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Abstract: The compactness criterion in [, = {m( -) €1°°(0,00)) | tliFEo z(t) = :v(oo)}
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1 Introduction

The well-known Arzela-Ascoli theorem gives necessary and sufficient conditions to decide
whether every subsequence of a given sequence of real-valued continuous functions defined
on a closed and bounded interval has a uniformly convergent subsequence. The theorem is
a fundamental result in functional analysis. In particular, it forms the basis for the proof
of the Peano existence theorem in the theory of ordinary differential equations (see [1]) and
Montel’s theorem in complex analysis (see [2]). It also plays a decisive role in the proof of
the Peter-Weyl theorem (see [3]).

First we briefly recall some history about Arzela-Ascoli theorem. The notion of equicon-
tinuity was introduced at around the same time by Arzelal* and Ascolil®’. A weak form
of the theorem was proven by Ascolil®!, who established the sufficient condition for com-
pactness, and by Arzelal%l, who established the necessary condition and gave the first clear
presentation of the result. A further generalization of the theorem was proven by Fréchet!”
to sets of real-valued continuous functions with domain a compact metric space, see Dunford
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and Schwartz’s work (see [8]). Modern formulations of the theorem allow for the domain
to be compact Hausdorff and for the range to be an arbitrary metric space. More general
formulations of the theorem exist that give necessary and sufficient conditions for a family of
functions from a compactly generated Hausdorff space into a uniform space to be compact in
the compact-open topology!®!. Later, many mathematicians, such as Corduneanu!'?| Kelley
and Namiokal'!l, Kelley®! developed their work. The investigation of compactness criterion

has involved much interest in the new century (see [10]-[12]). The compact criterion in
C = {f € C([0,00)) | tlim f(t) = r for some r € R}
—00

has been investigated in Chapter 2 of [10], the result is as follows:

Theorem A Let F C C} be a set satisfying the following conditions:
(i) F is bounded in Cy;
(ii) the function belonging to F are equicontinuous on any compact interval of [0, 0o).
(iii) the function from F are equiconvergent, i.e., given € > 0, there corresponds T'(¢) > 0
such that || f(t) — f(c0)|| < € for anyt > T(e) and f € F.
Then F is compact in Cj.

It has been pointed out that Theorem A plays an important role to study the positive
solutions of second order boundary value problem of ordinary differential equation on the
half line by the fixed-point theorem in cones (see [13]-[15] and their references). However,
there is few literature to study the boundary value problems of difference equation on the
half line by the fixed-point theorem in cones because of no compact criterion in

lo = {x(~) € 1°(0, o0)| lim z(n) = :c(oo)}.
n— oo

A natural question is whether exists the compactness criterion in [,? In this paper, we
give a positive answer and obtain the necessary and sufficient conditions of the compactness
criterion in l,. It is particularly useful to study the boundary value problems of difference
equation on the half line.

The rest of this paper is organized as follows. In Section 2, we present the discrete
Arzela-Ascoli Theorem on the half line. Section 3 is devoted to the application of the
discrete Arzela-Ascoli Theorem.

2 Compactness Results

Let Nt ={1,2,---}, N=1{0,1,2,---} and [a, b]z = {a,a+1,a+2,--- , b} with a < b,
a,be NT.
Let
lo = {x() €10, o) | lim x(¢) :x(oo)}

t—o00
with the norm

[2]lcc = sup |2(£)].
teN

Then [, is a Banach space.



