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Abstract: In this paper we discuss stochastic differential equations with a kind of

periodic boundary value conditions (in sense of mean value). Appealing to the decom-

position of equations, the existence of solutions is obtained by using the contraction

mapping principle and Leray-Schauder fixed point theorem, respectively.
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1 Introduction

As we all know, boundary value problems (BVPs) for differential equations are very impor-

tant in applications. In these years, a lot of existence of solutions for BVPs of deterministic

differential equations have been obtained (see [1]–[4]), but there is much less for stochastic

differential equations.

In 1991, Nualart and Pardoux[5]–[6] discussed the first and second order stochastic

differential equations under corresponding conditions:
dXt

dt
+ f(Xt) = B

dWt

dt
,

h(X0, X1) = h
and 

d2Xt

dt2
+ f

(
Xt,

dXt

dt

)
=

dWt

dt
,

X0 = a, X1 = b.
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Their method was similar to the method of variation of constants.

In 2009, by using the Green’s function and the fixed point theorem, Dhage and Badgire[7]

got the existence of solution of the following equations:{
−x′′(t, ω) = f(t, x(t, ω), ω), a.e. t ∈ J,

x(0, ω) = x(2π, ω), x′(0, ω) = x′(2π, ω).
They discussed the random equation for existence as well as for existence of extremal so-

lutions under suitable conditions of the nonlinearity f which thereby generalizes several

existence results.

Fedchenko and Prigarin[8] investigated stationary boundary value problem{
dx(t) = A(t)x(t)dt+

∑
(t)dw(t),

x(α) = xα, x(β) = xβ .
The relative simplicity of linear problems studied allows one to obtain complete results on

the existence and uniqueness of the solution, formulate the equivalent Cauchy problem, find

a link with deterministic optimal control problems, and solve a number of other problems.

Cao et al.[9] in 2014 paid their attention to the numerical solutions as follows:
d2u

dt2
+ f

(
u,

du

dt

)
=

dW (t)

dt

u(0) = a, u(1) = b.
It was proved that under certain regularity conditions, the resulting numerical solution of

the homotopy method converged at the same rate as the numerical algorithm used to solve

the initial value problem. Their numerical experiments demonstrate that the homotopy

continuation method may be less restrictive in selecting the initial iterative point than

the shooting method. It should be noted that the convergence analysis of the shooting

method was incomplete and the method developed in this paper can be used to obtain the

convergence rate of the shooting method.

The above BVPs are deterministic, but in many models the boundary value conditions

are indeterminate. Actually there is not much research in this area. Fortunately Wang and

Han[10] discussed the periodic boundary value problem as follows:{
dx = f(t, x)dt+ g(t, x)dW,

Ex(0) = Ex(T ).
(1.1)

Under the suitable conditions, the existence of solution was obtained by a new technique.

The main idea is to decompose the stochastic process into a deterministic term and a new

stochastic term with zero mean value.

It is easily known that the BVPs of stochastic differential equation (SDE) are of great

sense in many fields. In this paper, we discuss the problem as follows:
dx = f(x, t)dt+ g(x, t)dW,

Ex(0) + Ex(T ) = αEx

(
T

2

)
,

(1.2)

where α is a constant, especially when α = 2, Ex

(
T

2

)
is the mean value of Ex(0) and

Ex(T ). In order to get the solution x(t), we decompose it with

x(t) = y(t) + z(t).


