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Abstract. This paper is devoted to a multi-mesh-scale approach for describing the dy-
namic behaviors of thin geophysical mass ows on complex topographies. Because the
topographic surfaces are generally non-trivially curved, we introduce an appropriate
local coordinate system for describing the ow behaviors in an ef cient way. The com-
plex surfaces are supposed to be composed of a nite number of triangle elements. Due
to the unequal orientation of the triangular elements, the distinct ux directions add
to the complexity of solving the Riemann problems at the boundaries of the triangular
elements. Hence, a vertex-centered cell system is introduced for computing the evolu-
tion of the physical quantities, where the cell boundaries lie within the triangles and
the conventional Riemann solvers can be applied. Consequently, there are two mesh
scales: the element scale for the local topographic mapping and the vertex-centered
cell scale for the evolution of the physical quantities. The nal scheme is completed by
employing the HLL-approach for computing the numerical ux at the interfaces. Three
numerical examples and one application to a large-scale landslide are conducted to ex-
amine the performance of the proposed approach as well as to illustrate its capability
in describing the shallow ows on complex topographies.
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1 Introduction

Most geophysical hazardous ows take place over complex topographies. The occur-
rences of avalanches, landslides or debris ows over non-trivial topographies in moun-
tainous areas are some clear examples. Not surprisingly, there is a strong link between
the particular ow path and the geometry of the underlying basal topography. In ad-
dition, these ows are generally thin (in depth) compared with the large extension
in their tangential direction, so that the term shallow ow is employed here to char-
acterize thin ows on curved surfaces. For this type of ows, it is customary to make
use of a depth-integration process together with the shallowness assumption to asymp-
totically derive reduced models for the evolution of the depth-averaged velocity and
the thickness of the ow. Conventionally, these models are given in Cartesian coordi-
nates, where the topography is added on a horizontal/inclined plane, or in the so-called
locally inclined Cartesian-type coordinates [10]. With this approach, many successful
models with variant rheological relations, with single-phase [1, 2], quasi two-phase [3 7],
two- or multi-phase (solid, ne solid and uid) concepts [8 12], have been proposed and
have made fruitful achievements. In addition to the ease of imposing constitutive rela-
tions, one of the advantages of applying this geometrically simple coordinate system is
the less complicated process of its numerical implementation, so that numerical applica-
tions are mostly built based on models with this approach. For example, an advanced
GIS-supported open-source computational tool, rava ow [13 15], has been developed
in recent years for describing two-phase (solid and uid) or multi-phase (solid, ne solid
and uid) ows over complex topographies with respect to the digital elevation map
(DEM) by applying the models proposed by [10] and [12], respectively. However, as
the depth-averaged models generally employ the shallowness assumption, in which the
computed velocities are parallel to the corresponding coordinate axes instead of the exact
basal surface, a high variation in topography leads to signi cant deviations in represent-
ing the depth-averaged velocity. To correct this shortcoming, Savage and Hutter [16] rst
applied a 2D curvilinear coordinate system aligned with the curved bed for modeling
granular ows. This 2D curvilinear coordinate system is extended to 3D by introducing
a simple reference surface curved in the down-slope direction, and the complex topog-
raphy is described by superposing a shallow basal topography on it [17 20]. Although
the concept of a simple curved reference plane has also been widely adopted, it suffers
from the limitation of the prede ned unigue down-slope direction of the simple curved
reference surface, especially in its application to a snaking canyon terrain. Pudasaini and
Hutter [21] improved it by imposing a curved and twisted coordinate system, in which
the thalweg coincides with the projection of the master curve on a reference surface. The
models presented by curved and twisted coordinate system are advanced and rather suc-
cessful for the ows over generally curved channels [21 23]. However, determining the
necessary master curve(s) and the associated reference surface(s) for complex canyon ter-
rains is not always straightforward.
Bouchut and Westdickenberg (BW) [24] proposed the shallow water equations in a
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general coordinate system, for which there is no need to pre-assign the unique down-
slope direction nor to determine the master curves. It provides a distinct way of think-
ing in modeling shallow ows over non-trivial topographic surfaces, e.g., [25 27]. Fol-
lowing BW’s approach [24] and integrating its concept with the uni ed coordinate (UC)
method [28,29], a non-conventional approach is proposed for modeling geophysical mass
ows in [30, 31]. The non-conventional approach simpli es the complicate computation
caused by the Christoffel symbols in the model and allows the topography variation
caused by erosion or deposition [30 34]. With this non-conventional description, an ap-
plication to a real event of large scale is illustrated in [35]. Recently, the single-phase
model employed in [35] has been extended to a two-phase approach [36], in which the
phase separation and sediment-concentrated snout, as also illustrated in [11], can be well
reproduced. Taking into account the non-hydrostatic (excess) pore-water pressure for the
uid constituent [37,38] and hypoplastic intergranular stress, He etal. [39] amended two
additional elds and proposed the model equations in the general coordinate system.
The above mentioned models are mainly hyperbolic and nite volume methods are
often used for their numerical approximation. In general, the approximation strategies
are structured as follows:

Construction of a global coordinate system, relying on the assumption that the sur-
face description can be de ned analytically;

Representation of the conservative laws, relative to the global coordinate system;

Reduction of the model equations with the shallowness assumption and scaling
analysis;

Representation of the surface with a nite number of elements;
Approximation of the reduced model using the discrete surface.

