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Abstract: The purpose of this article is to propose a new hybrid projection method
for a quasi-nonexpansive mapping. The strong convergence of the algorithm is proved
in real Hilbert spaces. A numerical experiment is also included to explain the effec-
tiveness of the proposed methods. The results of this paper are interesting extensions
of those known results.
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1 Introduction

Suppose that H is a real Hilbert space. We denote by (-, -) and || - || the inner product
and the norm, respectively. Suppose that C is a closed convex nonempty subset of H. We
denote by F(T') the fixed point set of a mapping T: C — C, i.e., F(T) ={z € C: v = Tz}.
A mapping T: C — C' is called a nonexpansive mapping if
[Tx =Tyl < llz—yll, x,yeC.
A mapping T: C — C is called a quasi-nonexpansive mapping if F(T) # @ such that
[Tz —p|| < llz—pll, =xeC peF(T).
Obviously, a nonexpansive mapping with a nonempty fixed point set F(T') is a quasi-

nonexpansive mapping, but the converse may be not true.
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The construction of fixed points for nonlinear mappings is of practical importance. In
particular, iterative algorithms for finding fixed points of nonexpansive mappings have re-
ceived extensive investigation (see [1]-[2]) since these algorithms have a variety of applica-
tions in inverse problem, image recovery and signal processing (see [3]-[5]).

Nakajo and Takahashil®! first introduced a hybrid algorithm for a nonexpansive mapping.
Thereafter, some hybrid algorithms have been studied extensively since they have strong
convergence (see [7]-[13]). Recently, Dong and Lul'¥l proposed the following hybrid iterative
method for a nonexpansive mapping in a Hilbert space H and gave numerical examples to
describe the effectiveness of the new algorithm:

g, 29 € C chosen arbitrarily,

Znt1 = Qnzn + (1 — ap) Ty,

Co =12 € C [lzaes — 2117 < allzm — 212 + (1 = )l — 22}, (L1)
Qn=1{2€C: {(z, — 2z, 2y —x0) <0},

Tnt+1 = Po,nq.. (o)

Dong and Lul" showed the following theorem.

Theorem 1.1 Let C be a closed convex subset of a Hilbert space H, and let T: C' — C
be a nonezpansive mapping such that F(T) # 0. Assume that {an,} C [0, o] holds for some

1
o€ [O, 5) Then {xn} and {z,} generated by algorithm (1.1) converge strongly to Pppyxo.

On the basis of [14], we design a simple hybrid method for a quasi-nonexpansive mapping.
A strong convergence theorem is proved by using new methods in this paper. We also give
a numerical experiment to describe the effectiveness of the proposed algorithm. The results
of this paper improve the related ones obtained by some authors (e.g., [6] and [14], etc.).

2 Preliminaries

Lemma 2.18  Let K be a closed convex subset of real Hilbert space H. Given z € H and
z € K. Then z = Pxx if and only if there holds the relation
(x —2z,y—2) <0, y e K.
Lemma 2.2'  Suppose that {a,} and {b,} are nonnegative real sequences, a € [0, 1),
B € R™, and for any n € N, the following inequality holds:
ant1 < aay, + Bby,.

If 3 b, < o0, then lim a, = 0.
n— o0

n=1
Lemma 2.3 Let C be a closed convex nonempty subset of H, T: C — C be a quasi-
nonezpansive mapping. Then F(T) is a convez closed subset of C.

Proof. We prove first that F(T') is closed. Let {p,} C F(T) with p,, = p (n = c0). We
prove that p € F(T). Since T is quasi-nonexpansive, one has

”Tp - pn“ S ”p - pn“a



