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Abstract: We present a numerical study of the long time behavior of approxima-
tion solution to the Extended Fisher—-Kolmogorov equation with periodic boundary
conditions. The unique solvability of numerical solution is shown. It is proved that
there exists a global attractor of the discrete dynamical system. Furthermore, we
obtain the long-time stability and convergence of the difference scheme and the up-
per semicontinuity d(Ap,-,.A) — 0. Our results show that the difference scheme can
effectively simulate the infinite dimensional dynamical systems.
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1 Introduction

The Extended Fisher-Kolmogorov (EFK) equation is given by
ou 0t 0%u

3
= > .
. t+..ﬁ 1 5+ (u” —u) =0, xref2, t>0 (1.1)
with the boundary condition
u(0,t) = u(x + L, t), x€R, t>0 (1.2)

and the initial condition
u(z,0) = uo(z), x € 12, (1.3)
where > 0,0 < L < 400 and 2 = (0, L) is a bounded domain in R with boundary 942,
and ug is a given L-periodic function.
When 8 = 0 in (1.1), the standard Fisher-Kolmogorov equation was obtained (see [1-
2]). Adding a stabilizing fourth order derivative term to the standard Fisher-Kolmogorov
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equation, the equation (1.1) is proposed and called as Extended Fisher-Kolmogorov equation
(see [3-6)).

The equation (1.1) occurs in a variety of applications such as pattern formation in bi-
stable systems, propagation of domain walls in liquid crystals, travelling waves in reaction
diffusion systems and mezoscopic model of a phase transition in a binary system near the
Lipschitz point (see [4, 7-9]). In particular, in the phase transitions near critical points
(Lipschitz points), the higher order gradient terms in the free energy functional can no
longer be neglected and the fourth order derivative becomes important.

There have been a number of papers in the literature dealing with equations similar to the
equation (1.1) (see [10-13]). In recent years, attention has been focused on the connection
between finite-dimensional dynamical system theory and the long-time behavior of solutions
of a priori infinite-dimensional dynamical systems described by partial differential equations.
In particular, the techniques have been developed to establish this connection in a rigorous
and quantitative way by showing how the dimension of the global attractor may be estimated
for some dissipative partial differential equations (see [14-17]). The long-time behavior of
the solutions to (1.1) is studied theoretically in [18].

For the long-time computation of partial differential equations, the error estimate are
important in both space and time directions. Simo and Armerol'?! pointed out that the
first order scheme with long time stability and convergence is more effective than the sec-
ond order scheme. Recently, some useful results about equivalence of equi-attraction and
continuous convergence of attractors in different spaces have been given in [20]. To compute
a trajectory numerically, long-time computation generally suffers from error accumulation
at the unavoidable exponential rates. A numerical trajectory eventually leaves the exact
trajectory and no longer shows any information about the original trajectory. On the other
hand, for dissipative system such as the EFK equation, if the discretization schemes are
appropriately selected, the numerical trajectory is expected to approach a discrete attractor
and it eventually enters and stays in a small neighborhood of the attractor.

For this reason, we consider the error estimates for a global attractor. Existence of
attractors for the dissipative systems is proved. The remainder of this paper is organized as
follows. In Section 2, we describe a new finite difference scheme for the EFK equation and
prove that the difference scheme is uniquely solvable. In Section 3, we derive the priori error
estimates for numerical solution to obtain the existence of a global attractor. In Section 4,
we discuss the long time stability and convergence of the difference scheme and the upper
semicontinuity d(Ay, -, A) — 0.

2 Finite Difference Scheme and Unique Solvability of
Difference Approximation

Let h = L/J be the uniform step size in the spatial direction for a positive integer J. Let T
denote the uniform step size in the temporal direction. Denote V;* = V (z;,t,,) for ¢, = nr,