In the context of engineering applications, it is presumptuous to expect that an analyt-
ical formulation of the ground surface is attainable. However, from data provided by
geographic information systems (GIS), one can casually extract a discrete description of
the surfaces that drive thin ows. As a result, it is more practical to use this discrete
description as the starting point of the resolution strategy, and this is the kind of ap-
proach that will be adopted in this work. In contrast to the quadrilateral meshes used
in the numerical implementation [25, 33 36], the triangular meshes are employed to t
the non-trivial topography in the present study. That is, the complex surfaces are sup-
posed to be composed of a nite number of triangle elements, and the coordinate system
is locally introduced at each triangle element. The main bene t of utilizing the approach
of triangular elements is its exibility of delineating the complex geometry of a rugged
topography. The other advantage is the unique orientation (e.g. the normal vector) of
the triangular element when comparing the quadrilateral meshes on a non-trivial curved
surface. Third, the surface area of a triangular element can be easily computed, while the
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quadrilateral mesh is generally not of the shape of a parallelogram. However, the un-
equal orientation of the triangular elements may enhance the complexity by solving the
Riemann problem at the boundaries between the elements. Hence a vertex-centered cell
system is employed. That is, the evolution of the physical quantities are computed with
respect to the vertex-centered cell, where the cell boundaries lie within the triangles and
the conventional Riemann solvers can be well utilized. So, the proposed approach locally
consists of two mesh scales: the element scale (the triangular element) and the cell scale (the
vertex-centered cell), cf. Fig. 1. The discrete mapping and the reduced model are both
de ned at the element scale, and the averaged values that evolve in time are de ned at
the cell scale [40,41]. With this multi-mesh-scale approximation there is no need to de ne
a non-singular global mapping (1-to-1 mapping between the vertical-horizontal-oriented
Cartesian coordinates and the terrain- tted coordinates), e.g. a spiral channel. Recently,
a similar concept has been proposed in [42]. Because it is a curvature-free approach, the
curvature-induced centrifugal force amendment to the momentum equation is added
posteriorly in the simulation, but the impact of the velocity direction on the curvature in
the 3D space is regrettably not taken into account. The present formulation includes the
complete topographical curvature tensor, such that the three-dimensional characteristics
of the curvature and the ow velocity direction dependency are retained.

In Section 2, we present the approach, which is a discrete sub-scale formulation and
consists of 6 subsections, from the parameterization of the local triangular element to
the nal scheme for shallow ows . Next, the developed strategy is validated in Sec-
tion 3and applied to a real event, back-calculating the plausible ow process, in Section 4.
The concluding remarks are given in the last section.

2 Discrete sub-scale formulation and reduction

Let us start by considering a surface G 2 R? that represents the basal topographic surface.
Formally, we have

X

G= r= b

2R®, where x= ; 2W R? and b=b(x) ,

with x lying on the horizontal plane and z=hb(x) the equation de ning the basal surface.
In practice, this description is generally given in discrete form, such as by the Digital
Elevation Maps (DEMs). In this regard, we settle for approximated surfaces that are
piecewise de ned: r

where E; Ei,Ej,Ek are non-overlapping at triangular surfaces de ned by the points

- _ X — Xj

R R, X
' b(xi) ' ™ b Xj

and RB= b(x)
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Figure 1: Sketches of a triangular surface element E. (panel a) and a vertex-centered cell C; (panel b), where
the element E. consists of three sub-cells, Cf, Cje and Cﬁ, and the sub-cell Cf is associated to both C; and Eg,

ie, CE=C; Ee.

This strategy for the representation of the basal surface is similar to the one used
in [24, 33, 34, 43], but therein the numerical strategy considers the control volumes to be
the triangles (cell-centered approach). Instead, in this work we make use of dual cells
in a vertex-centered formulation. For each element E., three sub-cells can be obtained
by connecting the centroid of the element’s face with the midpoints of the edges, E. =
C [Cje [C; as depicted in Fig. 1(a). Thus, by using the element scale, the cell scale is
obtained from the union of the sub-cells associated to the mesh vertex and its neighboring
elements (see Fig. 1(b)). Each control cell C; is then de ned as

Ci: [ C.e

.
e2E (i)

Note that C; is the union of planar polygons, but the cell itself is generally non-planar.
Examples of non-planar dual cells on G, R? (section view) and G, R?® are shown in
Figs. 2 and 3, respectively. In the latter, one can clearly see that the vertices of C; (in
purple) do not all lie on the same plane.

2.1 Parameterization of the local triangular element

On each triangular surface, we introduce a local system of coordinates & %e; in what

follows, we use & instead of £ to simplify our writing. In addition, we introduce the
following notation:

Q:X,E: g:x,y:

X
z b(x) z 0o (2.1a)
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Figure 2: Construction of a non-planar cell C; for an approximated surface Gy, 2R2,
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Figure 3: Construction of C; (in purple) for a surface approximated by a nite number of triangles (in gray).
The cell C; is centered on the vertex i and it is non-planar, i.e., its points do not lie on the same plane. As
shown in the zoomed panel, the vertex-centered cell is a dual of the element cells (see also Fig. 1b).

all speci ed in terms of the coordinate pairs

_ X _ X
X= y and x= ho (2.1b)

In (2.1a), we have purposely written 8= (x, y, b(x,y))T once more to point out the differ-
ence between itand B= (X, y, )7, i.e., the latter refers to the Cartesian coordinates in the
three-dimensional space and the former to a point on the topographic surface. The basal
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Figure 4: The local basis associated to a triangular element E..

surface on an element E is de ned as
b(x)=bj+ b; b Lj(x)+(bc b;i)Lk(X),

being L, (x) (linear) barycentric coordinate functions on the Cartesian coordinates. For
instance, Li(x)=1 L;j(x) L(x)with

() &) (B ®)]E;
[(yj %) . w)le

(200 %) @ ®)]e;

L0 = G %) ® w16

, LX) =

where B, ,By,B, is the standard Cartesian basis (in R®) and ¢ the Cartesian coordinates
projected on the plane z=0, as de ned in (2.1).

As illustrated in Fig. 4, the local basis associated to an element is de ned by the vec-
tors gy, gn and g,, where

“& R 0= R _ O On
gx—gj Ri, Oh=R¢ R and 0 kgx ghk,
and the local transformation on an element is
B 8 =xgy+hgn+zg,. (2.2)

The term z can be regarded as the distance above the basal surface; on the basal sur-
face itself, z=2z,=0. The vectors gy, g, and g, are the covariant ones associated to the
transformation. As these local vectors are constant, we have

0x=7® gnh=TB and g,=19;%,

and the Jacobian of the transformation
1

J=det ﬂ%g =0« On 0. (2.3)
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This transformation is compatible with the ones proposed in [24, 25, 32, 34], but with the
simpli cation that the current transformation is locally linear, i.e., within the triangular
element E;. As a consequence, the Jacobian and transformation matrices are constant.
Indeed, simple calculations show that

1 O 1
q xx Thx | clixb X s
— &= 0x,0n,0; =@ T,y Thy cfyb A=0 A,
fix kb Tnb ‘ C ESTT[XX C

with

1 1
c=Pp—————, s=cfxb and =s",x=(1.b,Tnb),
prﬂxbkz Tx c Tx (xb, Tnb)

1
see [24,32,34]. The rows of the inverse matrix ﬂig? ﬂigx are the contravariant vectors

g%, g" and g7, speci cally
o 1
T, 7 s s)(Txx)' ‘ S
@ A

e osT(Tkx)" | ¢

where they follow the relations g, g°=d} with df being the Kronecker delta.

