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Abstract: In this paper, we consider a general expression for ϕ(u, x, y), the joint

density function of the surplus prior to ruin and the deficit at ruin when the initial

surplus is u. In the renewal risk model, this density function is expressed in terms

of the corresponding density function when the initial surplus is 0. In the compound

Poisson risk process with phase-type claim size, we derive an explicit expression for

ϕ(u, x, y). Finally, we give a numerical example to illustrate the application of these

results.
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1 Introduction

The renewal risk model {U(t)}t≥0 is defined by

U(t) = u+ ct−
N(t)∑
i=1

Xi,

where u is the initial surplus, c is the rate of premium income per unit time, {Xi}∞i=1 is

a sequence of independent and identically distributed (i.i.d.) random variables, where Xi

represents the amount of the ith claim, and {N(t)}t≥0 is a counting process with N(t)

denoting the number of claims up to time t. In addition, Xi has a density function θ(x) and

a distribution function

Θ(x) = 1− Θ̄(x) = P{X ≤ x},

where X is an arbitrary Xi. Let

∗Received date: Jan. 26, 2011.
Foundation item: Tianyuan NSF (11126176) of China.



NO. 1 XU H. et al. RENEWAL RISK MODEL 89

E(X) =

∫ ∞

0

xdΘ(x) <∞.

The sequence of i.i.d. random variables {Wi}∞i=1 represents the claim inter-arrival times, with

W1 being the time until the first claim. Wi has a density function k(t) and a distribution

function

K(t) = 1− K̄(t) = P{W ≤ t},

where W is an arbitrary Wi. Let

E(W ) =

∫ ∞

0

tdK(t) <∞.

We assume that claim amounts are independent of claim inter-arrival times. Further, we

assume that

cE(W ) > E(X).

Define the time of ruin

T = inf{t : U(t) < 0},

where T = ∞ if U(t) ≥ 0 for all t > 0. Denote the ruin probability by

ψ(u) = P{T <∞ | U(0) = u},
and the survival probability by

δ(u) = 1− ψ(u).

It is well known that

ψ(u) = P{L > u} =
∞∑

n=1

(1− ρ)ρnF̄ ∗n(u), u ≥ 0, (1.1)

where ρ = ψ(0), L is the well-known maximal aggregate loss in the renewal risk model, and

F (y) = 1− F̄ (y)

is the so-called ladder height distribution function, which can be interpreted as either the

distribution function of the deficit at ruin when initial surplus u = 0 or the distribution

function of the amount of a drop in surplus, given that a drop below its initial level occurs.

F ∗n(y) = 1− F̄ ∗n(y)

is the distribution function of the n-fold convolution of F (y) with itself (see [1]).

Let

Φ(u, x, y) =

∫ x

0

∫ y

0

ϕ(u, r, s)dsdr

= P{U(T−) ≤ x, |U(T )| ≤ y, T <∞ | U(0) = u},
where U(T−) denotes the surplus prior to ruin, and U(T ) denotes the deficit at ruin.

Φ(u, x, y) may be interpreted as the probability that ruin occurs from initial surplus u

with the deficit at ruin no greater than y and the surplus prior to ruin no greater than x.

ϕ(u, r, s) denotes the joint density function. Let

h(u, x) =

∫ ∞

0

ϕ(u, x, y)dy,


