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Abstract. In this paper we prove the local well-posedness of strong solutions to the
compressible nematic liquid crystals flow with vacuum in a bounded domain Q C R3.
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1 Introduction

In this paper we consider the following simplified version of the Ericksen-Leslie system
modeling the flow of compressible nematic liquid crystals (see [2,3]):

dip +div (pu) =0, (1.1a)
dt(pu) +div (pu @ u) + Vp(p) — uAu — (A + u)Vdivu = —Vd - Ad, (1.1b)
0id +u-Vd—Ad =d|Vd)* in Qx (0,T), (1.1c)

with boundary and initial conditions:

u=0, gi =0 on 0Q) x (0,T), (1.2a)
(0,u,d)(+,0) = (po, o, do) (*) in QcR? (1.2b)

where p > 0is the density of the fluid, u € R3 represents velocity field of the fluid, d € §?
represents the macroscopic average of the nematic liquid crystals orientation field. The
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parameters y and A are shear viscosity and the bulk viscosity coefficients of the fluid,
respectively, satisfying the physical conditions:

u>0, 3A+2u>0.

We assume that the pressure p satisfies the y-law, i.e., p =: ap” with constants 2 > 0 and
¢ > 1. The domain Q) C RR? is a bounded domain with smooth boundary 0Q), and n is
the unit outward normal vector to ().

Below let us review some results to the system (1.1a)-(1.1c) briefly. Ding et al. [2]
first introduced the system (1.1a)-(1.1c) and studied the low Mach number limit of it,
see [9-11] on the recent progress on this topic. Huang, Wang, and Wen [3] (see also [1,5])
showed the local well-posedness of strong solutions with vacuum under the following
compatibility condition:

—ulAug — (A + p)Vdivug + V(apd) + Vdo - Ady = /pog (1.3)

for some ¢ € L?(Q)). Jiang, Jiang, and Wang [4] (see also [6]) proved the global existence
of weak solutions in R?. Lin, Lai and Wang [7] established the existence of global weak
solutions with finite energy and density satisfying the renormalized continuity equation,
provided the initial orientation director field lies in the hemisphere 52 .

The purpose of this paper is to establish the local well-posedness of strong solutions
of the compressible nematic liquid crystal model (1.1a)-(1.1c) without the compatibility
condition (1.3).

We will prove

Theorem 1.1. Let 0 < pg € WY1, (3 < q < 6), up € H}, dy € H? with |do| = 1. Then the
problem (1.1a)-(1.2b) has a unique local strong solution (p, u,d) satisfying

p € C([0,T]; L) N L*(0, T, W), 9o € L*(0,T; L?),
pu € C([0,T};L?), u € L*(0,T; H}) N L*(0, T; H?), /pou € L?(0, T;L?), 1)
Vitu € L®(0, T; H?) N L2(0, T; W21), Vit € L2(0,T; HY), '

d e L*®(0,T; H*) N L?(0, T; H%), 9;d € L?>(0, T; H'), Vo € L*(0,T; HY),
forsome 0 < T < oo.

We will prove Theorem 1.1 in the following way: For § > 0, we choose 0 < § < p§ €
H? and uj € H} N H? satisfying

0 00 in WY and ud —uy in HY as 6 — 0. (1.5)
Po —7 P 0 0

Then it is easy to verify that the problem (1.1a)-(1.2b) has a unique local strong solution
(0%, u®,d%) in [0, Ty).
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We further define
M(t) =1+ Sup { (- 8)llwra + 1, 8) [ + Vsl V/oue ()2
+11d( )|z + \/§||dt('/S)HH1} + [Jull2(0,12)
+Ivoul 200612) + 1V Vel 120 12)
+ 20,603 + dell 20,601 (1.6)
and prove

Theorem 1.2. Forany t € [0, Ts), we have that
6=
M(t) < Co(Mo) exp {7 C(M) } (17)
for some nondecreasing continuous functions Co(-) and C(+).
It follows from (1.7) that (see [8]):
M(t) <C (1.8)

and thus the proof of existence part of Theorem 1.1 is complete by taking § — 0 and the
standard compactness principle. We present the proof of Theorem 1.2 in Section 2 and
the uniqueness part of Theorem 1.1 in Section 3.