We now have the choice to use hereafter either the matrices and sub-matrices of the
transformation (as in [24]) or covariant and contravariant vectors (as was partially the
case in [34]). For simplicity of the formulation, we subsequently employ the covariant
and contravariant vectors and assume that the basal surface does not change with time.
Then, for any vector Vv, the divergence r V in the Cartesian coordinates takes the fol-
lowing form with curvilinear coordinates:

g V=1 v g* +1(@v g")+1, wg* =rp, 1 RV .

Moreover, for any symmetric tensor eld T and a linear transformation (see, for instance,
[24, Lemma 3.1, page 28]), we have

rg T=1, Tg* +1,(Tg")+1, 1Tg* =ry (iTK),

.
withk= g8 . Thus, the divergence theorem in curvilinear coordinates reads

z z z

Wr? 1 1R v dR= ) Te8 v NdS;= v adS;, (2.4)
w w

for the vector v, and Z 7z
W r, (TK)d®= .TadS;, (2.5)
w

for the tensor T, where the relation BdS, KNdS; is detailed in Appendix A.1,
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2.2 Local numerical model of the vertex-centered scale

In order to use the most suitable reduced model for each element, it is desirable to also
formulate the velocity eld in the covariant and contravariant vectors, i.e.,

U=uybx+ uyby"'uzbz =u,g*+ Uhgh +u,0° = u*gy +Uhgh +u’g,, (2.6)

for which one can notice that u*=u g*, u"=u g" and u?=u @Z. In the local frame, the
mass and momentum conservative equations for an incompressible uid read

8
ﬂ X T[ h ﬂ z
- + + — =

% ix u T (u™ 0 Ju 0,

= gh i gh i ogh i (2.7)
— +— X+Pg* +— + + — Z+Pg? =

= ﬂt(JU) o 0 Pg h J(uu"+Pg") gz ) LU Pg 0,

where P = % (p+rg(z zp))1 t is a symmetric tensor representing the generalized

stress tensor containing the gravity and r is the uid density. These equations are in
conservative form and are therefore suitable for nite volume approximations.

2.2.1 Integration over the sub-cell C}

The considered ow is a free surface ow and we assume that on the sub-cell C; (cf.
Fig. 1), it has a height h®(t,x) in E1e normal direction g*. The integration of system (2.7)
over the local volume V{(t,8) = C{(x) [0,h°(t,x)] yields

X

Z

U Bds =0, (2.8)
Ve
q Z Z Z
— Judxdz JUThédx + J UU A+PR ds=0, (2.9)
t v ¢ Ve

with V¢ the boundary of the volume V?. The boundary V{ can be decomposed into four
parts associated (i) to the basal surface, (ii) to the free surface, (iii) to interactions with the
other two neighboring cells (within the triangular element E;), and (iv) to the boundary
fle of the element e (within the vertex-centered cell C;). That is,

o} 1 O 1
vi=@ [Cf(x) fogA Le [cie(x) fhé(t,x)gA
- {3} 1 }
oW ® o 1
L @[ﬂc;f\'ncje [O,he(t,x)]A[@[‘ﬂCie\ﬂe [0,he(t,x)]A,
j23(@ie) . x X
| {z o {z }

(iii) (iv)



Y.-C. Tai et al. / Commun. Comput. Phys., 29 (2021), pp. 148-185 157

where J(i,e) is the sub-set of cells neighbors to the cell C; and associated to the element e.
An integral over this boundary is therefore the sum of integrals over each of the above-
mentioned parts. Let us now turn our attention to these surface integrals.

(i) Integrals associated to the basal surface: z=0

The normal vector at the basal surface is simply de ned as Rds = g*dx. Then, the
integrals over C’ (x) f0g become

Z Z

JU Ads= Ju? dx, (2.10)
G100 fog ce =0

J(UU R+PR)ds= J uu*+Pg* dx. (2.11)
Ce(x) fog ce z=0

(ii) Integrals associated to the free surface: z=h®(t,x)

The normal vector at the free surface is such that ads=Ndx, with N=g* Tch®g* 1 hegh
(we refer the reader to Appendix A.1 for more details regarding N). The kinematic bound-
ary condition at the free surface can be written as

ﬂthe =N U.
Then, we arrive at 7 7 ; 7
U Aads= Jfih%dx=_- Jhfdx (2.12)
Cé(x) fheg Ct fft c
and Z Z Z
J$UU a+Pa)ds= ufih®dx+ P, Ndx. (2.13)
Ccé(x) fheg ce ce

Note that the contribution of the integral following the equal sign in Eq. (2.13) will cancel
out the contribution associated to the second term of Eq. (2.9).
(iii) Integrals associated to interactions with the neighbor cells

Let us recall that J(i,e) is the sub-set of cells neighbors to the cell i and associated to the
element e. Then, for any j2J(i,e), we compute the following uxes:

z Z e
fif= U Adzde, (2.14)
1CENTCE 0
z Z e
o= J(U U+P)adzde, (2.15)
AN (A

where A is the outward normal vector (the grey arrows in Fig. 1(b)) and will be formulated
in the covariant basis later (refer to Appendix A.1).
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(iv) Integrals associated to the boundary fe of the element e

They are the internal uxes within the same vertex-centered cell (indicated by the purple
arrows in Fig. 1(b)) and will vanish in the cell-scale approximation. Hence, there is no
need to formulate them.

