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Abstract: In this article, we analyze the lower bound of the divisibility of families

of exponential sums for binomials over prime field. An upper bound is given for the

lower bound, and, it is related to permutation polynomials.
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1 Introduction

Exponential sums and their divisibility have been applied to characterize important prop-

erties of objects in applied mathematics. There are many estimates for the divisibility of

exponential sums (see [1]–[5]). It is difficult in general. The exact divisibility of families of

exponential sums associated to binomials F (X) = aXd1 + bXd2 , is computed under some

natural conditions when a, b ∈ F∗
p (see [2]). The result is applied to the solutions of equations,

to the study of Waring problem over finite fields, and to the determination of permutation

polynomials.

Let F (X) be a two terms of polynomial in one variable over prime field Fp. The following

bound for the valuation (divisibility) of an exponential sum can be thought of as a particular

case of Theorem 8 in [4].

Theorem 1.1 Let F (X) = aXd1 + bXd2 with a, b ∈ F∗
p, 1 ≤ d1 ̸= d2 ≤ p− 2. If Sp(F ) is

the exponential sum
∑

X∈Fp

ϕ(F (X)), then νθ(Sp(F )) ≥ µp(d1, d2), where

µp(d1, d2) = min
(i,j)

{i+ j | 0 ≤ i, j < p}, (i, j) ̸= (0, 0)
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is a solution of the modular equation

d1i+ d2j ≡ 0 mod p− 1.

Remark 1.1 Let Qp be the p-adic field and ξ be a primitive p-th root of unity in Qp.

Define θ = 1 − ξ and denote by νθ the valuation over θ. Note that νθ(p) = p − 1 and

νp(x) =
νθ(x)

p− 1
. Let ϕ : Fp → Q(ξ) be the nontrivial additive character defined by ϕ(a) = ξa

for a ∈ Fp. The exponential sum associated to F (X) is defined as Sp(F ) =
∑

X∈Fp

ϕ(F (X)).

In the next section, Theorem 2.1 is presented on the lower bound in Theorem 1.1, which

is less than half of p. To this end, the domain [0, 1) is splitted into infinitely many segments,

which are used for different range of integers. In this process, we can make a success in our

analysis for every step, which is not enough for the whole. But finally, with the splitting

parts changing and interacting with each other, we can make it complete. Though not much

long and complicated, the important idea in our work is to note the effect of those seemingly

nonsignificant interactions between different segments.

2 Main Result

Theorem 2.1 Let 1 ≤ d1 ̸= d2 ≤ p − 2 be positive integers and let p ≥ 5 be a prime.

Then

µp(d1, d2) ≤
p− 1

2
. (2.1)

Proof. First, consider the case when d1, d2 are odd numbers, and

gcd(d1, p− 1) = gcd(d2, p− 1) = 1,

where gcd denotes the greatest common divisor of two or more integers.

Let i = 1. Then d1i + d2j = d1 + d2j. If it is zero modular p − 1, then j ̸= p − 1; if

j = p− 2, then d1 + d2j = d1 + d2(p− 2) = d1 + d2(p− 1)− d2 is not equal to zero modular

p− 1. Also, j ̸= 0. Note that such a j must exist since gcd(d2, p− 1) = 1. So,

1 ≤ j ≤ p− 3. (2.2)

If j >
p− 1

2
, then we consider the following sets[

1− 1

2k−1
, 1− 1

2k

)
, k = 1, 2, 3, · · ·

We can find that the union of the sets is [0, 1). Assume that j = αk−1(p − 1) and αk−1 ∈[
1− 1

2k−1
, 1− 1

2k

)
. Then

1− 1

2k−1
≤ αk−1,

which implies that by (2.2) (
1− 1

2k−1

)
(p− 1) ≤ p− 3,


