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Abstract. We consider in this paper random batch particle methods for efficiently solv-
ing the homogeneous Landau equation in plasma physics. The methods are stochastic
variations of the particle methods proposed by Carrillo et al. [J. Comput. Phys.: X 7:
100066, 2020] using the random batch strategy. The collisions only take place inside
the small but randomly selected batches so that the computational cost is reduced to
O(N) per time step. Meanwhile, our methods can preserve the conservation of mass,
momentum, energy and the decay of entropy. Several numerical examples are per-
formed to validate our methods.
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1 Introduction

The Fokker-Planck-Landau equation, originally derived by Landau [28], is a fundamen-
tal integro-differential equation describing the evolution of the distribution for charged
particles in plasma physics [37]. It models the binary collisions between charged parti-
cles with long-range Coulomb interaction, which is the grazing limit of the Boltzmann
equation [12,14,41]. Denote by f (t,x,v) the mass distribution of charged particles at time
t, position x with velocity v, the Fokker-Planck-Landau equation is

∂t f +v·∇x f +F ·∇v f =Q( f , f ) (1.1)
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with the Landau collision operator

Q( f , f )=∇v ·
(

∫

Rd
A(v−v∗)( f (v∗)∇v f (v)− f (v)∇v∗ f (v∗))dv∗

)

. (1.2)

Eq. (1.1) is a mean-field kinetic equation. The left-hand side is the Vlasov equation mod-
eling the transport of charged particles, where F is the acceleration due to external or
self-consistent forces under the effects of electrostatic and magnetic fields. The Landau
collision operator Q( f , f ) describes the binary collisions between charged particles of sin-
gle species with long-range Coulomb interactions. The collision kernel

A(z)=Λ|z|γ(|z|2 Id−z⊗z), −d−1≤γ≤1, Λ>0, d≥2,

is symmetric positive semi-definite, A(z) = A(−z), kerA(z) =Rz. Similar to the Boltz-
mann equation, γ>0, γ=0, γ<0 represents the hard potential, Maxwell molecules and
soft potential case respectively. The Coulomb potential where d = 3, γ=−3 is of great
significance since it is relevant in physical plasma applications [12].

In the numerical aspect of Eq. (1.1), the approximation of the nonlocal quadratic Lan-
dau collision operator Q( f , f ) is a major difficulty. Therefore, in this paper, we only focus
on the spatially homogeneous Landau equation

∂t f =Q( f , f ). (1.3)

It is well-known that Eq. (1.3) has conservation of mass, momentum and energy since
∫

Rd Q( f , f )(1,v,|v|2)dv=0. The Boltzmann entropy

E( f )=
∫

Rd
f log f dv

is dissipated through

dE

dt
=−D=−1

2

∫∫

R2d
Bv,v∗ ·A(v−v∗)Bv,v∗ f f∗dvdv∗≤0.

Here,

Bv,v∗=∇v
δE

δ f
−∇v∗

δE∗
δ f∗

,
δE

δ f
= log f +1,

and f∗= f (v∗), E∗=E( f∗) for short. Moreover, f is the equilibrium of (1.3) if and only if
f is given by the Maxwellian

Mρ,u,T =
ρ

(2πT)d/2
exp

(

−|v−u|2
2T

)

(1.4)

with ρ (density), u (velocity), T (temperature) determined from the conserved mass, mo-
mentum and total energy defined respectively by

ρ=
∫

Rd
f dv, ρu=

∫

Rd
v f dv, ρu2+ρdT=

∫

Rd
|v|2 f dv.