2.2.2 The discrete formulation: equations for the averaged gquantities in the cell C;

After having obtained proper expressions for the surface integrals, we are now able to
continue deriving the discrete model. On this account, let us rst introduce the sub-scale
variables h; and U% (), de ned by

z z z

ﬁi=i Jhédx  and ﬁfU‘f(t)=ie wud®,  with af=  Jdx.
Ct a ve ce

af i | VI i
Then, according to the previously established integrals (2.10)-(2.15), the evolution equa-
tions of ﬁf and ﬁfo, contained in Egs. (2.8) and (2.9), compose the element-scale approx-

imation and can be reformulated as

~ z z Z e
fo ahy +  F°= ot dx U Adzd®, (2.16)
i23(ie) ct z=0 C\Te 0
~ z z
T ahuf + fi°°= 1 uu’+Pg® _ dx J(PN),—dx
i23(ie) C 2=0 Cr
Z e
J(U u+P)adzd®. (2.17)
C\fe 0

Now we introduce the numerical scheme for quantities at the cell scale. For this, we
wish to recall that each cell C; has been de ned as the union of non-overlapping cells
C?, as shown in Fig. 1(b). Consequently, the average on C; can be obtained by summing
Eqg. (2.16) over the neighboring elements of C;, and separately, by summing Eq. (2.17) in
a similar way. In other words, for all e 2 E (i), Egs. (2.16) and (2.17) are added to obtain,
at the cell scale,

8 z
aif¢h; + fn’e = Ju? 0dX
. . . ce 7=
e2E(i)j2J3(i.e) e2E (i) i 7 Z
U Aadzd®,
e2£¢i) TG \fe 0 7
aife hiU; + o= ) UU?+Pgr X J(PN),—,dx
e2E (i) j2J(i.e) e2E (i) C; 2=0 e2pqy O
Z e
z J(U Uu+P)adzd®,

e2e(i) 1CG\Te 0 219
2.18
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where we have de ned

aihi= a&h;  and  ahu;= ahiut,

e2E (i) e2E (i)
being aj = ¢5,()a; the total area of the cell C;. As already elaborated, the internal ux
exchanges vanish at the cell scale (cf. Fig. 1), i.e.,
z Z e z Z e
JU Adzd®=0 and J(U U+P)adzd®=0. (2.19)
e2e() TC\fe 0 e2e(i) TCM\fe 0

Therefore, the compact form of the cell scale discrete formulation (2.18) reads

0 z Z e
aj—W;+ J?(W)ﬂdZde
Tt e2E(i) j2J(ie) TEINIC) 0
0 Z
+ . PN dx = eJ?(w)gzdx , (2.20)
e2E() & z=h  e2e() G 2=0
with _
_ h _ h _ u’
W= oo WS and ¢(w)= U U+P

In (2.20), w=wW+w’, where the uctuation w", with respect to a depth-averaged state W,
is allowed for a general case, such as the shear shallow water ows modeled by [48, 49].
In the present study, we concentrate on the numerical approach, so that only the depth-
averaged state W is considered at the current stage.

The discrete model (2.20) has been obtained under certain assumptions (for instance,
each sub-cell is assumed to be at). However, some of these assumptions can be relaxed
without drastically changing the existing general formulation (2.20). At this moment, it
is important to note that all the components of the velocity are unknown to the discrete
model. The evolution of W; will be de ned as soon as the uxes £ or FiFj'e in (2.40) and

the source term Fis'e in (2.40) are formulated as functions of the averaged values of the
neighboring cell w;.

Now the next task isto nd a way to formulate the uxes F}"** and the source terms as
functions of the averaged values wj. For a common interface between two adjacent cells,
this can be achieved by the use of Riemann problems associated to an adapted reduced
model. Other uxes will be de ned by means of the boundary conditions, particularly
on the basal and free surfaces.

2.3 Shallowness assumption, approximation associated to interactions with
the ow surface & uxes ;"

The shallowness approximations can be applied when the typical ow thickness is much
smaller than its extension tangential to the basal surface. In this context, the scaling anal-
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ysis helps to justify that the pressure is essentially dominated by the effect of hydrostatic
forces and the curvature effect (centrifugal force) is of a slightly higher order when the
basal surface is curved with a shallow curvature [21, 32, 34, 44]. With the free surface as-
sumption, i.e., vanishing pressure at the ow surface, one can determine the hydrostatic
pressure by

p~ rgc(z h(tx))

with ¢ =g? b,, when the curvature effect is neglected. However, the considered vertex-
cell consists of several triangular elements with variant normal directions, so that the cell
is not at. Hence, the curvature effect should be taken into account for the pressure as
in [21,32,34,44 46] and it reads

p/r” (ky+gc)(z h(tx)) with ky=c:(BU BU), (2.21)

where C is an approximated curvature tensor of the vertex-centered celland B=g* ¢y +
g" g is the projection on the tangent plane to the basal surface [26,32,34]. On the other
hand, with the considered mapping, we locally have

z zp=b(x)+cz with b(xX)=b(X(x))=Db; zo+e(x),

where B(x) =xgy B, +hgp B;. The generalized stress tensor P=(p/r+g(z zp))1 t/ris
then approximated as

P~ g(ch+b) ky(z h) 1 t/r. (2.22)
At the ow surface (z=h), the stress tensor (2.22) reads
(E)z:h ” g(Ch+b)! (E)z:h/r' (223)

Then, the component of the stress ux associated to the free surface isotropic pressure
rg(ch+b) is reformulated to introduce a divergence form. Indeed,

2 2
geh+b) GUh+g"hh =g gct+gbh +g"n geh+gbh  ghigd,

where straightforward algebra gives rgh = g*f,2+g"fne with &(x) = xg, b,+hg; b,.
Therefore,as N= @*fxh g"f,h+g?, we get

2 2

(PN),p= 0% gy +gbh g ge +obh

+ghrgh+g(ch+b)g* % tN ..
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Locally on a triangular element, J, ¢, g* and g" are constant; thus, the third term on the
left-hand side (LHS) of (2.20) is recast into

(@) 1
z 0 z 0
P dx = @ h? Ande
cc PPN (200 TCNTCE gc?+gbh 1
(@) 1
z 0 z 0
h? Ande+ dx
fC\fe 1 gco-+gbh 1 ¢ Jghrgb
1
+Z 0 dx ’ 0 dx 2.24
¢ Jg(ch+b)g’ ¢ N ' (2:24)

Here, we have used the fact that the normal vector is constant on the interface TV \V;
that contains ‘HCie\ﬂCf. By using this decomposition, we arti cially separate the contribu-
tion of the free ow surface into several components. The rst integral on the right-hand
side (RHS) of (2.24) is a lateral ow in the hyperbolic framework. The third to the last
integrals on the RHS will be considered as source terms, where the coherence of all of
these different approximations is for the issue of well-balanced schemes [47]. The sec-
ond integral is associated to interactions within the cell, so that it will be canceled out at
the cell level and no additional treatment is needed at this scale.