2 Proof of Theorem 1.2

Below, for the sake of notational simplicity, we shall drop the superscript “5” of p°, u’ and
d°. We also ignore to write down the domain Q in the subsequent integrals.
Testing (1.1b) by u and using (1.1a), we see that

;i/p|u|zdx+y/]Vu|2dx+()»+y) /(divu)zdx
= ivudx — [ (u-V)d-Addx. 2.1
pdiv ud d-Add (

Testing (1.1c) by —Ad — d|Vd|? and using d - d; = 0 and d - Vd = 0, we find that

1d

55/!Vd|2dx+/|Ad+d|Vd,2’2dx: /(M-V)d-Addx, 2.2)

Summing (2.1) and (2.2) up, and rewriting the continuity equation (1.1a) as

pt+u-Vp+ypdivu =0, (2.3)
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we infer that

1d
S [ (Il + VAP dx + [ (TP + (O + p) (div o) + | ad + d|VdP)dx

:/pdivudx = —H/ptdx,

which gives
2 2 2a T 2 22
/ plul”+|Vd| +ﬁp7 dx+2/0 /(|Vu| + |Ad + d|Vd|*|7)dxdt

2a
S/ <p0|1/10‘2 + |Vd0‘2 + ’)’—1pg> dx. (24)

Testing (1.1c) by d; and using d - d; = 0, we find that

2dt/]Vd|2dx+ /|dt 2dx = —/u-Vd-dtdx
<[lullps [Vellpalldell 2 < C(M) ]2
<l +cm),
which gives
/Ot ld:[|22ds < Co(Mp) + C(M)t. (2.5)
Applying V to (1.1c), we see that
Vd; —VAd+V(u-Vd) = V(d|Vd|]?). (2.6)
Testing (2.6) by Vd;, we deduce that

1d
zdt/\Ad\zdx+/\th]2dx

—/ (d|Vd) — V(u- Vd))Vddx

<C(IVdll3s + [Vl V?dl1F. + [ Vull 2l VAl s + ull o | V2] 15) [V [ 2
<C(M)(L+ (| Vd]|rs + [[V2d] 15) [ Va2

1
SC(M) (1 +[|dl[F) [ Vee| 2
1
<SIVai[f2 + C(M) + C(M)||d]l s,

which leads to

Nl—

t
/ Ad2dx + /O |V di||22ds < Co(Mo) + C(M)E. @.7)
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Here we have used the Gagliardo-Nirenberg inequalities

IVd||Ee < CIV2d| 2]ld] s, (2.8a)
IV2d[[7s < CIV2d]l 2]|d]] - (2.8b)

Eq. (1.1b) can be written as
—puAu — (A+p)Vdivu = f =: —posu — pu - Vu — Vp(p) — Vd - Ad. (2.9)
Then we have

[l was SCHme < CHPatuHm + Cllou - Vul[ua + Cl[Vplls + C|[ V||~ [|Ad]| s

59-6 6—q 31-6 3
<Cllpll.~ II\futlqu el 6" + CM)[ull | Vs + C(M)||d]| 25
326 1 3 3
<C(M )HfutHL” IVuell 2"+ CM)(IVullllull7p + C(M) |1d]| 7
3q—6

3 3
<C(M )HfutHLq HVutHLiq +C(M)[[ullf + C(M) ] £,
which gives
317—

[ lulhacts <) [ 2 1900, 5 ds + covm) / s+ COM) [l s

<cu) ['s 5 (VEITmle) 5 ol F s

ceon (o)’ (/ Jul’ 2d5>4+C(M ([)' ([ 1)’
/od) ([ st zds) ( AN zds)q+c<M>ti

6—

<C(M)E T +C(M)tt < (M)t ™ (2.10)

forall0 <t <1.
Using the Gagliardo-Nirenberg inequality

246 37
V= < CIIWII5” {1l s (2.11)

we observe that

t
| I1vulmds < c(m /||u||3322ds
2q6

<c(fa)"" ([ ||u|rwzqu)6

29—6 6—q 3 6—¢q

<C(M)t5is -t 7 55 = C(M)t 7 . (2.12)
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Testing (1.1a) by p" 1, we see that

mdt /pmdx = /le pu)p™ tdx = /pqum 'dx = —7/pmd1vudx

which leads to d
—_— m < i 0 m
dthHL = HleL‘HL HPHL ’

and thus

t
lell <leollexp ( [ v )
64
<[lpollen exp {7 C(M)}, 2<m < co. 213)

