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Introduction

In 1940s, Hille[1] and Yosida[2] studied the theory of strongly continuous semigroups on
Banach spaces. They were devoted to a qualitative and quantitative analysis for the solutions
u(t) = T (t)x of the initial value problem u′ (t) = Au(t) with u(0) = x ∈ D(A), where A is
the generator of the strong continuous semigroup and D(A) is the domain of A. Since then
on, the theory of strongly continuous semigroup has been matured and applied to different
areas of science. However, it was clear that not every semigroup is strongly continuous and
that a comprehensive theory requires a more general set-up. For this reason, many other
classes of semigroups were studied, such as distribution semigroups, semigroups of growth
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of order α, integrated semigroups, convolution semigroups, and so on. It is then natural to
look for suitable locally convex topologies weaker than the norm topology to treat the lack
of strong continuity.
In order to treat one-parameter semigroups of linear operators on Banach spaces which
are not strongly continuous, Kuhnemund[3] introduced a new class of semigroups called bicontinuous semigroups which are defined on a Banach space with an additional locally convex
topology τ . This class of semigroups has two remarkable properties. There is variety of interesting semigroups belonging this class, such as Feller semigroups, Ornstein-Uhlenbeck semigroups, as well as certain evolutions semigroups. Albanese and Mangino[4] got some results
on the convergence of bi-continuous semigroups, obtained a Lie-Trotter product formula, and
applied it to Feller semigroups generated by second order elliptic differential operators with
unbounded coefficients. Patricio[5] gave some introduction to bi-continuous semigroups and
some remark on the Riemann-Stieltjes integral and discussed the Hille-Phillips functional
calculus for generators of bi-continuous semigroups.
In the last decades, mathematicians have begun to use the powerful tool of probability
theory to solve the semigroup approximation problem and achieved fruitful results, and
related works can be found in [6–12]. The plan of this paper is as follows. In Sections
2 and 3, by means of Riemann-Stieltjes stochastic process, moment-generating functions,
operator-valued mathematical expect and C bi-continuous modified modulus, the problem
of probabilistic approximation for bi-continuous C-semigroups is studied, and the general
probabilistic approximation of exponential formulas and the generating theorems are given.
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Probabilistic Representations

We assume that the space X satisfies the following conditions. Let (X, τ )′ be a Banach
space with topological dual X ′ , and τ a locally convex topology on X with the following
properties:
(1) The space (X, τ ) is sequentially complete on k · k-bounded sets, i.e., every k · kbounded τ -Cauchy sequence converges in (X, τ );
(2) If the topology τ is coarser, then the k · k-topology is a Hausdorff topology;
(3) The space (X, τ )′ has a norm (X, k · k), i.e.,
kxk = sup{|hx, φi| : φ ∈ (X, τ )′ , kφk(X, k·k′ ) ≤ 1, x ∈ X}.

Let Pτ denote a family of seminorms inducing from the locally convex topology τ on X
and without loss of generality one can assume that p(x) ≤ kxk for all x ∈ X and p ∈ Pτ . In
this paper, all operators are linear and D(A) denotes the domain of A. N BV [0, R] denotes
the normalized functions of bounded variation in [0, R].
Definition 2.1 [5] Let X be a Banach space with a topology τ and α ∈ N BV [0, R]. A
function f : [0, R] → X is τ Riemann-Stieltjes integrable with respect to α if
Z R
n
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(α(si ) − α(si−1 ))f (ξi )
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