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1

Introduction

A frame for a Hilbert space was discovered in 1950’s by Duﬃn and Schaeﬀer[1] , which
has made great contributions to various ﬁelds because of its nice properties, the reader
can examine [2]–[8] for background and details of frames. G-frames, proposed by Sun[9] ,
generalize the notion of frames extensively, which possess some distinct properties though
they share many similar properties with frames (see [10] and [11]).
A K-frame is an extension of a frame, which emerged in the work on atomic systems
for operators due to Găvruţa[12] , and the results involved show us that the properties of
K-frames are quite diﬀerent from those for frames owing to the linear bounded operator K
(see also [13]–[16]).
The idea of Găvruţa has been applied to the case of g-frames by Xiao et al.[17] and thus
providing us the concept of K-g-frames, which have already attracted many researchers’
interest due to their potential ﬂexibility (see [18]–[21] for example). In this paper we pay
attention to the stability of K-g-frames, and the motivation derives from an observation
on one stability result for K-g-frames, Theorem 4.1 in [21], recently obtained by Hua and
Huang. In the proof the authors asserted that the frame operator of the involved K-g-frame
is invertible on the whole space, which plays a key role in their proof to show the lower
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K-g-frame bound condition stated in the theorem. In reality, however, the invertibility of
the frame operator of a K-g-frame is absent for the whole space, since a K-g-frame is not
necessarily a g-frame (see Example 3.1 for details). The purpose of this paper is to provide
an improvement to their result.
Throughout this paper, the notations H and K are reserved for two Hilbert spaces,
and {Kj }j∈J is used to denote a sequence of closed subspaces of K , where the index set J is
ﬁnite or countable. The family of all linear bounded operators from H to K is designated
as B(H , K ), which is abbreviated to B(H ) if H = K . The notation R(θ) designates
the range of θ ∈ B(H , K ).
Let ℓ2 ({Kj }j∈J ) be the Hilbert space deﬁned by
{
}
∑
ℓ2 ({Kj }j∈J ) = {gj }j∈J : gj ∈ Kj , j ∈ J, and
∥gj ∥2 < ∞ ,
j∈J

where the inner product is given by
⟨{fj }j∈J , {gj }j∈J ⟩ =

∑

⟨fj , gj ⟩.

j∈J

For a sequence of linear bounded operators {Λj }j∈J from H into Kj , let H Λ be the set
deﬁned by
{
}
∑
HΛ=
Λ∗j gj for any ﬁnite I ⊂ J and gj ∈ Kj , j ∈ I .
j∈I

2

Preliminaries

In this section we mainly collect some basic deﬁnitions and properties for K-g-frames.
Definition 2.1
Suppose K ∈ B(H ). One says that a family {Λj ∈ B(H , Kj )}j∈J is a
K-g-frame for H with respect to {Kj }j∈J if there exist 0 < C ≤ D < ∞ such that
∑
C∥K ∗ f ∥2 6
∥Λj f ∥2 6 D∥f ∥2 ,
f ∈H.
(2.1)
j∈J

The constants C and D are called, respectively, the lower and upper K-g-frame bounds.
Remark 2.1
If K is equal to the identity operator on H , IdH , then a K-g-frame turns
to be a g-frame.
In general, if {Λj }j∈J satisﬁes the inequality to the right in (2.1), we say that {Λj }j∈J
is a D-g-Bessel sequence for H with respect to {Kj }j∈J , associated with which there is a
linear bounded operator, called the analysis operator of {Λj }j∈J , deﬁned by
UΛ : H → ℓ2 ({Kj }j∈J ),

UΛ f = {Λj f }j∈J .

The adjoint operator
UΛ∗ : ℓ2 ({Kj }j∈J ) → H

(2.2)