In viewing (2.20) and (2.24), the total ux associated to the interface 1]Ci‘*\1TCJfE now

reads o) 1
z Z, z 0
= #(w)ndzd® @ h? Ange. 2.25
U geenger o W) e\ I 9o +gbh 1 (225)

With®de nedin (2.20)andP ~ g(ch+b)1 t/r k,(z h)1,the rstintegralin (2.25) can
be approximated by
z z, z
#(w)adzd® > Jh¢(w)nad®
C\TC 0 TCINTCS 1
Z huT -

> e
ﬂcf\ﬂcjeJ hu u+ geh?+gbh+k,s 1 "¢

deé,

z 0

1
feengee pIhER

for a uniform velocity distribution along the ow thickness. The ux f}’}"e in (2.25) then
can be decomposed into a hyperbolic component FiFj'e and a viscous/frictional compo-
nent Fi!j'e, ie.,
e > F, te
RS F (2.26)
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with

z z

0
Fre= Fe(oa,w)d® and FY°= 3 dzde. 2.27
U e (8.w) N A (.27)

In (2.27), F¢ (ba,w) denotes the normal ux at the interface and it is given by

(@) 1
Jhu A

€ :@ 2 A=
F(a,w) Jhu (U B)+J(90+kb)h7ﬂ 8 g F(w)*+ a gy 6 (W),

where w=(h,hu)",F F(w)andG G(w), with
(@) 1 (@) 1

huX huh
F=@ h2 A and =@ " h? .
huux+(gc+kb)7gX huu +(gc+kb)Eg

A, (2.28)
Note that the vectors in the previous equations are still three-dimensional quantities even
after the depth-averaging process; for example, the velocity eld U is still given as in its
de nition (2.6). Indeed, our basal surface is still in 3D form and has not been reduced to
2D, as is usual for at planes.

E

2.4 Riemann problem & ux Fij'e at the interface scale

We proceed to describe how the numerical ux Ffj is computed as a function of the in-
termediate state wfj, solution of an appropriate Riemann problem. The ux F®(n,w) is a
linear function of n. Assuming that the approximated state ij does not vary along the
interface, we have
YA
Fi°=F° Njwj , with Nj= )nde.
G\ [0

Refer to Appendix A.2 for the de nitions of the cell interface normal vectors N‘fj ona at

triangular element. Now, in order to obtain an approximation of the above ux, let us
consider the following Riemann problem at the interface scale:

’ .f <01
1W+1Fe(n,w)=0 with w(t=0,n)= Wi mn

Mt in w,, if n>0, (2.29)

where n is the coordinate associated to the direction n. This system is hyperbolic and the
eigenvalues (assuming k;, constant) are

qg q
I=un, I=un (gc+kp)h and 1=u n+ (gc+ky)h.
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Then, an approximate Riemann solver will de ne the ux at n=0 as a function of the
states w, and wy, e.g.,

B (W) = 5 [F () +F(w) +AT W w)l,

being A ~ ﬂiWF(n,w) an approximated Jacobian. For this form, one of the simplest ap-
proximations is the so-called Rusanov solver that considers jJAj=(maxyj I (w)j)1. For an
HLL-type scheme, the numerical ux takes the following simpli ed form instead:

SSF(nw) SIF(n,wr) SiSc(w wy)
Sr S| '

where S; and S; are the maximum wave speeds traveling to the left and right, respec-
tively. For the rst order approximation, the numerical ux is estimated as

B (nwi,wp) =

Fe » e .

Fij F N?j,Wi,Wj
This approximation of the ux is conservative, i.e., the outward normal vector associated
to the cell C; at the interface with C; will be opposite to Nf;. In other words, Nj; = Nj;, and

1)’

by simple algebraic manipulations, one can show that E° Nfi,Wj,Wi = F ij,Wi,Wj )

Let us mention that the current ux is obtained under the strong assumption that, lo-

cally at the interface, the uctuating state w is constant in the thin layer and acts like the

mean value W. In order to improve the approximation of the interface ux, interpolations

are often employed, via the MUSCL approach. The MUSCL reconstruction is a purely ge-

ometrical interpolation. It is also possible to proceed with certain physical interpolations
that take into account the thin pro le of the local ow, that is,

Z .
Fres L VRS e w oxz oW Xz dz (2.30)
ij hij 0 i ree Ap s T ) ! )

where w; Xij,z =W;+w! X;j,z and w; Xij,z =Wj+wg Xij,z . The interface pro les de-
ned by w? and wg must be built under physical considerations. This pro ling is in-
evitable for strongly sheared ows. For example, in [48 51] it is proposed to introduce
new variables based on the evolution of the kinetic energy, in order to simplify this con-
struction.
With respect to the cell-scale approximation (2.20), we nd it convenient to review

what we have so far:

Z
o Lo+ Fros FEe  Bw)gx
e2E(1)j23(ie) e2E (i)j23(i.e) e2E() O z=0
z 0
+ dx. (231
e2E (i) c JEN/T g(ch+b)g® Jghrgb z=h ( )

For constructing the numerical scheme, we still need to provide the approximation for
the uxes and pressure forces on the basal surface, and the viscous/frictional uxes.
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2.5 Sourceterm Fis'e & approximation associated to interactions with the basal
surface

We assume here that the basal surface is impermeable, so that the velocity component
normal to the bottom is zero, i.e.,
z
u, 0.
For ease of description, the drag force equilibrium at the basal surface is assumed to be

1 1 U
Ebgznggz"'F pp 0° t,0° ¢ Fmpb@: (2.32)

where the last term represents the Coulomb friction law (see, for instance, [1,18]), with m
being the friction coef cientand p,= p, 9° t,g° * the positive part of the normal stress
on the basal surface. The friction coef cient m can be interpreted as the ratio between
shear and normal stresses; m ” ktk/jpj, see e.g., [52,53].

