
Commun. Math. Res.

doi: 10.4208/cmr.2020-0003
Vol. 36, No. 1, pp. 51-67
March 2020

Equivalence Relation between Initial

Values and Solutions for Evolution p-Laplacian

Equation in Unbounded Space

Liangwei Wang1, Jingxue Yin2,∗ and Langhao Zhou1

1 College of Mathematics and Statistics, Chongqing Three Gorges University,
Chongqing, 404000, China.
2 School of Mathematical Science, South China Normal University, Guangzhou,
510631, China.

Received 12 February 2020; Accepted 1 March 2020

Abstract. In this paper, an equivalence relation between the ω-limit set of ini-
tial values and the ω-limit set of solutions is established for the Cauchy prob-
lem of evolution p-Laplacian equation in the unbounded space Yσ(RN). To
overcome the difficulties caused by the nonlinearity of the equation and the
unbounded solutions, we establish the propagation estimate and the growth
estimate for the solutions. It will be demonstrated that the equivalence relation
can be used to study the asymptotic behavior of solutions.
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1 Introduction

In this paper, we consider the asymptotic behavior of solutions for the Cauchy
problem of the evolution p-Laplacian equation

∗Corresponding author. Email addresses: wanglw08@163.com (L. Wang), yjx@scnu.edu.cn (J. Yin),
zhoulanghao8@163.com (L. Zhou)

http://www.global-sci.org/cmr 51 c©2020 Global-Science Press



52 L. Wang, J. Yin and L. Zhou / Commun. Math. Res., 36 (2020), pp. 51-67

∂u

∂t
−div(|∇u|p−2∇u)=0 in R

N×(0,∞), (1.1)

u(x,0)=u0(x) in R
N, (1.2)

where p>2 and the nonnegative initial value

u0∈Yσ(R
N)≡

{

ϕ∈C(RN) : lim
|x|→∞

(1+|x|2)− σ
2 ϕ(x)=0

}

with 0≤σ<
p

p−2 .

Since the beginning of this century, there has been a great interest in the com-
plicate asymptotic behavior of solutions for some evolution equations [1–8]. To
do this, a successful method is to establish the relation between the initial values
and the solutions for the evolution equations in some Banach spaces. In 2002,
it was Vázquez and Zuazua [9] who first considered the relation between the
ω-limit set of initial values and the ω-limit set of solutions to the problem (1.1)-
(1.2) in the bounded space L∞(RN). They found that the set of accumulation

points of the rescaled solutions u(t
1
p x,t) to the problem (1.1)-(1.2) in L∞

loc(R
N)

as t → ∞ coincides with the set of {S(1)(ϕ)}, where ϕ ranges over the set of
the accumulation points as λ → ∞ of the family {u0(λx); λ > 0} in the weak-
star topology of L∞(RN). By using this relation, they proved that the compli-
cated asymptotic behavior can happen in the solutions. Later Cazenave, Dick-
stein and Weissler [10–13] investigated the relation between the rescaled solutions

t
µ
2 u(tβx,t) (µ,β>0) and the initial values for the heat equation in bounded space

C0(R
N). They also used these relation to investigate the complicated asymptotic

behavior of solutions. They also study the complicated asymptotic behavior of
solutions for the Navier-Stokes equations and the Schrödinger equation [14, 15].
In our recent papers [16,17], we revealed that there exists an equivalence relation
between the ω-limit set of initial values and the ω-limit set of rescaled solutions
t

µ
2 u(tβx,t) (µ,β > 0) in bounded space C0(R

N), and use this relation to study
the complicate asymptotic behavior of solutions for the Cauchy problem of the
porous medium equation and the Cauchy problem of the evolution p-Laplacian
equation respectively. The studies of other asymptotic behavior of solutions for
the evolution equations can be found in [18–23].

Note that the relations in the above works are only considered in some
bounded spaces. It follows from the existence theory for the evolution p-
Laplacian equation that the solutions of the problem (1.1)-(1.2) are global even if
the initial data belong to some unbounded spaces [24–26]. Our interest here is to


