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Abstract. We improve Gilbert-Varshamov bound by graph spectral method. Gilbert
graph Gq,n,d is a graph with all vectors in Fn

q as vertices where two vertices are adjacent
if their Hamming distance is less than d. In this paper, we calculate the eigenvalues
and eigenvectors of Gq,n,d using the properties of Cayley graph. The improved bound
is associated with the minimum eigenvalue of the graph. Finally we give an algorithm
to calculate the bound and linear codes which satisfy the bound.
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1 Introduction

Let q be a prime number and Fq be the finite field given by the integers mod q. Fn
q is the

n-dimension vector space over Fq. A subset C of Fn
q is called a q-ary code with length

n. C is said to be linear if C is a subspace. The vectors in C are called codewords. The
dimension of C is given by k= logq |C|, and the rate is given by k/n.

Let c=(c1,. . .,cn) be a vector in Fn
q . The Hamming weight of c is w(c)= |{i | ci 6= 0}|.

The Hamming distance between two vectors c,c′∈Fn
q is d(c,c′)= |{i | ci 6= c′i}|. C is called

a code with minimum distance d if the distance of any two distinct codewords in C are
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greater or equal to d. The relative distance of C is then given by d/n. A code in Fn
q with

dimension k and minimum distance d is called an [n,k,d]q code.
Let Aq(n,d) be the maximum number of codewords in a q-ary code with length n and

minimum Hamming distance d. Finding the value of Aq(n,d) is a very fundamental and
difficult problem in coding theory [13]. The first and most important lower bound of
Aq(n,d) is Gilbert-Varshamov bound.

Proposition 1.1 (Gilbert-Varshamov Bound [6]). Let

Vq(n,d)=
d

∑
i=0

(

n

i

)

(q−1)i

be the number of vectors with Hamming weight less than d, then

Aq(n,d)≥
qn

Vq(n,d−1)
. (1.1)

Proposition 1.1 has been improved variously in [2, 4, 5, 8, 9, 11, 14, 16]. Among them,
the best improvement on the order of magnitude is from Jiang and Vardy [9] by studying
the independence number of the graph Gq,n,d defined as follows:

Definition 1.1 ([9]). Gilbert graph Gq,n,d is a graph whose V(Gq,n,d)=Fn
q and ∀u,v∈V(Gq,n,d),

(u,v)∈E(Gq,n,d) if and only if 1≤d(u,v)≤d−1.

People are also interested to the asymptotic form of Gilbert-Varshamov bound as n
goes to infinity. The maximum rate of code families with relative distance δ is defined as

βq(δ)= lim
n→∞

1

n
Aq(n,nδ).

Notice that
1

n
logq Vq(n,d)=hq

(

d

n

)

+o(1)

as n→∞ where

hq(x)= xlogq(q−1)−xlogq x−(1−x)logq(1−x).

This implies the asymptotic form of Proposition 1.1.

Proposition 1.2 (Asymptotic Gilbert-Varshamov Bound [6]). For every 0≤δ<1−1/q,

βq(δ)≥1−hq(δ). (1.2)

Tsfasman et al. [15] have proved that βq(δ)>1−hq(δ) for some q≥49. However, when
q = 2, some people conjecture that there does not exist any binary code with relative
distance δ and rate R>1−h2(δ) as n→∞ [9].


