
Commun. Math. Anal. Appl.
doi: 10.4208/cmaa.2024-0019

Vol. 3, No. 3, pp. 450-482
August 2024

L2 Stability and Weak-BV Uniqueness for

Nonisentropic Euler Equations

Geng Chen1,* and Alexis F. Vasseur2

1 Department of Mathematics, University of Kansas, Lawrence,
KS, 66049, USA.
2 Department of Mathematics, University of Texas at Austin, Austin,
TX 78712, USA.

Received 21 May 2024; Accepted 5 July 2024

Dedicated to Professor Gui-Qiang Chen on the occasion of his 60th
birthday

Abstract. We prove the L2 stability for weak solutions of non-isentropic Euler
equations in one space dimension whose initial data are perturbed from a small
BV data under the L2 distance. Using this result, we can show the uniqueness
of small BV solutions among a large family of weak solutions.

AMS subject classifications: 35L65, 76N15, 35L45, 35B35
Key words: Compressible Euler system, uniqueness, stability, relative entropy, conserva-
tion law.

1 Introduction

The 1-d compressible Euler equations, widely used for compressible inviscid flow
such as gas dynamics, can be written in the Eulerian coordinates, as

ρt+(ρw)x′ =0,

(ρw)t+(ρw2+p)x′ =0,
(

1

2
ρw2+ρE

)

t

+(ρw3+v p)x′ =0,

(1.1)
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where three equations represent conservation of mass, momentum and energy,
respectively. When we use a Lagrangian frame, co-moving with the fluid, given
by x=

∫

ρdx′, the equations become

τt−wx=0,

wt+px =0,
(

1

2
w2+E

)

t

+(w p)x =0,

(1.2)

whose solution is equivalent to (1.1) [36]. Here, (t,x)∈R
+×R are time and space,

τ=1/ρ is the specific volume, p is pressure, w is fluid velocity, and E is the specific
internal energy. For convenience, let us use the Lagrangian coordinates.

The system is closed by specifying a constitutive law. For convenience, we
consider a polytropic ideal γ-law gas, with equation of state

E= cvθ=
pτ

γ−1
, pτ= R̄θ, (1.3)

so that
p=Ke

S
cv τ−γ. (1.4)

Here S is the entropy, θ is the temperature, R̄,K,cv are positive constants, and
γ>1 is the adiabatic gas constant. These state variables satisfy the Gibbs relation

θdS=dE+pdτ. (1.5)

The Lagrangian sound speed is given by

c=
√

−pτ =
√

Kγτ− γ+1
2 e

S
2cv . (1.6)

Euler equations (1.2) can be written in the form of hyperbolic conservation
laws

ut+
(

f (u)
)

x
=0, t>0, x∈R (1.7)

with

(u1,u2,u3)=

(

τ,w,
1

2
w2+E

)

, (1.8)

and by (1.3),

( f1, f2, f3)=

(

−u2,
(γ−1)

(

u3−u2
2/2
)

u1
,
(γ−1)u2

(

u3−u2
2/2
)

u1

)

. (1.9)

Our result also holds for system (1.1) in the Eulerian coordinates.