In the context of long-wave laminar ows, the shear stress normal to the basal surface
is asymptotically negligible compared to py, i.e., p, 9* £,9* ” py, so that the approximate
basal pressure is py, * r(gc+ky)h, and we arrive at

Z Z

gwgrax = o o0 ox
G z=0 Ct Pyg
1 o 1
T ° i e pu A
7 u
¢ I g(ch+b)+kyh g* ax ce mPe Y Adx. - (2.33)

i r kuk

In (2.33), the rst term on the RHS denotes the force acting normal to the bottom; the
second one stands for a force tangent to the basal surface. Therefore, together with the
last two terms in (2.31), we obtain the source term and it reads

Z Z
0
= #(w)g?dx + dx
: , ce (w)g ,—o C¢ JEN/r g(ch+b)g® ighrgh _.
> Jsdx, (2.34)
Cf
where

(@) 0 1

S:S(W):@ 1 U U 7 A, (2.35)

As the drag free condition at the ow surface is widely applied, one has (tN),_, 7 0,
and this source term recovers the one proposed in [24, equation (2.49)]. In (2.35), k, =C:
(BU BU) represents the curvature contribution with the curvature tensor

c cAa+g® g T.0° . (2.36)
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Here we recall g?=( s,c)" is the normal to the basal surface.

Remark 2.1. The approximation of ghrgb relies on the approach proposed in [47,54] and
is based on the hydrostatic reconstructed water depth.

The curvature in (2.36) is to be approximated for a vertex-centered cell, which is com-
posed by several triangular elements (cf. Fig. 1(b)). Since each triangular element has its
own normal vector g7, the curvature can be computed either by a polyhedral approxima-
tion [55] or by the general approach suggested in [46]. In the present study, we follow the
strategy proposed in [55], that the tensor of curvature, at a vertex i, is estimated as

G~ wijHijBij Bij, (2.37)
j23(i)

where wj; is a positive weight proportional to the surface area of the triangle element j
within the cell i, such that ;¢ wjj=1. In addition,

ERE 2 % "
= i i I : ) R J— .
Bij: _IZ _IZ : and Hijzﬁa with gIZ: e2J0)
1 gi gi R gj ! 1 a? gz
e2J(i) ¢
2.6 Final scheme for weakly sheared ows
With the source term (2.34), the cell-scale approximation (2.31) then reads
8 W+ Fre= Fi't  FP* with wi= L (239)
Tt e2E(1)j2J(i.e) e2E()j23(i.e) e2E (i) iVi

where W;j is the mean value within the vertex-centered cell E (i). The viscous ux Fﬁ-'e, the

rst term on the RHS of (2.38) and de ned in (2.27), represents the viscous friction from
the neighboring cells. It is generally of higher order in scaling analysis and neglected in
the resultant model equations [1 3,6,17, 18, 21], so that we have the equation system at

the cell-scale,

1

aj—W; + FiFJ.'e = F*  with ajWw; = aWe. (2.39)
Tt e2E(i)j2J(i.¢) e2E (i) e2E (i)

For rigid basal surfaces, where neither erosion nor deposition takes place, the area of
the triangular element remains invariant, i.e., a; = const. By ignoring the internal uxes
within the cell, that will cancel out at the cell scale, we arrive at the approach at the
element-scale,



166 Y.-C. Tai et al. / Commun. Comput. Phys., 29 (2021), pp. 148-185

1T
aé — Wt +

W F=R (240)
i23(ie)

where the ux FiFj'e is given in (2.27) and the source F}® is de ned in (2.34). Eq. (2.40) can
be viewed as a weak formulation locally associated to the following system:

%(JW)+ﬂ1X(JF(W))+ﬂ1h(JG(W)) = J5(W), (2.41)

where F, G and s are de ned and given in (2.28) and (2.35), respectively. The equation sys-
tem (2.41), with (2.28) and (2.35), is similar to the ones proposed in Bouchut and Westdick-
enberg [24], Luca et al. [26] or Tai et al. [34], which are single-phase models for shallow

ows over complex topographies. However, in this context, system (2.40) only describes
a local behavior and there is no need to de ne a nonsingular global mapping. Despite
this, the proposed multi-mesh-scale approach is still constrained by the limitation of a

shallow curvature , as it inherits the scaling analysis from the models for arbitrary to-
pographies [24, 26, 32, 34].

3 Numerical examples

In this section, we propose several test cases for validation of the proposed approach,
using quasi-1D ows on at planes. In Section 4, the numerical strategy will be applied
on a complex topography.

We always use 2D meshes, even for quasi-1D ows. For all the simulations performed
here, MUSCL reconstruction is used to achieve second order accuracy for smooth so-
lutions. For non-smooth solutions, slope limiters (minmod and van Albada) are used to
guarantee that a maximum principle is satis ed at the discrete level: the total variation
is diminishing (TVD). The stability condition of the explicit scheme is obtained by local
estimations of the maximum wave speed (1) and the minimum mesh length scale (d*).
Therefore, the time step Dt is computed as

Dt=cFL min
e e

In practice, according to the estimation used for different meshes, a CFL number of 0.8
always achieved numerical stability of the explicit scheme.
3.1 Quasi-1D ows on horizontal at planes: Riemann problems

The Riemann problem (also known as the dam break problem in hydraulics) is an initial
value problem where a stationary ow body is blocked in a channel and is set in motion
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by suddenly removing the vertical blocking plate. In this section, we consider a rectan-
gular domain W=[0,x,.] [0,y ] and a structured triangular mesh of 169 57 vertices
and 11816 triangular elements. Then the initial condition is

hy for 0 x Xg,

he for xo<x X, and u(x)=00 for 0 Xx Xx.. (3.1)

h(x,y) =

In (3.1), Xo=1.6 m and x_. =4.2 m. The transverse length is y, =1.4 m. The basal surface
is de ned by b(x,y) =0 and there is no basal friction. The boundary conditions are non
re ecting in the x-direction and periodic in the y-direction.

Dam break ow: Ritter’s exact solution

The initial condition for the Ritter’s test is de ned with
hy=1.0m and hr=0.0m.

