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Abstract: In this paper, we investigate the eigenvalue problem of forward-backward
doubly stochastic differential equations with boundary value conditions. We show
that this problem can be represented as an eigenvalue problem of a bounded continu-
ous compact operator. Hence using the famous Hilbert-Schmidt spectrum theory, we
can characterize the eigenvalues exactly.
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1 Introduction

Stochastic Hamiltonian systems were introduced in the theory of stochastic optimal con-
trol as a necessary condition of an optimal control, known as the stochastic version of the
maximum principle of Pontryagin’s type (see [1]-[6]). In fact, those stochastic Hamiltonian
systems with boundary conditions are forward-backward stochastic differential equations
(FBSDE for short). These have been extensively investigated by Antonellil”, Ma et al.l®,
Hu and Peng!®!, Peng and Wul'!, Yong['!l. Recently, combining the FBSDE and the back-
ward doubly stochastic differential equations introduced by Pardoux and Peng'?, Peng and
Shil'3] have investigated a type of time-symmetric FBSDE. They showed the uniqueness and
existence of solutions for these equations under certain monotonicity conditions.

In this paper, we study a special type of time-symmetric FBSDE, namely doubly stochas-
tic Hamiltonian systems (DSHS for short). We discuss the eigenvalue problem of this type
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of stochastic Hamiltonian system in a standard functional analysis way.

The rest of this paper is organized as follows. The next section begins with a general
formulation of time-symmetric FBSDE, then a special case, DSHS with boundary conditions.
In Section 3, we give the proof of the main results.

2 Preliminaries

Let (2, F, P) be a probability space and T > 0 be fixed throughout this paper. Let {W}; :
0<t<T}and {B;:0<t<T} be two mutually independent standard Brownian motions
which are R?-valued processes defined on (£2,F, P). Without loss of generality, we assume
that d = 1. Let A/ denote the class of P-null sets of F. For each t € [0,T], we define

ftéftw\/ffT,
where
F=NVo{W,—Wy:0<r <t}
Flr=NVo{B.— B :t<r<T}

Note that the collection {F; : ¢t € [0,T]} is neither increasing nor decreasing. Thus it
does not constitute a filtration.

Let M?2(0,T;R") denote the set of all classes (dt x dP is equal a.e.) Fi-measurable
stochastic processes {¢; : t € [0, T]} which satisfy

T
E/ ¢ 2dt < +oo.
0
For a given ¢y, 1 € M?(0,T; R™), one can define the forward Ito integration / s dWy
0

T
and the backward It6 integration / 1sdBs. They are both in M?(0,T; R™).

Let H(y,Y,2,7Z) : R" x R™ x R" x R" — R and ®(y) : R* — R be C* functions. Find
a triple
(y,Y,2,2) € M*(0,T; R")

such that a boundary problem for a doubly stochastic Hamiltonian system satisfies the

following form
dys = Hy (t,y:, Yy, 2, Ze)dt + Hz (L, ye, Yy, 26, Zi)dAWy — 2d By,

y(0) = yo, @)
—dY; = Hy(t,ys, Yy, 2, Zg)dt + H (t,ys, Yy, 2, Z¢)dBy — ZpdWy, .
YT = gpy(yT)a

where Hy, Hy, H,, Hyz are gradients of the function H with respect to y, Y, z, Z respectively.
This is a sort of time-symmetric FBSDE introduced by Peng and Shil'3]. Let
£=(y,Y.22)",
At,€) = (—Hy, Hy,—H., Hz) " (t,€).

We assume the following:



