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Abstract. Radial basis function (RBF) collocation methods (RBFCMs) are applied to
fourth order boundary value problems (BVPs). In particular, we consider the classical
Kansa method and the method of approximate particular solutions (MAPS). In the
proposed approach we include some so-called ghost points which are located inside
and outside the domain of the problem. The inclusion of these points is shown to
improve the accuracy and the stability of the collocation methods. An appropriate
value of the shape parameter in the RBFs used is obtained using either the leave-oneout cross validation (LOOCV) algorithm or Franke’s formula. We present and analyze
the results of several numerical tests.
AMS subject classifications: 65N35, 65N99
Key words: Radial basis functions, Kansa method, method of particular solutions, collocation,
fourth order PDEs.

1 Introduction
In recent years, meshless methods have undergone vigorous development and have matured as methods of choice for the solution of various science and engineering problems.
Unlike other traditional mesh-based methods such as the finite element method [1, 2, 25],
the finite difference method [34, 35], and the finite volume method [22, 23], the main attraction of meshless methods is their ability to easily and effectively solve problems in
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complex geometries, particularly in high dimensions. There are various types of meshless
methods and among them, radial basis function (RBF) collocation methods (RBFCMs)
have become increasingly popular and attracted considerable attention in recent years for
solving partial differential equations (PDEs). The first RBFCM was proposed by Kansa
in 1990 [17] and, over the years, various kinds of RBFCMs, such as the method of approximate particular solutions (MAPS) [3], the RBF-differential quadrature method [32],
collocation for Cauchy problems [24], and the RBF Hermite collocation method [8], have
been proposed. Note that each of the above RBFCMs has its own advantages and disadvantages. Undoubtedly, the most famous and popular RBFCM is the Kansa method
which we shall be investigating in the current study. The Kansa method is known to
produce highly accurate results but is sensitive to the RBF shape parameter values and
its stability can be an issue. Among all of the above RBFCMs, the MAPS is an alternative
indirect method closely related to the Kansa method and has also proved to be effective.
Unlike the Kansa method, the MAPS adopts a particular solution of the considered differential operator, with respect to the RBF, as the "new" basis function. The derivation
of a particular solution comes from an integration process and the obtained approximation is usually more stable with respect to the shape parameter. In the last few years,
the MAPS has attracted some attention in the RBF community and has been applied to
solve a large class of PDEs. Despite the success of the MAPS, the derivation of a particular solution in closed-form for general differential operators remains a major challenge.
For high order differential operators, the derivation of a closed-form particular solution
is substantially more difficult to obtain. Once the closed-form particular solution for a
given basis function and differential operator is available, the MAPS converts the given
PDE into an interpolation problem. Due to the difficulty of deriving a particular solution
for a general differential operator, an alternative is the use of the particular solution of
the Laplace operator for second order PDEs and the biharmonic operator for fourth order
PDEs, as the basis function. This approach for solving fourth order PDEs will be adopted
in this paper. It should be mentioned that often, in order to save computational effort in
problems requiring a large number of nodes, global RBFs may be replaced by local RBF
methods [4, 6, 21, 38].
A major challenge in RBFCMs is the determination of an optimal, or at least suitable,
value of the shape parameter in the RBF used. Various studies have attempted to overcome this difficulty, see, for example, [16, 18, 19, 29]. We shall use the leave-one-out cross
validation algorithm (LOOCV) [10, 29] and a modification of Franke’s formula [12]. The
issue of determining an appropriate value of the shape parameter can be avoided by using polyharmonic splines with additional polynomials which gives comparable accuracy
to infinitely differentiable RBFs, see, e.g. [11, 16, 28, 37].
Fourth order boundary value problems (BVPs) are important in modelling various
types of physical problems such as plate bending [13], fluid dynamics [15], and computer graphics problems [33], to name a few. Many meshless methods have been developed for the solution of fourth order PDEs where one of the challenges is that two
boundary conditions need to be imposed. As such, the resulting matrix in the classical
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RBFCM is non-square and the overall accuracy and stability of the numerical results are
somehow affected. In the current study we include a number of ghost points (or fictitious
points) inside and outside the domain. The idea of using centres outside the domain of
the problem under consideration is not new, see, e.g., [9, Chapter 39] and [20]. In these
studies, the purpose of taking centres outside the domain is to compensate for the fact
that the governing equation is also satisfied at the boundary points. These additional centres are placed close to the boundary and the improvement in the accuracy is only slight.
As a result, this idea did not attract much further attention. Additional centres close to
the boundary were also used in [31] to compensate for multiple boundary conditions in
higher order PDEs. In our approach, the placement of the centres is very different and, as
we shall see, the improvement in accuracy is quite high. These ghost points are considered as an extension of the boundary points which are floating around the domain. As a
result, the discretization matrix becomes square and the stability and accuracy improve
considerably. The presence of these ghost points is reminiscent of the presence of the
sources in the method of fundamental solutions (MFS) [7, 14] where these points have to
be located outside the domain. In our proposed approach, the ghost points may be also
located inside the domain as long as they do not coincide with any interior or boundary
points. In this study, we propose the deployment of the ghost points to improve the performance of the Kansa method and the MAPS for the solution of fourth order PDEs. The
main distinction of our approach is the distribution of the ghost points not just on a curve
in 2D or a surface in 3D close to the boundary as in [20, 31] but also inside and outside
the domain. Furthermore, in order to achieve high accuracy, these ghost points need to
be distributed randomly and far from the domain.
The paper is organized in the following way. In Section 2 we recall the Kansa method
and the MAPS for solving second order BVPs and then describe its natural extension to
fourth order BVPs with the addition of ghost points. The results of some numerical examples in 2D and 3D are presented and analyzed in Section 3. Some concluding remarks
and areas of possible future investigations are given in Section 4.

2 RBF collocation methods
2.1 Second order problems
We recall the BVP in Rd , d = 2 or 3 consisting of the second order linear elliptic PDE

Lu = f

in the domain Ω,

(2.1a)

and the linear boundary condition

B u = g on the boundary ∂Ω.

(2.1b)

The numerical solution of such problems by RBF collocation methods is welldocumented, see e.g. [9, 37]. Typically, the approximation of the solution of a BVP is
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approximated by a taking a linear combination of RBFs φn ( x,y), n = 1, ··· ,N, which have
the form
φn ( x,y) = Φ(rn ), where rn2 = ( x − xn )2 +(y − yn )2 .
(2.2)
N

Each RBF φn is linked to a point (xn ,yn ). These points {(xn ,yn )}n=1 are the centers. We
Ni + Nb
i
select Ni interior centres {(xn ,yn )}N
n=1 and Nb boundary centres {(xn ,yn )}n=Ni +1 and we
take N = Ni + Nb . Many RBFs include a shape parameter, which we shall denote by c.
Determining the optimal value of the shape parameter is a major difficulty.
We shall use the Kansa method [17], in which the approximation of the solution of
BVP (2.1) is
N

û( x,y) = ∑ an φn ( x,y),
n= 1

( x,y) ∈ Ω.

(2.3)

We also provide the collocation points {( xm ,ym )}M
m=1 ∈ Ω and select Mi interior points
Mi + Mb
Mi
{( xm ,ym )}m=1 and Mb boundary points {( xm ,ym )}m=Mi +1 . We take M = Mi +Mb . It should
be noted that approximation (2.3) may, in some cases, be augmented by some polynomial
basis functions.
Often, we take fewer centres than collocation points.
We determine the coefficients { an }N
n=1 in Eq. (2.3) from the equations

Lû( xm ,ym ) = f ( xm ,ym ), m = 1, ··· ,Mi ,
B û( xm ,ym ) = g( xm ,ym ), m = Mi + 1, ··· ,Mi + Mb .

(2.4a)
(2.4b)

As there are M equations in N unknowns a = [ a1 ,a2 , ··· ,aN ] T , we choose M ≥ N.
The above equations yield the M × N linear system


AL
AB








a1
a2
..
.
aN




 
f

,
=
g


(2.5)

where f = [ f1 , f 2 , ··· , fMi ] with f m = f ( xm ,ym ), m = 1, ··· ,Mi , and g = [ g1 ,g2 , ··· ,gMb ] with
gℓ = g( xMi +ℓ ,yMi +ℓ ), ℓ = 1, ··· ,Mb .
In addition,
A L ∈ R Mi × N ,

where

( AL )m,n = Lφn ( xm ,ym ), m = 1, ··· ,Mi , n = 1, ··· ,N,

and
A B ∈ R Mb × N ,

where

( AB )ℓ,n = B φn ( xMi +ℓ ,yMi +ℓ ), ℓ = 1, ··· ,Mb , n = 1, ··· ,N.

When the centres and the collocation points are the same, system (2.5) becomes square.
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2.2 Fourth order problems
We now consider the BVP in Rd , d = 2 or 3 consisting of the fourth order linear elliptic
PDE
Lu = f in the domain Ω,
(2.6a)
and the linear boundary conditions

B1 u = g and B2 u = h on the boundary ∂Ω.

(2.6b)

For fourth order problems, we shall consider the case when the collocation points
and centre points are the same. Hence, we consider the interior centres/collocation
Ni + Nb
i
points {(xn ,yn )}N
n=1 and the boundary centres/collocation points {(xn ,yn )}n=Ni +1 . The
total number of centres/collocation points is thus N = Ni + Nb .
2.2.1 The Kansa method
In the Kansa method the solution of BVP (2.6) is approximated by
N

û( x,y) = ∑ an φn ( x,y),
n= 1

( x,y) ∈ Ω.

(2.7)

The coefficients { an }N
n=1 are obtained from the equations

Lû ( xm ,ym ) = f ( xm ,ym ), m = 1, ··· ,Ni ,
B1 û( xm ,ym ) = g( xm ,ym ), m = Ni + 1, ··· ,Ni + Nb ,
B2 û( xm ,ym ) = h( xm ,ym ), m = Ni + 1, ··· ,Ni + Nb .
The above equations yield the over-determined (N + Nb )× N linear system


a1




f
AL
 a2 

 AB  
 ..  =  g  ,
1
 . 
A B2
h
aN

(2.8a)
(2.8b)
(2.8c)

(2.9)

where the vectors f and g are defined as in (2.5) and h = [ h1 ,h2 , ··· ,hNb ] with hℓ =
h( xNi +ℓ ,yNi +ℓ ), ℓ = 1, ··· ,Nb .
In addition,
A L ∈ R Ni × N ,

A B 1 ∈ R Nb × N ,

A B 2 ∈ R Nb × N ,

where
where
where

( AL )m,n = Lφn ( xm ,ym ), m = 1, ··· ,Ni , n = 1, ··· ,N,

( AB1 )ℓ,n = B1 φn ( xNi +ℓ ,yNi +ℓ ), ℓ = 1, ··· ,Nb , n = 1, ··· ,N,

( AB2 )ℓ,n = B2 φn ( xNi +ℓ ,yNi +ℓ ), ℓ = 1, ··· ,Nb , n = 1, ··· ,N.

To account for the second boundary condition we consider an additional Nb ghost
N +2N
points {(xn ,yn )}n=i Ni +bNb . These additional ghost points can be viewed as a supplement
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Figure 1: The proles of the distribution of interior points (bla k •), boundary points (blue •), and ghost points
(red •).

of source points in analogy to the source points employed in another meshless method,
namely, the MFS. The purpose of adding these points is to render linear system (2.9)
square. With these additional ghost points, approximation (2.7) becomes
N + Nb

û( x,y) =

∑

an φn ( x,y),

n= 1

( x,y) ∈ Ω,

(2.10)

while (2.9) becomes a (N + Nb )×(N + Nb ) linear system. As shall be demonstrated in the
numerical tests, these ghost points, when appropriately spread inside and outside the
domain, will significantly enhance the accuracy and stability of the RBFCMs. In Section 3,
we will perform tests on how these ghost points should be distributed.
The ghost points may be distributed in various ways. In Fig. 1 we present two such
distributions (also including the interior and boundary centres/collocation points). In
Fig. 1(a) the ghost points are placed on two curves which are similar in shape to the
boundary of the domain Ω while in Fig. 1(b) they are placed randomly in a square containing Ω but outside Ω. Note that the ghost points can be placed inside the domain as
long as they do not coincide with the interior or boundary points.
2.2.2

The method of approximate particular solutions (MAPS)

In the MAPS [3], the approximation of the solution of BVP (2.6) is
N

û( x,y) = ∑ an Ψn ( x,y),
n= 1

( x,y) ∈ Ω,

(2.11)

where
∆2 Ψn = φn , n = 1, ··· ,N.

(2.12)
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Note that in polar coordinates,


1 d
d
∆≡
r
in 2D
r dr dr



1 d
2 d
and ∆ ≡ 2
r
in 3D.
r dr
dr
p
In the case of the normalized inverse multiquadric (IMQ) (φ = 1/ (cr)2 + 1), by repeated integration and the process of de-singularization, we can obtain the closed-form
particular solution Ψ in (2.11) as follows [27]:
 2 2
p
4c r − 11 p
2 − 3c2 r2
r2

2 r2 +
2 r2 )+

1
+
c
1
+
c
ln
(
1
+
, in 2D,



36c4
12c4
4c2



4c2 r2 − 1
2c2 r2 − 13 p

2 r2 +
(2.13)
Ψ(r ) = 

sinh−1 (cr), r 6= 0,
1
+
c

4
5r
48c
16c


in
3D;


−1




, r = 0,
3c4
and


p
1 p

2 r2 − ln(1 +

1
+
c
1 + c2 r2 ), in 2D,
(

2

c


 √
 2 1 + c2 r2 sinh−1 (cr)
Φ(r) = ∆Ψ(r) = 

+
, r 6= 0,

2c2
2c3 r

in 3D.



