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Abstract. A high-order, well-balanced, positivity-preserving quasi-Lagrange moving
mesh DG method is presented for the shallow water equations with non-flat bottom
topography. The well-balance property is crucial to the ability of a scheme to simu-
late perturbation waves over the lake-at-rest steady state such as waves on a lake or
tsunami waves in the deep ocean. The method combines a quasi-Lagrange moving
mesh DG method, a hydrostatic reconstruction technique, and a change of unknown
variables. The strategies in the use of slope limiting, positivity-preservation limiting,
and change of variables to ensure the well-balance and positivity-preserving proper-
ties are discussed. Compared to rezoning-type methods, the current method treats
mesh movement continuously in time and has the advantages that it does not need to
interpolate flow variables from the old mesh to the new one and places no constraint
for the choice of a update scheme for the bottom topography on the new mesh. A se-
lection of one- and two-dimensional examples are presented to demonstrate the well-
balance property, positivity preservation, and high-order accuracy of the method and
its ability to adapt the mesh according to features in the flow and bottom topography.
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1 Introduction

The shallow water equations (SWEs) model the water flow over a surface such as hy-
draulic jumps/shocks and open-channel flows in the ocean/hydraulic engineering. They
can be derived by integrating the Navier-Stokes equations in depth under the hydrostatic
assumption when the depth of the flow is small compared to its horizontal dimensions.
The two-dimensional SWEs can be cast in conservative form as

Vt+∇·F(V)=S(h,B), (1.1)

where h is the depth of water, V =(h,m,w)T denote the conservative variables, (m,w)=
(hu,hv) are the discharges, (u,v) are the velocities, B=B(x,y) is the bottom topography
assumed to be a given time-independent function, g is the gravitation acceleration, and
the flux F(V) and the source S(h,B) are given by
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An illustration of h, B, and the free water surface level η=h+B is given in Fig. 1.
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Figure 1: An illustration of the water depth h, the bottom topography B, and the free water surface level
η=h+B.

We are interested in the preservation of the “lake-at-rest” steady state solution

m=hu=0, w=hv=0, η=h+B=C, (1.3)

where C is a constant. Many physical phenomena can be described as small perturba-
tions of this steady-state solution, including waves on a lake or tsunami waves in the
deep ocean. They are difficult, if not impossible, to capture by a numerical method that
does not preserve (1.3), on an unrefined mesh. Thus, for the numerical simulation of
perturbation waves over the lake-at-rest steady state, it is important to develop schemes
that preserve (1.3). These schemes are said in literature to be well-balanced or have the
well-balance property or the C-property. Bermudez and Vazquez [3] first introduced


