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Abstract. We investigate the M-eigenvalues of the Riemann curvature tensor
in the higher dimensional conformally flat manifold. The expressions of M-
eigenvalues and M-eigenvectors are presented in this paper. As a special case,
M-eigenvalues of conformal flat Einstein manifold have also been discussed,
and the conformal the invariance of M-eigentriple has been found. We also
reveal the relationship between M-eigenvalue and sectional curvature of a Rie-
mannian manifold. We prove that the M-eigenvalue can determine the Rie-
mann curvature tensor uniquely. We also give an example to compute the M-
eigentriple of de Sitter spacetime which is well-known in general relativity.
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1 Introduction

The eigenvalue problem is a very important topic in tensor computation [4]. Xi-
ang et al. [18, 19] considered the M-eigenvalue problem of elasticity tensor and
discussed the relation between strong ellipticity condition of a tensor and its M-
eigenvalues, and then extended the M-eigenvalue problem to the Riemann cur-
vature tensor.

Qi et al. [15] introduced the M-eigenvalues for the elasticity tensor. The M-
eigenvalues 6 of the fourth-order tensor E;ji; are defined as follows:

Eijiay/ *y' = 0x;,
Ejax'y/ x* =0y,

under constraints x ' x=1and y'y=1. This kind of eigenvalue is closely related
to the strong ellipticity and positive definiteness of the material.

Recently, Xiang et al. [19] introduced the M-eigenvalue for the Riemann cur-
vature tensor as follows: o '

ljkly]xkyl =Ax',
where x"x =1 and y'y = 1. They calculated several special cases such as two-
dimensional and three-dimensional cases to examine what the M-eigenvalues
are. They found that in the low dimensional cases, the M-eigenvalues are closely
related to the Gaussian curvature and scalar curvature according to the expres-
sion of the Riemann curvature tensor, the Ricci curvature tensor and Theorem
Egregium of Gauss. The case of constant curvature has also been considered.

The intrinsic structures of manifolds are important to the differential geom-
etry. In the last century, many results and theorems have been developed by
Chern. We further discuss the M-eigenvalue of the Riemann curvature tensor ac-
cording to the intrinsic geometry structure, and cover Xiang et al. results [19] in
the conformal flat manifolds.

This paper is organized as follows. In the preliminaries, we list the formulae
and results in the Riemannian geometry, including the symmetries of the Rie-
mann curvature tensor, and give the definition of the M-eigenvalue problem of
the Riemann curvature tensor. In the main part of our paper, we first review the
result by Xiang et al. [19] in two-dimensional manifold and three-dimensional
manifold cases, then we introduce the Ricci decomposition of the Riemann cur-
vature tensor and give the definition of a conformal flat manifold. For confor-
mal flat manifold of dimension m, the Riemann curvature tensor has an explicit
expression which is related to the scalar curvature and the Ricci curvature ten-
sor. Using this expression, we give the M-eigenvalue of higher dimensional cases