For m = oo, (2.13) still holds.
Taking V to (1.1a), testing the result by |Vp|172Vp, we find that

d .
L 19plus < ClIVull= [ Vplus + Cllple | Veliv s,
which implies
Vol <C <||VP0||M + [l Vi ulds ) exp ([ 19l )
( t4ﬂ>exp{tVC(M)}
<Co(Mp) exp {t o C(M)}. (2.14)

Testing (1.1b) by u;, we deduce that

1d
Zdt/(mwﬁ (A + 1) (divu)? dx+/p\uf|2dx

— /pu Vi utdx+/pdivutdx+/ (Vd@ Vd - ;|de2113> : Vitydx
=:h+ L+ (2.15)
We bound I3, I; and I3 as follows.
|| < (lvpuell 2Vl llullel[ Vil s
< CM) || /o] 2|Vl s
M) |/l izl
< 2ol + () ull e,
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I = % /pdiv udx — / prdiv udx
= ;t/pdivudx-i— /(u -Vp + ypdiv u)div udx
d . . .
< E/Pdlvudwr (lullsIVplle + vl Pl | div ul]2) [ div a2
< ;t/pdivudHC(M).
Here we have used the equality (2.3). And for the term I3, it holds
I :i/ (vm vd - ;|Vd|21[3> : Vudx — /at <Vd® vd - §|de2]13> : Vudx
1
gjt/ <w@ Vd - 2|de2113> : Vudx + C||Vd ||~ | Vde | 2| V]| 2
§§t/ <Vd® vd— ;|Vd|21[3> : Vudx + C(M)||Vd|| 1= || V¢ || 12
Inserting the above estimates into (2.15), integrating over (0, f),and using (2.7), we have
t
[Vulf+ [l vpulifds
<Co(Mo) + C(M)t2 + C(M)t + C||Vd|2
<Co(Mo) + C(M)t: + C||V2d| 2
6—
<Co(My) + C(M)#H < Co(My) exp {5 C(M)}. (2.16)

Applying 9; to (1.1b) and using (1.1a), we infer that

0071 + pu - Vuy — pAuy — (A + p) Vdiv u;
=—Vps+div (ou)(us +u-Vu) — pu; - Vu

— 9ydiv <Vd ®Vd - ;yw\zng> : (2.17)

Testing (2.23) by u; and using (1.1a), we have

1d v ‘
Ea/mut\zdx—k/(ywutf—k(A+y)(d1vut)2)dx

:/ptdivutdx—/puV\utlzdx—/pu-V(u-Vu-ut)dx

— /put -Vu- utdx~|—/8t (Vd@Vd— ;]Vd|2113) : Vudx

8
=:) I (2.18)
i=4
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Webound [; (i =4,---,8) as follows.

|I| = ‘/(u - Vp + ypdiv u)div u;dx

< (lullesIVplls + vlIplelldivel ) [|div |

< C(M)|| Ve iz < SVl + (M),

< Iyl vl <
1 1 1 3
COM) PPl o [Tl < CCM) o5V

< 16uwtn 2+ C(M) Pl

| < llolle=llull s IV ull g lluellis + ol lluliFoll V2l 2 ol o

|5 M)|v/ouel| s [ Ve[ 12

+lloll el sVl sl Vel 12

< CM)(IVullZs + llull ) Ve ] 12
< CM)([[Vullallwell 2 + [lell ) |V asel 2

< CM)[[uf| el Ve[ 12 < 16\|Vut|\ 2+ C(M) |||,

1 3
|1I7] < HWHLzH\fMtHz < HWHLZH\f“tIIizHfutHié
C(M) /B | Vs, < 16HVHtII 2+ C(M)|| o[22,

|Is| < CHvufHL2||VdHL°°HthHLZ < | VuillLz + ClIVAllZ Ve 12

EHVWH%Z+C(M)Hd”H3Hth”L2
Inserting the above estimates into (2.18) gives
Zdt/p]ut|2dx+ 16;1/|Vut|2dx
<C(M) + C(M)|l/put |2 + C(M) [lullz + C(