1


 , r = 0,
c2
For the Neumann condition,

(2.14)

 1 ∂Ψ
∂Ψ(r)
= ( x − x)n x +(y − y)ny
,
∂n
r ∂r
where (n x ,ny ) is the unit normal vector at ( x,y) and (x,y) is the centre point. By direct
differentiation of (2.13), we obtain

√
p

4c2 r2 − 1
2 1 + c2 r 2 + 2 − c2 r 2
1


√
√
1 + c2 r2 ), in 2D,
+
+
ln
(
1
+


2 1 + c2 r 2
2c2 12c2 1 + c2 r2

12c


1 ∂Ψ(r)
4 4 r 2 c 2 − 1)
= 
(2.15)
1 + 4c2 r2
 c(2c r +

r ∂r
√
+
sinh−1 (cr), r 6= 0,

5
3

16c r
in 3D.

16c5 r2 1 + r2 c2


 0, r = 0,

Without loss of generality, let us assume

L ≡ ∆2 + a ∆ + b

∂
∂
+ c + d,
∂x
∂y

(2.16)

where a,b,c and d are constants. From (2.7) and (2.11), we can see that the only difference
between the two methods (Kansa method and MAPS) is the difference in the basis functions. In the same way as was done for the Kansa method, applying (2.11) to (2.6) and

C. S. Chen, A. Karageorghis and H. Zheng / Commun. Comput. Phys., 27 (2020), pp. 1530-1549

1537

(2.7), we obtain (2.9) where AL , AB1 , and AB2 are now defined as follows:
A L ∈ R Ni × N ,

where

A B 1 ∈ R Nb × N ,

where

A B2 ∈ R

where

Nb × N

,

( AL )m,n = LΨn ( xm ,ym ), m = 1, ··· ,Ni , n = 1, ··· ,N,

(2.17)

( AB1 )ℓ,n = B1 Ψn ( xNi +ℓ ,yNi +ℓ ), ℓ = 1, ··· ,Nb , n = 1, ··· ,N,

(2.18)

( AB2 )ℓ,n = B2 Ψn ( xNi +ℓ ,yNi +ℓ ), ℓ = 1, ··· ,Nb , n = 1, ··· ,N.

(2.19)

More specifically, from (2.12)-(2.14), (2.17) may be expressed as

LΨ = φ + a Φ + b

∂Ψ
∂Ψ
+c
+ d Ψ.
∂x
∂y

As in (2.10) for the Kansa method, we add Nb ghost points and take
N + Nb

û( x,y) =

∑

n= 1

an Ψn ( x,y),

( x,y) ∈ Ω.

(2.20)

3 Numerical examples
In all numerical experiments
in this section, we shall use the normalized inverse multip
2
quadric (IMQ) (1/ (cr) + 1) as the RBF in the Kansa method and its appropriate integrals in 2D and 3D in the MAPS. In RBF collocation methods, the determination of an appropriate value of the RBF shape parameter (when present) is a challenging issue and, as
stated in Section 1, several attempts have been made to resolve it. In this section, we consider two such approaches, namely the LOOCV algorithm [29] and Franke’s
√ formula [12].
In 1982, Franke proposed to utilize the shape parameter value c = D/(0.8 N ), where D
is the diameter of the smallest circle including all N interpolation
√ points, to approximate
the optimal shape parameter value of the multiquadric RBF ( r2 + c2 ). However, this
formulation was proposed at a time when only single precision arithmetic was available.
Later, Franke’s formula was modified for double precision
arithmetic to c = D/(0.8N 1/4 ).
p
Note that for the normalized multiquadric (MQ) ( (cr)2 + 1), Franke’s formula should
be the reciprocal of the MQ formula, that is c = 0.8N 1/4 /D. Franke’s formula was developed using MQ for scattered data interpolation. For the case of the Kansa method and
the MAPS using IMQ, some modification of this formula is necessary. Based on extensive
study and experimentation, we concluded that the value of the optimal shape parameter
for the MAPS is usually larger than that for the Kansa method. Based on our numerical experiments, we revised Franke’s formula by adding 1 for the MAPS and 0.5 for the
Kansa method in all the numerical tests in this section. As we shall see in the following
numerical examples, the modified Franke formula yields quite satisfactory results. We
shall, therefore, be using this modified Franke formula as well as the LOOCV for selecting a good shape parameter for the IMQ. Note that each approach has its own merits.
One of the disadvantages of the LOOCV is the computational cost. In the 2D case, the
LOOCV works very well. However, in the 3D case, the computational cost becomes an
issue.
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After extensive experimentation, we found that the distribution of the ghost points
can be quite arbitrary. In addition, we observed that if the ghost points were taken inside
a circular disk in the 2D case and inside a sphere in the 3D case (in both cases containing
the domain Ω) a good estimate for the shape parameter of the IMQ using the modified
Franke formula could be easily obtained. It should be noted that the ghost points should
differ from the interior and boundary centre/collocation points. In the case when even
one ghost point coincides with an interior or boundary centre/collocation point, the coefficient (N + Nb )×(N+ Nb ) matrix in system (2.9) becomes singular. To ensure that all the
ghost points are fairly uniformly distributed, we employ the Halton quasi-random point
generator which can be found in the MATLAB c command haltonset.
We calculated the approximate solution û at L test points in Ω. and then calculated
the maximum absolute error E given by
E = ||u − û ||∞,Ω .

