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Abstract: In this paper, a biquartic finite volume element method based on Lobatto-
Guass structure is presented for variable coefficient elliptic equation on rectangular
partition. Not only the optimal H' and L? error estimates but also some super-
convergent properties are available and could be proved for this method. The numer-
ical results obtained by this finite volume element scheme confirm the validity of the
theoretical analysis and the effectiveness of this method.
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1 Introduction

Finite volume element methods (FVEMs) (see [1-2]), also called generalized difference meth-
ods (see [3—6]), have been widely used in numerical partial differential equations and achieved
great development, due to the local conservation property and other attractive properties
such as flexibility in handling complicated domain geometries and boundary conditions. In
essence, FVEMs and finite element methods (FEMs) both are methods based on interpola-
tion. Since the finite volume element methods were proposed, it has been found that some
properties valid for the finite element methods (see [7-8]) are naturally valid for the finite
volume element methods (see [3-6, 9-12]).

The systematic theoretical analysis for FEMs with Lobatto-Guass structure has been
attached much attention. Chen[”3 14 discussed the super-convergence of the numerical
solution and the numerical gradient for the one-dimensional two-point boundary problem.
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When the finite element space takes order k, the numerical solutions and the numerical
gradients for FEMs would have super-convergence at the zero points of Lobatto polyno-
mials with order k + 1 and at the k-th Guass points, respectively. In [7], these results
are extended to higher dimensional elliptic problems for both rectangular and triangular

(7l has proved all of the properties men-

meshes. By using unit orthogonal analysis, Chen
tioned above. Motivated by the ideas of FEMs, people begin to apply the Lobatto-Guass
structure to construct and discuss FVEMs in recent years. The works [16-18], respectively,
analyze the first, the second and the third order FVEMs with Lobatto-Guass structure for
one-dimensional two-points boundary problem. Therein not only the optimal H'-norm and
L?-norm error estimates could be proved theoretically, but also the numerical solutions and
the numerical gradients would have superconvergence at the primal partition’s vertices and
at dual partition’s vertices, respectively. All above properties could be inherited for general
optimal stress structure in [18]. For the two-dimensional elliptic equations, the superconver-
gent biquadratic finite volume element method on rectangular meshes is discussed in [19].
Ciarlet[??] generalized the schemes mentioned in [19] to quadrilateral meshes, and obtained
the optimal L?-norm error estimates.

If using the zeros of Lobatto polynomials to construct the Lagrange interpolation, then
the corresponding optimal stress points (see [7, 17]) happen to be the Guass points. In
this paper, we construct a biquartic finite volume element schemes on rectangular mesh
by choosing the zeros of fifth-order Lobatto polynomials as primal partition’s vertices and
restricting the forth-order Guass points as the vertices of control volume, for two-order
variable coefficient elliptic problems. The finite volume element schemes constructed by
this way is proved to not only have o(h?*) and o(h®) accuracy in H'-norm and L2-norm,
respectively, but also have superconvergence for numerical gradients at the Guass points.
In addition, we obtain a superconvergence for numerical solutions at the primal partition’s
vertices by numerical examples.

Let Qru be the Lagrange interpolating polynomial over interval [—h, h] associated with
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five nodes —h, —\/;h, 0, \/;h, h, which are the null points of fifth-order Lobatto polyno-

mial. Then
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where £ = % The derivative of Qru at xg € [—h, h] is
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