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Abstract. In this paper, we develop a fully discrete scheme to solve the confined
ternary blended polymers (TBP) model with four order parameters based on the
stabilized-scalar auxiliary variable (S-SAV) approach in time and the Fourier spectral
method in space. Then, theoretical analysis is given for the scheme based on the back-
ward differentiation formula. The unconditional energy stability and mass conserva-
tion are derived. Rigorous error analysis is carried out to show that the fully discrete
scheme converges with order O(τ2+hm) in the sense of the L2 norm, where τ is the
time step, h is the spatial step, and m is the regularity of the exact solution. Finally,
some numerical results are given to demonstrate the theoretical analysis. Moreover,
the phase separation of two kinds of polymer particles, namely, Ashura and Janus
core-shell particles, is presented to show the morphological structures.
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1 Introduction

Nanostructured polymer particles have attracted some experimental and theoretical stud-
ies because they have been widely applied in biological, photonic, mechanical and many
other fields, such as drug delivery [6, 32], photonic materials [1, 31, 33, 34], electronic
ink [2, 40] and so on [17, 18, 24, 38]. To produce various kinds of polymer blended parti-
cles, H. Yabu et al. [39] proposed a simple method called the self-organized precipitation
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(SORP) method. The process is introduced as follows. First, two miscible solvents should
be prepared: volatile (good) and nonvolatile (poor). Polymers are dissolved in the good
solvent, and then, the poor solvent is mixed into the polymer emulsion. After the good
solvent is completely evaporated, uniformly sized polymer blended particles will form
in the poor solvent.

Using the SORP method, various kinds of nanostructured polymer particles in binary
polymer blended systems can be prepared. Janus-type particles [14] and core-shell-type
particles [41] can be formed from polymer blends. Lamellar, onion, screw, wheel, mush-
room and tennis structures can be formed from block copolymer blends [15]. Moreover,
in [37], ring, helix and multi-pod structures are prepared.

To prepare ternary polymer blended particles, Y. Hirai et al. [16] studied the rela-
tionship between the surface tensions of polymers and the phase-separated structures in
binary polymer blended systems. They found that when the two polymers both have low
surface tensions, Janus-type particles are formed. A combination of low and high surface
tension polymers forms core-shell-type particles, in which the polymer with the lower
surface tension forms the core and the polymer with the higher surface tension forms
the shell. Thus, in ternary polymer blended systems, three polymers with low surface
tensions form Ashura particles, and if one of the polymers has a much higher surface
tension, they form Janus core-shell particles.

Here, we pay more attention to how to simulate the phase separation of different
structures in ternary polymer blended systems. In [16], a model of phase separation
based on Cahn-Hilliard equations with four order parameters, namely, confined ternary
blended polymers (TBP) model, was constructed to describe the dynamical systems of
Ashura and Janus core-shell particles. Moreover, a semi-implicit scheme was imple-
mented to simulate the phase separation process. However, Hirai et al. only focused
on the physical experiment and simulation results of the confined TBP model. It lacks of
energy stable schemes and numerical analyses, which is what we concern about.

In fact, there are many numerical methods that have been applied for solving cou-
pled Cahn-Hilliard equations, with the aim of developing energy stable schemes. Ex-
amples are the convex splitting method [12, 13], the stabilization method [29, 30, 43], the
invariant energy quadratization (IEQ) approach [42], the scalar auxiliary variable (SAV)
approach [27,28] and the new Lagrange Multiplier approach [10]. These approaches pro-
vide different methods of time discretization. A. Edgar et al. [3, 4] used the linear split-
ting method to solve two coupled Cahn-Hilliard equations with a nonlocal term. Q. Li et
al. [19] used the scalar auxiliary variable (SAV) approach to achieve two second-order, ef-
ficient, decoupled, and linear numerical schemes for the block copolymer. Using the new
Lagrange Multiplier approach combined with the stabilization method, a second-order
and unconditionally energy stable scheme for the coupled nonlocal Cahn-Hilliard system
was proposed by Q. Cheng et al. in [10]. C. Chen et al. [7] established a ternary Cahn-
Hilliard-type Nakazawa-Ohta phase-field model for the triblock copolymer and solved
the model via the stabilized-SAV (S-SAV) approach.

For the confined TBP model, we have two main tasks. The first task is constructing