(3.1)

Example 3.1. We consider the fourth order BVP (2.6) in the 2D amoeba-shaped domain
depicted in Fig. 2(a) and described parametrically by


2
1
1
1
Ω = ( x,y) : x = r(ϑ ) cosϑ − , y = r(ϑ ) sinϑ − , 0 ≤ ϑ ≤ 2π ,
2
5
2
5
where
r(ϑ ) = esinϑ sin2 (2ϑ )+ ecosϑ cos2 (2ϑ ).
In (2.6),

L ≡ ∆2

(3.2)

and f ( x,y),g( x,y), and h( x,y) are derived from the exact solution
u( x,y) =

4
,
4+ x + y

the profile of which is shown in Fig. 2(b).
First, we consider the so-called second biharmonic problem where B1 ≡ I, B2 ≡ ∆. In
our numerical experiments, we took Nb = 300,Ni = 400, and L = 100, respectively. The
300 ghost points are distributed randomly inside the circle with center at (0.4,0.2) and
radius R = 4. In Fig. 3(a), we present the absolute errors versus c for the two RBF collocation methods studied in this paper. From this figure, it appears that the MAPS is
more stable than the Kansa method which is more sensitive to changes in the values of
the shape parameter. The acceptable "good interval" range for the shape parameter of the
Kansa method is narrower than that of the MAPS. As far as the optimal accuracy is concerned, there is little to choose between the two approaches. In contrast, from Fig. 3(b),
we observe that the accuracy of the two approaches for the same number of interior and
boundary points without ghost points is considerably lower. In particular, the Kansa
method is highly unstable with respect to the change of the shape parameter. With the
introduction of the ghost points, the stability of the Kansa method improves. For these
two approaches, the addition of more interior and boundary points (still without ghost
points) does not improve the accuracy as shown in Fig. 3(b).

C. S. Chen, A. Karageorghis and H. Zheng / Commun. Comput. Phys., 27 (2020), pp. 1530-1549

1539

0.8
0.6
0.4
0.2
0
-0.2
-0.4
-0.6
-0.8
-1

-0.5

0

0.5

1

(a)

(b)
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Figure 3: Example 3.1: The maximum absolute errors versus the shape parameter (a) using the ghost points;
(b) without the ghost points.

In Table 1, we present the maximum absolute errors of the two methods using
LOOCV for obtaining a good value for the shape parameter. To apply LOOCV, we need to
provide an initial search interval [cmin ,cmax ]. The results indicate that the Kansa method
is slightly more accurate than the MAPS. The reason for this could be the fact that, as
Fig. 3 indicates, the error profile of the Kansa method is more stiff and it is therefore easier for the search algorithm to identify the minimum. As a consequence, the apparent
disadvantage of the Kansa method has turned into an advantage when using LOOCV,
to identify the minimum error. We also employed the modified Franke formula to obtain an approximation of the optimal shape parameter. The results of Table 2 indicate
that the results obtained using the modified Franke formula are comparable to those ob-
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Table 1: Example 3.1: Maximum absolute errors and the optimal shape parameter c using LOOCV with initial
sear h interval [cmin ,cmax ] and Franke's formula with R = 4.

[cmin ,cmax ]
[0.3,3]
[0.3,4]
[0.3,5]
[0.3,6]
Franke [12]

c
1.038
1.304
0.935
1.132
1.062

Kansa
2.694(-12)
2.051(-11)
2.720(-12)
5.781(-12)
2.102(-12)

c
1.020
1.276
1.748
1.387
1.562

MAPS
1.137(-10)
7.494(-11)
3.211(-10)
5.531(-11)
8.181(-11)

Table 2: Example 3.1: Maximum absolute errors and the shape parameters using the modied Franke formula
for various radii of the ghost disk.