This is an initial condition with a dry-land on the right-hand side. The exact solution
is composed of a left going rarefaction wave that is a concave parabola connecting the
constant water depth h. and the dry zong{hg =0). This parabolapc%rs the range
[xa(t),xg(1)], extending with xa(t) =xg t gh. and xg(t) =xo+2t gh.. Hence, the
evolution of the depth’s distribution reads (e.g. [56] or [57])

g hy for x xa(t),
_ 2
h(X,y,t)ZB % IoghL X X0 for xa(t) <x<xg(t), (3.2)
~ 0.0 for xg(t) x,

for the ow depth, where the corresponding velocity is linearly distributed in the rarefac-
tion

8
3 0.0 for x xa(t),

u(x,y,t)=B z pmﬂtxo for xa(t) <x<xg(t), (3.3)
- 0.0 for xg(t) x.

Here we recall that h(x,y,t) is uniformly distributed in the lateral y-direction. The com-
puted depth distributions are respectively shown in Fig. 5 at t=0.0, 0.225 and 0.45 s,
where the corresponding section views along the central line (y =0.7) are shown in the
right panels. In the right panels of Fig. 5, the blue markers denote the computed
results and the analytical solutions are depicted by red lines. The computed results
demonstrate the capability of the present approach of adequately describing this dam
break problem.
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Figure 5: The depth evolution in the dry land case | Ritter’s solution.

Dam break ow: Stoker’s exact solution

The initial condition for the Stoker’s test is de ned with
hy=1.0m and hr=0.1m.

Then, the exact solution is composed by a left-going rarefaction wave connecting the
initial left depth h, to a constant non-vanishing depth hy, by a concave parabola, and at
the right end of the constant depthrgM right-going shock thatr_r)ekites hm and hr. The
parabola ranges from xa(t) =xo t ghy to xg(t) =xp+t up ghm , and the zone of
constant depth lies in [xg(t),xc(t)]. Position xc (t) denotes the location of the shock wave
moving with a constant velocity ughock. The derivation of this Stoker’s solution is tedious,
so we just list the results and refer the readers to e.g. [56] for details. The velocity Usnock
is the solution of

P—
4 4PA1/2+1 ughock 8 ghLushock ghRPA:0

with P =1+ 1+8u§hock/(ghR) Y2 Once the shock velocity Ughoek 1S determined, the
thickness of the bore hy, and the value of uy, can be determined by the relations ghyp =
4u§hock/PA, and up=(1 hr/Zhm)Ushock, respectively (see e.g. [56]). Hence, for t=>0, the
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Figure 6: The depth evolution in the wet land case ]| Stoker’s solution.

depth distribution reads

8
§ he for
o J 2
4 X _Xo
h(x,y,t)=_ 9% ghe for
§ hwm for
" hgr for
and s
% 0.0 for
% pﬁ"‘ X txo for
u(x,y,t)= P P
§ 2  gh, ghm for
© 00 for

represents the corresponding velocity distribution.

X Xa(t),
Xa(t) <x<xg(1),
Xg(t) <x<xc(1),
xc(t) X,

X Xa(t),
Xa(t) <x<xg(t),
xg(t) <x<xc(1),

xc(®) x,

169

(3.4)

(3.5)

Now we compare the computed results and the above analytical solution both for
depth and velocity, as shown in Figs. 6 and 7, respectively. Similar to the illustration in
Fig. 5, the red lines represent the analytical solutions and the computed ones are denoted

by blue cross-markers

For both dam-break problems considered in this section, the numerical solutions t
well with the exact solutions. Mesh convergence has been performed and optimal con-
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Figure 7: The velocity distributions in the wet land case | Stoker’s solution.

vergence of rst order is achieved for these non-smooth exact solutions, even if no spe-
cial treatment is performed at the wet-dry moving boundary. According to the numerical
analysis theory, the rst order we have obtained is the optimal convergence expected in
this context where analytical discontinuous solutions are available. On the strength of
this result, we can therefore safely use this strategy for more complex applications.

3.2 Quasi-1D owsonaninclined at plane: Parabolic similarity solution

One particular similarity solution in the one-dimensional case was proposed in [58] and
has been generalized in [59], where a nite mass of granular material slides along a at
plane keeping the depth distribution in a parabolic shape along the down-slope direc-
tion. In this example, a at plane with an inclination angle g =35 is considered, on
which a local coordinate system Oy, is assigned with the x-axis pointing towards the
down-slope direction, the h-axis towards the cross-slope direction and the z-axis point-
ing upwards normal to the plane. With respect to the multi-mesh-scale approximation
proposed in Section 2, this inclined at plane serves as the topography, i.e., z="hb(x,y),
over the horizontal xy-plane:

b(x,y)=(xg X)tang, with (X,y)2W.

Here, a rectangular domain W=10,4.2m] [0,1.4m]and a structured triangular mesh,
of 169 57 vertices and 11816 triangular elements, are employed.

In the coordinate system Oy, the initial depth is uniform in the h-direction and ex-
hibits a parabolic shape along the down-slope x-direction, namely

8
2
h(Gh.t=0) 2 ho 1.0 xogzﬁ for jx 0.46) 0.24, (36)
X,n,t= = . |
=
- 0.0 elsewhere,

where the ow thickness h is measured normal to the plane and hg =0.1 m is the maxi-
mum depth located at x =0.46. For the initial velocity (uy,vh) tangential to the at plane,
a linear distribution of velocity in the down-slope direction is assigned to the moving
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Figure 8: The depth evolution in the case of the similarity solution.

body, whilst no speed is given in the lateral direction. That is,

8
u (xht—O)—< Ue 1.0+0.4 X528 for jx 046 0.24,
X ! ! - - -
- 00 elsewhere, (3.7)

vh(x,h,t=0)= 0.0,

where u,, =0.8 m/s is the initial velocity of the center of the parabolic moving mass.
In the computation, the so-called earth-pressure coef cient introduced in [59] is set to
be unity, so that the center of the moving mass slides with velocity
VA t
USer (£) = Uy + ) sing;  mcosq. dt’, (3.9)

in which m is the Coulomb friction coef cient as introduced in (2.32). As time increases,
the moving body extends with respect to the center symmetrically, keeping the parabolic
shape and alinear distribution for the velocity along the down-slope direction (x-direction).
Since the total mass should be conserved, the moving body becomes atter and atter as
it extends. Fig. 8 illustrates the depth distributions at t=0.0 and 0.36 s, respectively. The
corresponding section views along the central line (y=0.7) are shown in the right panels,
in which the red lines represent the analytical solutions and the blue markers denote
the numerical predictions.

