)—(3.67b). By (3.84) and (3.81),
there exist sequences h;r — 0o, h].* — —oo and locally minimizing solutions ¢+ of
(3.67a)—(3.67b), satistying

P+ — P+o locally uniformly on compacts of R2, (3.85a)
]
Pioo(x1,0) = Vi, VX1 €R. (3.85b)

By (3.85b) and [6, Theorem 1.5], we have §+oo = Y+c. As in Step 1, we have Y+ €
{—a,0,a}. In order to conclude, it suffices to rule out the possibility 1. = 0. Argue
by contradiction and assume e.g., that o = 0. Fix some small number § and some
large number ¢. Then there exists some j such that |4’h].+(x110)| < ¢ for |x1] < L. Asin

Step 1, by going back to ¢, and 1, we obtain a contradiction. The proof of Lemma 3.9 is
completed. O
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4 Proofs of Theorems 1.2 and 1.3

We consider a sequence ¢ = ¢, — 0 such that Theorem 1.1 applies and we let { € 92 be
a light boojum. With no loss of generality, we assume that { = 0, g({) = 1 (and thus, in
Lemma 2.2 item 2, we may take 6y = 0) and the tangent at { is T = (1,0).

Our proof relies on Lemma 2.2 used in conjunction with the blowup analysis in Sec-
tion 3. Here we make the following observation concerning the subsequence ¢ = ¢, — 0.
In Theorem 1.1, it is necessary to extract a subseqence of ¢, — 0 for which each of the bad
disks converge to a particular choice of limiting defect sites {;}. In order to obtain the
conclusion of Lemma 2.2, it may be necessary to extract a further subsequence ¢, — 0.
However, as the conclusions of Theorem 1.2 and Lemma 2.2 do not depend on the par-
ticular subsequence, by a standard argument the conclusion of Theorem 1.2 holds for the
original sequence ¢, — 0. This being noted, we work from now on with ¢ = ¢, satisfying
the conclusions of Lemma 2.2.

Step 1. Preliminary analysis of #, near {. Consider some 6 > 0 such that
B=ta+6<m/2 (4.1)

Let 0, 7y satisfy (3.2a) and (3.2b).
By taking o > 0 sufficiently small, we may assume that (2.11) holds, and also that

g(d0 N B,(0)) C Sk (4.2)

Using (2.11), (4.1), Lemma 2.2 item 1, the minimality of u and the smallness of o, we find
that the assumptions of Lemma 3.3 are satisfied in D =: Bg, (0) N, and thus, for small
¢, we have (3.18a) and (3.18b).

Step 2. Proof of Theorem 1.3 item 2. By(3.18a), (3.18b), (2.2b) and (1.5), the assumptions
(3.60a)—(3.60d) of Lemma 3.6 are satisfied. We obtain Theorem 1.3 item 2 by invoking
Lemma 3.8.

Step 3. Proof of Theorem 1.2. Write, in a small fixed neighborhood of , u = pe'?, with
¢ € Cland |¢| < 2a (see Step 1 and (3.18b)). Consider the essential bad disc By (w,)
(with w, € 0Q)) converging to {; see Lemma 2.1. By (2.4) and Lemma 2.1 item 3, for
sufficiently small 2 > 0 and small ¢ we have, with r =: ke®, R =: 2ke®,

lp —tTa —2mm™| <a  on T,
lp—t"a—2mm*| <a on T,

tf e {-1,1}, t"—t"=-2, m"ecZ

Since, for smalle, |¢| < 2a and |¢| < v < 71/2 (see Step 1), this leaves only the possibility
t+t = F1, mt = 0. It follows that

¢ <0 onT,,, respectively ¢ >0 on T} (4.3)
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We now let y = y, € 002 N Byes (we) be such that

¢(y) = 0. (4.4)

Using (4.3) and (4.4) in conjunction with Lemma 3.9 and (3.80), we find that (1.10)—(1.12)
hold.

Step 4. Proof of Theorem 1.3 item 2. Let p, ¢, y. and w, be as in the previous step.
Consider any z = z, € dQ) such that zz — { and |ze — y¢| > €. We know that, up
to a subsequence, (i) — e'¥ for some ¢ as in Lemma 3.9. Argue by contradiction,
assuming that ¢ is nonconstant. By Lemma 3.9, there exists some xy € R such that
$(x0,0) = 0, and thus (going back from  to u, and using the local uniform convergence)
there exists some z = z; € dQ) such that |z; — z;| < Ce® and u,(z;) — 1. With no loss of
generality, we may assume that z; = z,, and then (0,0) = 0.

We have W (u,(z), g(z¢)) — (1 — cosa)? and thus (provided we choose a sufficiently
small a) there exists some boundary bad disc containing z.. With no loss of generality, we
may assume that the disc is centered at z,. Since |z, — w,| > ¢€°, for small ¢ this bad disc
is not essential (see Lemma 2.1), and in particular, with r =: ke®, R =: 2ke*, we have

lp —tTa —2mm™*| <a on Ty,

o —t"
tte{-1,1}, m"eZ.

a—2mmt| <a on I g,

Since |¢| < v < /2, we find that m* = 0, and either t© = 1, and then ¢ > 0 on
[ R UL, g, ortt = —1,and then ¢ < 0on T, UT, . This implies that either ¢(x;,0) > 0
when k < |x1] < 2k, or p(x1,0) < 0 when k < |x;| < 2k. However, this contradicts (3.80)
and the fact that ¢»(0,0) = 0. The proofs of Theorems 1.2 and 1.3 are completed. O
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