R
3
4
5
6

c
1.250
1.062
0.950
0.875

Kansa
1.245(-8)
1.802(-11)
1.878(-11)
1.787(-11)

c
1.750
1.562
1.450
1.375

MAPS
5.063(-11)
8.181(-11)
2.899(-10)
1.704(-10)

tained with LOOCV in terms of accuracy. Clearly, the approach using Franke’s formula
is computationally much more efficient than LOOCV.
Another important issue in the distribution of the ghost points is how far the circular
disk of radius, say, R, containing them should be extended beyond the domain. In Table 2,
for the results which are obtained using the modified Franke formula, we observe that
the accuracy of both methods is fairly high. In particular, for the Kansa method, the
larger the ghost disk the better. In contrast, for the MAPS, a smaller ghost disk produces
better results. An interesting observation is that if we move all the ghost points inside
the domain, then the accuracy drops considerably to the range of 10−4 ∼ 10−5 for both
methods. On the other hand, if we move the ghost points outside the domain and take no
ghost points inside, then little difference is observed in terms of accuracy. Furthermore,
when the ghost disk is too small, say R < 1.5, then the accuracy of both methods drops to
the level of the traditional method. Hence, placing the ghost points far enough outside
the domain is critical to the improvement of the performance of both methods.
We also conducted tests investigating the effect of the size of the ghost circle on the
condition number of the coefficient matrix in the Kansa method. As shown in Table 3, the
condition numbers remain approximately the same for various radii of the ghost circle.
According to the Principle of Uncertainty by Schaback [30], the high condition number
in RBF collocation methods is not an issue as long as the condition number stays within
the tolerance of the machine precision before it breaks down.
Next, we consider so-called first biharmonic problem where B1 ≡ I, B2 ≡ ∂/∂n and also
the case B1 ≡ I, B2 ≡ ∂2 /∂n2 . The same collocation points and R = 4 are used. Here we
consider the Kansa method with LOOCV. Note that for the second Neumann condition
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Table 3: The ondition numbers for various radii of ghost ir le.

D
3
4
5
6
7
8
9

condition #
1.0406e+21
1.4120e+22
5.5613e+20
1.4134e+22
3.8902e+21
1.9960e+21
5.4196e+21

Maximum absolute error
1.245e-08
2.102e-12
1.878e-11
1.787e-11
4.959e-11
2.913e-10
6.246e-10

Table 4: Example 3.1: Maximum absolute errors and the optimal shape parameter c using the Kansa method
with LOOCV and Franke's formula for R = 4.

[cmin ,cmax ]
[0.3,2]
[0.3,3]
[0.3,4]
[0.3,5]
Franke [12]

B1 ≡ I,
c
0.752
0.937
3.127
3.181
1.062

B2 ≡ ∂/∂n
E
3.897(-09)
1.705(-12)
4.071(-08)
9.553(-08)
2.853(-13)

B1 ≡ I,
c
0.725
0.445
2.549
2.126
1.062

B2 ≡ ∂2 /∂n2
E
1.736(-12)
1.249(-09)
1.717(-09)
6.502(-10)
3.693(-11)

B2 ≡ ∂2 /∂n2 , we have
∂2 φ
∂
= ( φ x n x + φy n y )
2
∂n
∂n
= φxx n2x + 2φxy n x ny + φyy n2y ,
where (n x ,ny ) is the unit normal vector at ( x,y), (x,y) is the centre point and
3c4
c2
−
,
(1 + r2 c2 )5/2 (1 + r2 c2 )3/2
3c4
,
φxy = ( x − x)(y − y)
(1 + r2 c2 )5/2

φxx = ( x − x)

and φyy can be obtained by replacing ( x − x) by (y − y) in φxx . The results shown in Table 4
remain highly accurate. In this table, we also present the results using the modified
Franke formula for selecting the MQ shape parameter. We observe that the modified
Franke formula yields a better prediction for a good shape parameter than LOOCV.
Example 3.2. We now consider the first biharmonic problem (2.6) with B1 ≡ I, B2 ≡ ∂/∂n
in the 3D Stanford Bunny domain depicted in Fig. 4. The boundary points and the corresponding normals can be found at the website of the Stanford Computer Graphics Laboratory [39]. In our implementation, the size of the original Bunny is magnified tenfold.
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Figure 4: Example 3.2: The prole of the Stanford Bunny domain with 1877 boundary points.
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Figure 5: Example 3.2: The maximum absolute errors versus the shape parameter (a) using the ghost points
and (b) without the ghost points.

