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Abstract: In this paper, we consider normality criteria for a family of meromorphic
functions concerning shared values. Let F be a family of meromorphic functions

defined in a domain D, m, n, k and d be four positive integers satisfying m > n + 2

1
and d > #, and a(# 0), b be two finite constants. Suppose that every f € F

has all its zeros and poles of multiplicity at least k and d, respectively. If (f”)““) —af™
and (¢")® — ag™ share the value b for every pair of functions (f, g) of F, then F
is normal in D. Our results improve the related theorems of Schwick (Schwick W.
Normality criteria for families of meromorphic function. J. Anal. Math., 1989, 52:
241-289), Li and Gu (Li Y T, Gu Y X. On normal families of meromorphic functions.
J. Math. Anal. Appl., 2009, 354: 421-425).
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1 Introduction and Main Results

Let C be the set of complex numbers, D be a domain in C, which means that D is a
connected nonempty open subset of C. Let F be a family of meromorphic functions defined
in D. For {f, g} C F, {a, b} CP! = CU{x}, we write f=a=g=b(f=a<g=0)
if f71(a) C g71(b) (f~(a) = g71(b)), and say that f and g share a ignoring multiplicities
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(IM, for short) if f=*(a) = g~ '(a) (see [1]). Here, the family F is said to be normal in D if
any sequence of F must contain a subsequence that locally uniformly spherically converges
to a meromorphic function or co in D (see [2]).

In 1989, Schwick[®! proved a normality criterion:

Theorem 1.1  Let k, n(> k+3) be two positive integers, and F be a family of meromor-
phic functions defined in a domain D. If (f")(k) # 1 for every function f € F, then F is
normal in D.

In 1998, Wang and Fang[¥ proved:

Theorem 1.2 Let k, n(> k + 1) be two positive integers, and f be a transcendental

meromorphic function. Then (f™)*) assumes every finite non-zero value infinitely often.

For families of meromorphic functions, the connection between normality and shared
values has been studied frequently.
By the ideas of shared values, Li and Gul® proved the following results:

Theorem 1.3  Let F be a family of meromorphic functions defined in a domain D, k,
n(> k +2) be two positive integers, and a # 0 be a finite complex number. If (f*)*) and
(g™)®) share a in D for every pair of functions f, g € F, then F is normal in D.

In 2011, Liu and Lil% studied Theorem 1.3, in which the value a was replaced by the

fix-point z, and got the following result:

Theorem 1.4  Let F be a family of meromorphic functions defined in a domain D, k,
n(> k + 1) be two positive integers. If (f)*) and (¢™)*®) share z in D for every pair of
functions f, g € F, then F is normal in D.

Lately, some theorems in this area appear. Hu and Meng[”, Jiang and Gaol®! studied
the functions of the form f(f*))". Ding et al.[’! studied the functions of the form f™(f(*))»
and Sun'% studied the form P(f)(f*)™.

Naturally, we pose the following question:

Question Whether the form (f*)*) —af™ in above Theorems can have similar results?
In this paper, we prove the following theorems and deal with this question.
Theorem 1.5 Let F be a family of meromorphic functions defined in a domain D, m,

n, k be three positive integers satisfying m > n+ k + 3, and a(# 0), b be two finite complex
constants. If (f") %) —af™ # b for every functions f of F, then F is normal in D.

Whether the condition m > n + k + 3 in Theorem 1.5 can be improved? We get the

following results:



