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1 Introduction

In this work, by meromorphic function we always mean a meromorphic function in the

complex plane C. We assume that the reader is familiar with the standard notation of value

distribution theory, and this can be found, for instance, in [1] or [2].

Let f be a nonconstant meromorphic function. We use N(k

(

r,
1

f

)

to denote the count-

ing function for the zeros of f with multiplicity ≥ k and counting multiplicities, while by

Nk)

(

r,
1

f

)

the counting function of the zeros of f with multiplicities ≤ k and counting

multiplicities. We denote by S(r, f) any function satisfying

S(r, f) = o(T (r, f)), r → ∞,

possibly outside a set of finite measure. Define

Θ(∞, f) = 1 − lim
r→∞

sup
N̄(r, f)

T (r, f)
,

δ2(0, f) = 1 − lim
r→∞

sup

N̄
(

r,
1

f

)

+ N̄(2

(

r,
1

f

)

T (r, f)
.

Let S be a set of complex numbers. Define

E(S, f) =
⋃

a∈S

{z | f(z) − a = 0},
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where each zero of f(z)−a with multiplicity m is counted m times in E(S, f). The notation

Ē(S, f) expresses the set which contains the same points as E(S, f) but without counting

multiplicities. We denote by E(k(S, f) the counting function of the zeros of f −a with multi-

plicities ≥ k and counting multiplicities, Ek)(S, f) the counting function of the zeros of f −a

with multiplicities ≤ k and counting multiplicities. The notations Ē(k(S, f) and Ēk)(S, f)

express the sets which contain the same points as Ek)(S, f) and Ek)(S, f) respectively, but

ignoring multiplicities.

In 1976, Gross[3] posed the following question.

Question A Does there exist a finite set S such that, for any pair of nonconstant entire

functions f and g, E(S, f) = E(S, g) implies f ≡ g?

If such a finite set exists, a natural question is the following.

Question B What is the smallest cardinality for such a finite set?

Yi[4] first gave an affirmative answer to Question A. So far, the best answer to Question

B was obtained by Yi[5], as follows.

Theorem A There exists a set S with 7 elements such that E(S, f) = E(S, g) implies

f ≡ g for any pair of nonconstant entire functions f and g.

Later, many authors studied these questions for meromorphic functions. The present best

answer to Question B for meromorphic functions was obtained by Frank and Reinders[6].

They proved the following result.

Theorem B There exists a set S with 11 elements such that E(S, f) = E(S, g) implies

f ≡ g for any pair of nonconstant meromorphic functions f and g.

A natural problem arises: What can we say if nonconstant meromorphic functions f and

g have “few” poles? In 1999, Fang et al.[7],[8] proved the following theorem.

Theorem C Let S = {z : z7 − z6 = 1}. Suppose that f , g are two nonconstant mero-

morphic functions satisfying Θ(∞, f) >
11

12
, Θ(∞, g) >

11

12
. If E(S, f) = E(S, g) and

E(∞, f) = E(∞, g), then f ≡ g.

Recently, Zhang and Xu[9] proved the following results.

Theorem D Let S = {z : z7 − z6 = 1}. Suppose that f , g are two nonconstant mero-

morphic functions satisfying Θ(∞, f) + Θ(∞, g) > 1. If E(S, f) = E(S, g) and E(∞, f) =

E(∞, g), then f ≡ g.

Theorem E Let S = {z : z7 − z6 = 1}. Suppose that f , g are two nonconstant

meromorphic functions satisfying Θ(∞, f) + Θ(∞, g) >
4

3
. If E(S, f) = E(S, g) and