In (2.6), L ≡ ∆2 and f ( x,y,z),g( x,y,z) and h( x,y,z) are derived from the exact solution
u( x,y) =

1
( x5 + y5 + z5 )+ ex+y+z.
120

(3.3)

We took Nb = 1877,Ni = 1000, and L = 500 and the 1877 ghost points are distributed
randomly inside the sphere with center (−0.1683,1.0866,0) and radius R = 4. In Fig. 5,
we present the maximum absolute errors versus the shape parameter c when using and
when not using ghost points with both the Kansa method and the MAPS. It is evident that
the accuracy when using ghost points is much higher than when using the traditional
method without them. Furthermore, when not using ghost points, the MAPS is superior
to the Kansa method in terms of both accuracy and stability. When using ghost points, the
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Table 5: Example 3.2: Maximum absolute errors and the optimal shape parameter c using LOOCV with initial
sear h interval [cmin ,cmax ].

[cmin ,cmax ]
[0.3,2]
[0.3,3]
[0.3,4]
Franke

c
0.949
0.698
0.856
1.330

Kansa
2.281(-11)
8.080(-11)
3.285(-11)
4.141(-10)

c
0.949
1.331
1.713
1.830

MAPS
1.675(-08)
6.832(-10)
5.477(-10)
2.973(-09)

Kansa method becomes as stable as and more accurate than the MAPS if we can identify
the optimal shape parameter.
Next, we investigate the determination of a good value for shape parameter. In Table
5, we present the maximum absolute errors using the LOOCV for the determination of an
appropriate shape parameter. As there are now many more collocation points, the use of
LOOCV is very time-consuming. In contrast, the modified Franke formula also provides
a very good estimate for the shape parameter without compromising the computational
cost of the method. It is clear that the performance of the Kansa method is superior to
that of the MAPS, which is consistent with the results shown in Fig. 5(a).
Example 3.3. We finally consider a 3D BVP where, in (2.6), L ≡ ∆2 + α∆ + β and B1 ≡
I, B2 ≡ ∆. The given functions f ,g and h in (2.6) are derived from the exact solution
u( x,y,z) = ex +y+z , α and β are constants, and the domain Ω is a 3D propeller, the profile
of which is shown in Fig. 6(a).
In the numerical implementation, we chose Nb = 2053 (see Fig. 6(b)), Ni = 1500, and
L = 500. The 2053 ghost points are distributed randomly inside the sphere with center
(0.325,1.225,1.220) and radius 4. In Fig. 7, we present the absolute maximum errors ver-

(a)

(b)

Figure 6: Example 3.3: The proles of the 3D (a) propeller domain and (b) 2053 boundary points (blue •),
1500 interior points (green •), and 2053 ghost points (red •).
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Figure 7: Example 3.3: The absolute maximum error for the ase α = β = 60: (a) with ghost points; (b) without
ghost points.
Table 6: Example 3.3: Maximum absolute errors for various α and β.

α
1
20
40
60

β
1
20
40
60

Kansa method
c = 1.365
1.058(-8)
1.210(-7)
2.807(-8)
1.222(-8)

MAPS
c = 1.865
1.783(-8)
7.099(-8)
5.383(-8)
3.336(-8)

sus the shape parameter when α = β = 60, with and without the ghost points. As was the
case in the 2D Example 3.1, there is a considerable difference between Figs. 7(a) and 7(b)
in terms of accuracy. Furthermore, we observe that the gap between the MAPS and the
Kansa method in Fig. 7(a) is much smaller than in Fig. 7(b). This implies that the presence
of the ghost points is important in stabilizing the solution of the Kansa method with respect to the shape parameter. With the ghost points, the Kansa method becomes not only
more stable but also more accurate than the MAPS if we can identify the optimal value
of the shape parameter.
In this example, we do not use LOOCV for the determination of the shape parameter
of IMQ since the system matrix is fairly large and the search algorithm becomes too expensive. In Table 6, we present the absolute maximum errors for various values of α and
β with the same number of collocation and ghost points using the Kansa method and the
MAPS with the modified Franke formula for the approximation of the shape parameter.
We observe that the results remain highly accurate for different values of α and β.
We next explore the impact of the size of the sphere of radius, say, R, containing the
ghost points. Considering the case α = β = 60, in Table 7 we observe that the MAPS yields
better accuracy for small R while the Kansa method performs better for larger R. This
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Table 7: Example 3.3: Maximum absolute errors for various sizes of the ghost sphere in the ase α = β = 60.

