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Abstract. In this paper, we use the Löwner partial order and the star partial
order to introduce a new partial order (denoted by “L*”) on the set of group
matrices, and get some characteristics and properties of the new partial order.
In particular, we prove that the L* partial order is a special kind of the core par-
tial order and it is equivalent to the star partial order under some conditions.
We also illustrate its difference from other partial orders with examples and
find out under what conditions it is equivalent to other partial orders.
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1 Introduction

In this paper, we use the following notations. The symbol Cm,n denotes the set
of m×n matrices with complex entries; H(n), H≥(n), and H>(n) denote the set
of n×n Hermitian matrices, Hermitian nonnegative definite matrices, and Her-
mitian positive definite matrices, respectively. The symbols A∗, R(A), and rk(A)
represent the conjugate transpose, range space, and rank of A ∈ Cm,n, respec-
tively. Let A∈Cn,n, then the smallest positive integer k, where rk(Ak+1)=rk(Ak),
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is called the index of A and is denoted by Ind(A). The symbol C
CM
n stands for the

set of all group matrices of Cn,n

C
CM
n =

{
A|rk(A2)= rk(A), A∈Cn,n

}
.

The Moore-Penrose inverse of A∈Cm,n is defined as the unique matrix X∈Cn,m

satisfying the following equations:

(1) AXA=A, (2) XAX=X,

(3) (AX)∗=AX, (4) (XA)∗=XA,

and is usually denoted by X=A† [12]. The group inverse of A∈CCM
n is defined as

the unique matrix X∈Cn,n satisfying the above relations (1), (2) and the equation

(5) AX=XA.

Such a matrix X is usually denoted by A# [12]. The core inverse of A∈CCM
n is

defined as the unique matrix X ∈Cn,n satisfying the above relations (1), (3) and
the equation

(2
′
) AX2=X.

Such a matrix X is usually denoted by A #© [13]. A matrix A ∈ Cn,n is called an
EP (or range-Hermitian) matrix if R(A) =R(A∗). It is well-known that an EP
matrix is core-invertible, and the core inverse, Moore-Penrose inverse, and group
inverse of the matrix are identical.

Lemma 1.1 ([3]). Given A∈CCM
n and rk(A)= r, then there exists a unitary matrix Û,

by which

A=Û

[
T S

0 0

]
Û∗, (1.1)

where T∈Cr,r is nonsingular. Furthermore,

A#=Û

[
T−1 T−2S

0 0

]
Û∗, A #©=Û

[
T−1 0

0 0

]
Û∗,

and

A#=(A #©)2 A, A2(A #©)=(A #©)# . (1.2)

A binary relation is called a partial order if it is reflexive, transitive, and anti-
symmetric on a non-empty set. In recent years, more and more mathematicians
have turned their attention to matrix partial orders. The well-known partial or-
ders are the minus, Löwner, core, star, C-N, GL, CL partial orders, etc. They are
defined as (1)-(8) in the following (see [3, 6–11, 14]):