Multiplying the above inequality by f, we obtain

11

Zdt ( /pu >+16yt/|Vut|2dx

f/p|ut]2dx+C(M)t—l—C M)t
C(M)||d]|y - Ve 7,

which implies that
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M)l|d] | Ve 17

[ el + c(Mytljul

t 6—q
t/p|ut|2dx+/0 s||Vue||72ds < Co(Mp) exp {t % C(M)}

(2.19)

(2.20)

(2.21)
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It follows from (2.9) that

[l <Cllflle2 < Cllous +pu - Vu+Vp +Vd- Ad| 2

<Cllvpllc=llveulz + Clloll= [l s [ Vel 5
+ClIVpliz + ClIVd| = Ad][ 2

<Cllvplle=llvputll2 + C(M) V|| s + C(M) + C(M) | Ve[ =
1 1
<Cllvpll=llvputllz + CM) [|Vul[, - [[ullf + C(M) + C(M)[|Vd]| 1,
which yields
[ull 2 < C(M) + Cll/plle= [l v/outll 2 + C(M) || V|| =,

whence -
lull 2 0,62) < Co(Mo) exp {tTf:C(M) } (2.22)
Taking 0; to (1.1c), testing the result by d;, and using d - d; = 0, we observe that

;i/\dt 2dx+/]th 2dx

—/ut-Vd-dtdx—/u-Vdf-dtdx+/|df|2|Vd|2dx

<Nl sVl el 2 + Neell o[V el 2 llde | s + 1V 1Fs [l el o lde 12
<ClIVd|[ s | Vur || r2llde ]| 2 + CM) [ Ve | 2| de | 5 + CM) |l de| s [l e ] 2

1
<SIVAlE + ClIVAl [ V|2 [1del 2 + C(M) [1de] 2,

which gives
s [1dPax+ 2 [ VaPax < IVl Val ldil + COD]di]
Multiplying the above inequality by ¢, using (2.21), (2.5), and (2.7), we obtain

t 6—
t/]dt|2dx+/ S[| Vet 22dis < Co(Mo) exp {1 C(M) }. 2.23)
0
Taking o; to (1.1c), testing the result by —Ad;, and using (2.5) and (2.7), we have
12 2
2C1t/|wt dx+/|Adt dx

:/ ut-Vd+u-th)Adtdx—/(dt|Vd|2+dat\Vd|2)Adtdx

<(uellpsIVlls + llull s [ Veell2) | Ade]| 2
+ (ldell s [V AlFs + [Vl sl Vel 1) | Ade 12

1
<5 1Adi| 1> + ClIVAlL [Viurl|T + CM) ([ Ve[ + [1de]I2)-
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Multiplying the above inequality by ¢, using (2.21), (2.5), (2.7), and (2.23), we have
6—q
t/ [VdiPdx < Co(Mo) exp {# C(M) }. (2.24)

It follows from (1.1c) and (2.7) that

[dll s <Clld||gn + VA2
<Clld||g + [|V(d; +u-Vd —d|Vd?)| 2
<C+C|[Vdill 12 + Cllullys]| V2l 1 + Cl[ V]l 2| V|| o
+ C[|Vd|[}s + C||Vd| 1~ [ V?d| 2
1
<C+C|IVdi|[r2 + C(M)[|d] ;s + C(M),
which implies
[d]|gs < C+C(M) + C||Vdy]| 12,

whence

NI=
NI=

4l 20,409 <Ct+C(M)t+C(M)t2 < C(M)t

<Co(Mo) exp {t%‘ic(M)}. (2.25)

Combining (2.16) and (2.21)-(2.25), we conclude that (1.7) holds true. This completes the
proof of Theorem 1.2. O

3 Proof of Theorem 1.1

This section is devoted to the proof of Theorem 1.1. Since the existence part has been
given, we only need to show the uniqueness part. Let (p;, u;, d;), (i = 1,2) be the two
strong solutions satisfying (1.4) with the same initial data.

