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Abstract: In this paper, we give an estimate result of Gol’dberg’s theorem concern-

ing the growth of meromorphic solutions of algebraic differential equations by using

Zalcman Lemma. It is an extending result of the corresponding theorem by Yuan et

al. (Yuan W J, Xiao B, Zhang J J. The general theorem of Gol’dberg concerning the

growth of meromorphic solutions of algebraic differential equations. Comput. Math.

Appl., 2009, 58: 1788–1791). Meanwhile, we also take some examples to show that

our estimate is sharp.
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1 Introduction and Main Results

We assume that the reader is familiar with the elementary Nevanlinna theory of meromorphic

functions (see [1–3]). Meromorphic functions are always non-constant, if not otherwise

specified.

In the past half century, many authors have studied the growth of meromorphic solutions

of complex algebraic differential equations or the systems of complex algebraic differential

equations in [4–7]. Recently, the main method for investigating the related problems was

basically adapted from [8–9], which is called the Zalcman Lemma.

In order to state these results, we introduce some notations: n ∈ N+ = {1, 2, 3, · · · },
rj ∈ N for j = 1, 2, · · · , n, and put r = {r1, r2, · · · , rn}. Define Ω(w) by
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Ω [w](z) =
∑
r∈I

ar(z, w)Ωr[w](z), (1.1)

where

Ωr[w](z) := [w′]r1 [w′′]r2 · · · [w(n)]rn ,

ar(z, w) is a rational function in both variables and I is a finite index set, and set Ω0[w] = 1.

We call

u(r) = r1 + 2r2 + · · ·+ nrn

the weight of Ωr(w) and

u = max{ur | r ∈ I}

the weight of Ω(w). degz,∞ar denotes the degree at infinity in variable z concerning ar(z, w),

and

degz,∞a := max{degz,∞ar, 0 | r ∈ I}.

Let F be a family of meromorphic functions defined on a complex domain D. F is said

to be normal on D, if for every sequence {fn} ∈ F , there exists a subsequence {fnj} such

that {fnj} locally uniformly converges by spherical distance to a function f(z) meromorphic

in D. Conversely, F is not normal on D.

We define spherical derivative of the meromorphic function w(z) by

w♯(z) =
|w′(z)|

1 + |w(z)|2
.

Bergweiler[5] considered the growth of the solutions of complex differential equation

(w′)n = Ω [w], (1.2)

where Ω [w] is a differential polynomial with the form (1.1), ar(z, w) is a rational function

in z and w, and I is a finite index set.

As we all know, a research of the growth of meromorphic solution w(z) of the differential

equation (1.2) in the complex plane C has become one of important topics.

Bergweiler proved the following result.

Theorem 1.1 [5] Let w(z) be any meromorphic solution of the algebraic differential equa-

tion (1.2), n > u. Then the growth order σ(w) of w(z) is finite.

Yuan et al.[7] established a general estimate of growth order of w(z), and obtained the

following result.

Theorem 1.2 [7] Let w(z) be meromorphic in the complex plane, n ∈ N+, Ω [w] be a

differential polynomial with the form (1.1), and n > u. If w(z) satisfies the differential

equation (1.2), then the growth order σ(w) of w(z) satisfies

σ(w) ≤ 2 +
2degz,∞a

n− u
.

Question 1.1 What is the result when the first-order derivative is replaced by kth-order

in the left hand side of the equality (1.2) (k ∈ N+)?

In this paper, we give a general estimate of the order of w(z), which depend on the

degrees of coefficients of differential polynomial for w(z), and it may be stated as follows.


