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Abstract: In this work we discuss the existence of ¥-bounded solutions for linear
difference equations. We present a necessary and sufficient condition for the existence
of ¥-bounded solutions for the linear nonhomogeneous difference equation z(n+1) =
A(n)z(n) + f(n) for every ¥-bounded sequence f(n).
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1 Introduction

The difference equations play an important role in many scientific fields, such as scientific
computing, numerical analysis of ordinary and partial differential equations, control the-
ory and computer science (see [1]-[3] and references therein). The behavior of solutions of
difference equations has been paid much more attention by mathematicians and scientists,
and the boundedness of solutions is closely related to the investigation of numerical dis-
cretization for differential equations (see [1], [2] and [4]). The boundedness of the solution
of ordinary differential equations is a very important property. For example, the existence
of the bounded solution implies the existence of the almost periodic solution (see [5]).

The problem of boundedness of the solutions for the system of ordinary differential

equations
' = A(t)z + f(t)

was studied by Coppel®. Diamandescul™®-19 proposes the concept of ®-boundedness of
solutions, which is interesting and useful in some practical cases for differential equations,
and presents the existence condition for such solutions. Han['?! defined @-boundedness of
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solutions for difference equations

2(n+1) = A(n)z(n) + f(n) (L.1)
via ¥-bounded sequences and established a necessary and sufficient condition for existence
of @-bounded solutions for every w-summable sequence f on N. Diamandescul'l gave a
necessary and sufficient condition for the existence of ¥-bounded solutions for the nonho-
mogeneous linear difference equation (1.1) for every ®-summable sequence f on Z.

The aim of this paper is to give a necessary and sufficient condition for the nonhomoge-
neous system of ordinary difference equations (1.1) to have at least one ¥-bounded solution
on Z for every w-bounded sequence f on Z, where Z is the integer set.

Let R¢ be the Euclidean d-space, and

T = (1, T2, - vxd)Ta ||| = max{|z1], -, |zal}.
For a d x d matrix M, define the norm

M| = sup [Mz].
l=]l<1
Let
VU, :Z — (0,400), 1=1,2,--- ,d,
and
U= diag[%, WQ, ey Wd]

The matrix ¥(n) is invertible for each n € Z.

Definition 1.1 A sequence ¢ : Z — R? is said to be W-bounded on Z if W(n)ep(n) is
bounded on Z.

+oo
Definition 1.2 A sequence ¢ : Z — R% is said to be W-summable on Z if Z ¥(n)p(n)
— 00

18 convergent.

We assume that {A(n)} is a bounded matrix sequence and the associated linear difference

system is
y(n+1)=A(n)y(n). (1.2)
Let Y be the fundamental matrix of (1.2) with Y (0) = I4, the identity d x d matrix.

Let the vector space R? be represented as a direct sum of three subspace X_, Xy, X, such
that a solution y(n) of (1.2) is ¥-bounded on Z if and only if y(0) € Xy, and ¥-bounded on
Zy4 if and only if y(0) € X_ € Xo, and P-bounded on Z_ if and only if y(0) € X € Xo.
Also, let P_, Py, Py denote corresponding projection onto X_, Xy, X, respectively.

Lemma 1.1  Let Y (n) be an invertible matriz on Zy and P be a projection. If there
exists a sequence ¢ : Zy — (0,+00) and a positive constant M such that
S 6| F@Y (MPY m+1) & (m) <M, n>0

m=0
and

> d(m) = +oo,

m=0