We denote

(0,u,d) =: (o1 — p2,u1 — U, d1 — da).
Then it is easy to verify that

01p +uz - Vo + pdivuy + prdivu +u - Vo =0, (3.1)
010t + p1uy - Vi — pAu — (A + u)Vdivu
= —puu- Viz — p(dguz + 1z - Viz) = V(p(p1) = p(p2))

— div (wl O Vdy —Vd, ® Vdy — %|le|2113 + ;|Vd2]2]l3> , (3.2)

0d +u1Vd +u-Vdy — Ad = d1|Vdy > — da| Vdy|*. (3.3)
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Testing (3.1) by p and using (1.4), we have

2dt /Pde ——/ uaVp + pdiv iz + p1div i +u - Vpr)pdx

= _ / <2p2div uy + prdivup + ”VP19> dx

<C|IVuzz=llpllz2 + Clirlle= IV ull 2lloll 2 + Clluell s [V orll s o]l 2
<ClIVuzllz=llolif2 + ClIVul 2lloll 2,

which gives
d
gillPllez = ClIVuz|=llollz + CVull 2. (3.4)

By the Gronwall inequality, we get

t
lolliz <€ [ Vullszds (35)

Testing (3.2) by u, using (1.1a), (1.4), and (3.5), we find that

1d t
- </p1|u]2dx+/0 /(y!Vu|2+(A+y)(divu)2)dxds>
1
o [ IVuP 4 (A o) (ivie?)dx
SCHVMZHLw/Pﬂulzdx+CHatqumHuHmHPHLg + Cllua| s [| V| s [|ul| o[ o] 2
+ Cllp(e1) — ple2)l[2 IVl 2 + C(| Vi [ + [ V2| 1=) | VA 2] V][ 12

<C|[Vuy||r= /Pllu!2dx + Cl[Vuzt |2l V[ 2lol 12 + Cllua || e[ Ve 2] 2
+ Cllpll2lVulla + CUIVd |1 + [ Vda [ 1=) [ Va][ 12| Ve 2

<C|[Vurli [ orfufds+ C(I T+l + 1) [Vl [ 9] 2
+ C(| Vet |1 + (Ve 1) [ V12| Vel
< L Iuls + Ol ol + COITals + Il 1) |rw||des)2
+ C(| Ve + [ Veal[3) | V4l
<L Ul + CI Vil [ prluPdx -+ Clt Vs + [l +1) [ 1]
+ C(IVd [E + [ Vda|[2) [Vl L. (3.6)
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Testing (3.3) by d and using (1.4), we have

;i/|d|2dx+/|Vd|2dx
<|lurllps I Vllr2lldll s + Nl sl Vel alldll 2 + ]3| Ve [|7
+ C([[Vd1 |l + V2|l =) | V|| 12]|d]] 2
<C||Vd| 2lld|l s + Clld[17. + Cl|Vdu[Fld]1 7>

+ C([IVdr[|1= + [ Va2 || =) [ V[ 2] d]| 2 + %Ilvu\liz- (3.7)

Testing (3.3) by —Ad and using (1.4), we have

E&/'V‘” dx+/|Ad| dx
<l |l sl Vel s l|Adl| 2 + Nlull 6 [ Ve || s | A 2
+ Clld|| s | Ad]| 12|V |76 + C([Vdi || L= + | Vdal|1=) [ Ve 2| Ad | 12

<Cipl[Vuls + 1| Ad|R; +CII VAl + Clldl,
+ C(IVdi|[ie + [ Va2|{=) [ Vd| 7. (38)
Doing (3.6) x8C1+(3.7)4(3.8) and using the Gronwall inequality, we arrive at
p=0, u=0 and d=0. (3.9)

This completes the proof of Theorem 1.1. O
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