R
3
4
5
6

c
1.654
1.365
1.192
1.077

Kansa method
7.191(-8)
1.222(-8)
3.359(-8)
4.703(-9)

c
2.154
1.865
1.692
1.577

MAPS
6.452(-9)
3.336(-8)
1.158(-7)
1.343(-7)

result is consistent with the corresponding results for the 2D Example 3.1. Hence, we
conclude that when using the modified Franke formula, for the MAPS we should choose
a smaller ghost sphere while for the Kansa method we should take a larger ghost sphere.
Example 3.4. To further demonstrate the effectiveness of the proposed method, we consider the following Kirchhoff thin plate problem [36] in a polygonal domain for which no
exact solution is available:
q
∆2 u( x,y) = , ( x,y) ∈ Ω,
D
u( x,y) = 0, ( x,y) ∈ ∂Ω,
∂
u( x,y) = 0, ( x,y) ∈ ∂Ω,
∂n
where u( x,y) is the deflection of the thin plate, q = 106 is the constant transverse load,
D = Eh3 /(12(1 − µ2 )) is the flexural rigidity, E = 2.1 × 1011 is the elastic modulus of steel,
h = 0.01 is the thickness of the plate, and µ = 0.3 is Poisson’s ratio for steel. The profile of
the polygonal domain is shown in Fig. 8(a).
In the numerical implementation, we chose Nb = 345, Ni = 317, and for this example,
we only consider the Kansa method. The radius of the ghost circle is set to 4 and its center
is the geometric center of the polygon. For the selection of the shape parameter, we used
the modified Franke formula as described in the previous examples. The profile of the
approximate solution is shown in Fig. 8(b) which is not as accurate as one would have
expected. However, when we solve the linear system using singular value decomposition
(SVD) (with cut-off singular value 10−10 ), we obtain a much improved solution profile as
shown in Fig. 9(a). For convenience, the MATLAB c command pinv (Moore-Penrose
pseudoinverse) is used for this purpose. In contrast, with the traditional Kansa method
and the modified Franke formula (without adding 0.5) for the shape parameter, we obtain
the approximate solution shown in Fig. 9(b). No further improvement is observed when
using pinv or adjusting the different shape parameters. Clearly, the approximate solution
on the boundary is problematic.
Since no exact solution is available, we compare our results with those obtained using
the finite element method (FEM) commercial package COMSOL Multiphysics c [5]. The
COMSOL approximate solution was obtained with 5582 elements. The profile of the error
between the proposed method and the FEM solution is presented in Fig. 10. Note that for
various radii of the ghost circle, results similar to those shown above were obtained.
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Figure 8: Example 3.4: The proles of (a) the polygonal domain and (b) the approximate solution.
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Figure 9: Example 3.4: The proles of the approximate solution using (a) ghost points and SVD and (b) the
traditional Kansa method.

Figure 10: Example 3.4: The prole of the absolute error with respe t to the results obtained using COMSOL.
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4 Conclusions
We have investigated the application of two RBF collocation methods to fourth order
BVPs. In particular, we propose new formulations for the Kansa method and the MAPS
when these are applied to fourth order problems in which, to compensate for the second
boundary condition, we introduce a number of so-called ghost points. These points are
located in a circular disk (2D problems) or a sphere (3D problems) containing the domain
of the problem under investigation. Their number is equal to the number of boundary
centres/collocation points in the classical RBF discretization, which yields a square linear system. The addition of the ghost points is somehow analogous to the presence of
the source points in another meshless method, the MFS. The determination of the RBF
shape parameter in the methods used is achieved using either the LOOCV algorithm or
a modification of Franke’s formula. For 2D problems the LOOCV algorithm is preferred,
while for 3D problems, for computational cost considerations, Franke’s formula is applied. The results of several computational tests in 2D and 3D revealed that the inclusion
of the ghost points to the RBF discretization improves both the accuracy and the stability of the two collocation methods investigated. In the traditional approach, the stability
and accuracy of the MAPS is better than that of the Kansa method. The addition of the
ghost points, not only improves the accuracy of the Kansa method but also its stability.
As a result, the Kansa method becomes the method of choice for solving BVPs governed
by fourth order PDEs. The main element of originality of the current paper is the introduction of the ghost points spreading outside the domain. We also carry out a thorough
investigation for the selection of a good shape parameter of the IMQ and a proper choice
of the ghost disk/sphere in 2D/3D.
In future work we intend to study the optimal placement of the ghost points and also
the application of the current formulation to other types of PDEs and other RBF-related
collocation methods such as the RBF-differential quadrature method [32].
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