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Abstract: A subgroup H of a group G is said to have the sub-cover-avoidance
property in G if there is a chief series 1 = Gg < G; < --- < G, = G, such
that G;—1(H N G;) < <G for every ¢ = 1,2,--- 1. In this paper, we give some
characteristic conditions for a group to be solvable under the assumptions that some
subgroups of a group satisfy the sub-cover-avoidance property.
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1 Introduction

All groups considered in this paper are finite. We use conventional notions and notations,
as in [1]. G always denotes a finite group, 7(G) denotes the set of all primes dividing the
order of G, and G, is a Sylow p-subgroup of G for some p € 7(G).

The cover-avoiding property of a subgroup was first studied by Gaschiitz in [2] to study
the solvable groups, later by Gillam[® and Tomkinson¥. In 1993, Ezquerrol® gave some
characterizations for a group G to be p-supersolvable and supersolvable under the assumption
that all maximal subgroups of some Sylow subgroups of G have the cover-avoiding property
in G. Recently, Guo and Shum!® pushed further this approach and obtained some chara-
terizations for a solvable group and a p-solvable group based on the assumption that some

[7 introduced

of its subgroups have the cover-avoiding property. More recently, Fan et al.
the semi cover-avoiding property, which is the generalization not only of the cover-avoiding

property but also of c-normality (see [8]).

*Received date: Aug. 11, 2008.
Foundation item: The NSF (10871210) of China and the NSF (06023728) of Guangdong Province.



NO. 5 LI'Y. M. et al. SUB-COVER-AVOIDANCE PROPERTIES 419

If M and N are normal subgroups of a group G with N < M, then the quotient group
M/N is called a normal factor of G.

Definition 1.1  Let G be a group, L/K a normal factor of G and H a subgroup of G.
We say that

i) H covers L/K if L < HK;

il) H avoids L/K if LN H < K;

iii) H has the cover-avoiding property in G, or H is a CAP subgroup of G in short, if

H either covers or avoids every chief factor of G.

Definition 1.21" A subgroup H of a group G is said to have semi cover-avoiding property
in G if there exists a chief series of G,

1=Go <G <--- <G =G,
such that H either covers or avoids chief factor Giy1/G; for any i € {0,1,--- ,n—1}. In
this case, H is called a Semi-CAP subgroup of G, or a SCAP subgroup of G in short.

It is easy to see that a subgroup H of G either covers or avoids the chief factor M/N
of G if and only if N(H N M) < G. Based on this observation, we introduce the following
definition.

Definition 1.3  Let H be a subgroup of G.

(1) Suppose that M/N is a normal factor of G. H is said to sub-cover-avoid M/N if
NHNM)<<«G.

(2) If there is a chief series 1 = Go < G1 < --- < G; =G of G such that H sub-cover-
avoids G;/G;—1 for every i = 1,2,--- 1, then H is said to have the sub-cover-avoidance
property in G. In this case, H is said a sub-CAP subgroup of G.

From the above definitions it is obvious that a subnormal subgroup or a semi-CAP-
subgroup of G is also a sub-CAP subgroup of G. But the converse is not true in general.
Hence, sub-CAP subgroup is a generalization of subnormal group and semi-CAP subgroup.

Example 1.1 Suppose that G is the alternative group of degree 4. Then ((123)) is a
sub-CAP subgroup, but not a subnormal subgroup, of G; whereas ((12)(34)) is a sub-CAP
subgroup, but not a semi-CAP subgroup, of G. Furthermore, ((1234)) is a sub-CAP sub-
group, but neither a subnormal subgroup nor a semi-CAP subgroup of G. Indeed, every
subgroup of G is a sub-CAP subgroup of G (ref. Lemma 2.5).

Similar to the concept of semi-p-cover-avoiding subgroup, we give the following:

Definition 1.4  Let H be a subgroup of G and p be a prime. If H sub-cover-avoids each
p-chief factor of some chief series of G, then H is said to have the p-sub-cover-avoidance
property in G. In this case, H is said a p-sub-CAP subgroup of G.

In this paper, we obtain some new results for a finite group G to be solvable based on the
assumption that some subgroups of G have the sub-cover-avoiding property (p-sub-cover-

avoiding property).



