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Abstract: In the paper, by applying the method of main integration, we show the

boundedness of the quasi-periodic second order differential equation x′′+ax+−bx−+

ϕ(x) = p(t), where a ̸= b are two positive constants and ϕ(s), p(t) are real analytic

functions. Moreover, the p(t) is quasi-periodic coefficient, whose frequency vectors

are Diophantine. The results we obtained also imply that, under some conditions,

the quasi-periodic oscillator has the Lagrange stability.
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1 Introduction

In 1999, Fabry and Mawhin[1] suggested studying the boundedness of all the solutions for

the following differential equation:

x′′ + ax+ − bx− + ϕ(x) = p(t), (1.1)

where a ̸= b are two positive constants, p(t) is a periodic function, x+ = max{x, 0} and

x− = max{−x, 0}. Dancer[2] studied the periodic and Dirichlet boundary value problems

for (1.1). Many authors are also concerned with the Lagrange stability of this equation. The

first boundedness result for (1.1) is due to Ortega. In [3], Ortega obtained the stability for

x′′ + ax+ − bx− = 1 + p(t) (1.2)

under the assumption that the periodic function p(t) ∈ C4(R) is sufficiently small. Adding

the condition
1√
a
+

1√
b
∈ Q and some other reasonable assumptions, Liu[4] also obtained
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the stability for (1.2). More related results can be found in [5]–[6] and the references therein.

Recently, the boundedness and stability of quasi-periodic equation has been drawing more

and more attention such as [7]–[10]. In this paper, we make some attempts for (1.1), where

p(t) is quasi-periodic and ϕ(x) is real analytic with the limits

lim
x→±∞

ϕ(x) = ϕ(±∞) (1.3)

are finite.

Firstly, we introduce some basic notations, properties and lemmas which are used in this

paper.

Definition 1.1 [7] A function f : R → R is called real analytic quasi-periodic with fre-

quencies µ if it can be represented as a Fourier series of the type f(t) =
∑
k

fke
i⟨k, µ⟩t,

where

k = (k1, k2, · · ·, km), µ = (µ1, µ2, · · ·, µm), ⟨k, µ⟩ =
∑

kjµj .

Definition 1.2 [7] Let Qr(µ) ⊂ Q(µ) be the set of the real analytic function f which is

2π periodic in each variables and bounded in Π r = {(θ1, θ2, · · ·, θm) ∈ Cm : |Im θj | ≤ r} for

some r > 0 with the supermum norm ∥f∥r = sup
θ∈Πr

|F (θ)|.

Lemma 1.1 [7] The following statements are true:

(i) Let f(t), g(t) ∈ Q(µ). Then g(t+ f(t)) ∈ Q(µ).

(ii) Suppose that |⟨k, µ⟩| ≥ c

|k|σ
. Let h(t) ∈ Q(µ) and τ = αt + h(t) with α + h′ > 0.

Then the inverse relation is given by t = α−1τ + h1(τ) and h1(τ) ∈ Q(µ/α).

Sun[11] considered the map

Mδ :

{
x1 = x+ α+ δL(x, y) + δf(x, y, δ),

y1 = y + α+ δM(x, y) + δg(x, y, δ),

where L, M, f and g are quasi-periodic in x with the frequency µ and real analytic in the

complex neighborhood ofR×[a, b]. Assume that f(x, y, 0) = g(x, y, 0) = 0 and the µ satisfies

the Diophantine condition:

|⟨k, µ⟩| ≥ γ

|k|σ
, γ, σ > 0 (1.4)

for all integer k = (k1, k2, · · ·, km) ̸= 0. Furthermore, suppose that the map Mδ has the

intersection property, that is, for every Jordan curve y = φ(x) which is homotopic to the

line satisfies Mδ(Γ ) ∩ Γ ̸= ∅. Sun obtained the following two theorems.

Theorem 1.1([11], Theorem 2.3) If µ1, µ2, · · · , µm and 2π/α are rational independent

and

lim
T→∞

1

T

∫ T

0

∂L

∂y
dx ̸= 0, y ∈ [a, b],

then there exists ∆ > 0 such that if 0 < δ < ∆, the map Mδ has an invariant curve y = ϕ(x),

where ϕ(x) is real analytic and quasi-periodic with the frequency µ.