4  Application to back-calculation of a real event

The proposed method is further applied to back-calculation of a real event, the Hsiaolin
landslide, which took place during the typhoon Morakot in August 2009. Within 72
hours, an abnormal heavy rainfall of more than 2,000 mm accumulated precipitation
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Figure 9: Evolution of the ow thickness, where the area covered by the dark brown color indicates the scoured
area (source area and ow paths) at the corresponding time level. The topographic elevation is given by the
colored contours with respect to the lower color bar, and the ow thickness is given with respect to the upper
color bar. The Hsiaolin village is marked by the red line and the 590 Height is indicated by the red petagram.

triggered a large-scale landslide and the subsequent debris ow attached and buried the
Hsiaolin village in southern Taiwan. It is reported that there were more than 470 victims
in this event (see e.g., [35,60]). The post-disaster eld investigation indicates that the ma-
jor landslide body had an extent of 57 10*m? with a mean depth of 42 3 m (see [61]).

In our application, the computational domain covers an area of 3,700 m 2,210 m
with 371 222 vertices and 163,540 triangle elements in total. The applied angle of basal
friction is set at 12.5 , which lies in the range given by the empirical regression formula
for the friction coef cient [62]. In Figs. 9 and 10, the topography is depicted by the colored
contours, where the elevation ranges from 353 to 1,363 m, as indicated in the lower color
bar. Fig. 9 shows the evolution of the ow thickness at sequential time levels, where
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Figure 10: Velocity distributions of the moving mass at sequential time levels, as shown in Fig. 9. The
topographic elevation is given by the colored contours with respect to the lower color bar, and the ow speed
is given with respect to the upper color bar.

the top-right color bar indicates the corresponding thickness. The area covered by the
dark brown color represents the scoured area (source areaand ow paths) from initiation
t=0 to the time level shown at the top of each panel. The mass is released from rest, as
employed in [35] and shown in the panel at t =0 s, where the thick red line marks the
area of Hsiaolin village. Approximately at the center of the gure stands a ridge, the 590
Height marked by a red star marker, which is capable of protecting the village when the
amount of the moving mass is not too large. At t=30 s, the moving mass accumulates
in front of the 590 Height and exhibits high ow depth. Due to the abnormally huge
volume, part of the moving mass ows over the hill and towards the village (see the
panel at t =60 s). One can recognize that there are approximately three branches: the
northern branch, the middle main stream and the southern one. At this time level, the
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Figure 11: Top: the satellite image taken approximately 5 months after the event. Bottom: the computed
scoured area (brown shade area) on a coarse mesh (left) and on a ner mesh (right).

debris just touches the village, while the northern and middle ones have arrived at the
river channel. At t =90 s, the material slows down and begins to deposit, while the
main stream collects most of the material and only a small part goes through the village.
After t=120 s, the majority of the material has come to rest, and as a consequence, the
distribution of ow thickness does not signi cantly change from t=120 s to t=150s.

The corresponding velocity (speed) distributions with respect to Fig. 9 are illustrated
in Fig. 10, where the ow speed is color-coded according to the upper color bar. At t=0
s, the moving mass is released from rest. The 590 Height retards the moving debris, so
that signi cant velocity reduction can be found behind the ridge, see the panel for t =30
s. The ow front begins to deposit once it crosses the river channel and touches the river
bank (t =60 s), while the highest speed reaches 60 m/s. From t=90 s to t =150 s, the
speed generally corresponds to the local slope, and the material at the downstream area
comes nearly to rest.

The top panel of Fig. 11 is a satellite image taken ca. 5 months after the event, where
the bare area approximately depicts the ow paths, including the source scar and deposit
area. The ow-impacted areas (source scar, ow paths and deposit area) in the compu-
tation are illustrated by the brown shades in the bottom panels of Fig. 11. The left panel
shows the results as given in Fig. 9 and the right panel show the results computed with
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Figure 12: The numerical results at time t=150 s on a structured triangular mesh. Left: the ow thickness;
right: zoom on the mesh.

Figure 13: Numerical results at time t=150 s on an unstructured triangular mesh (obtained through interpola-
tion). Left: the ow thickness; right: zoom on the mesh.

a ner mesh (double the amount of vertices in each direction), where no signi cant dis-
crepancy (concerning the brown shade area) between the bottom panels is recognized. It
reveals that the solution converges with mesh-re nement. Comparing the ow impact
area (from t=0 s to t=150 s with 6 s increment and indicated by the brown shade) with
the satellite image (the bare area), the computed results cover a slightly larger area than
that in the satellite image. Especially at the northern and southern anks of the source
area, more mass slides sideways and over the ridges. This over ow is suspected to be
caused by the initial condition, in which the whole mass is suddenly released.

The results shown in Figs. 9-11 are computed with a structured triangular mesh. The
present approach is well applicable to an unstructured mesh. For ease of comparison,
Fig. 12 shows the ow thickness (left panel) at time t=150 s with a structured triangular
mesh, where the zoomed mesh pattern is shown in the right panel. The distribution of the

ow thickness at t =150 s and the employed unstructured mesh are illustrated in Fig. 13,
where the topography and initial depth are obtained by interpolation with respect to the
data used in the computations for Figs. 9 and 10. In both Figs. 12 and 13, the margin
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indicates the location of the ow thickness of 1 cm. Although discrepancy of the margin
locations for the ow thickness can be identi ed, the distributions of the material are
rather similar. In fact, even if the interpolated topography is globally similar to the initial
one, there are locally some differences that can explain the shifting in the computed wave
front. However, the global shapes and the distributions of the ow thickness are similar.

5 Concluding remarks

In the present study we have proposed a multi-mesh-scale approach for describing the
dynamic behaviors of shallow ows over complex topographies. Since the topographic
surface is of non-trivial geometry, it is virtually impossible to de ne a non-singular map-
ping that ts the basal surface everywhere. Moreover, the derivation of a global depth
average is questionable. It is for this reason that we have proposed a numerical strategy
that can be viewed asa 3D nite volume approximation of the free surface incompressible
Navier-Stokes equations. Locally, there is a single volume in the normal direction to the
basal surface. This dynamic 3D volume is de ned by a surface cell tting with the basal
topography and an averaged depth. The cell surface is obtained in the vertex-centered
framework on unstructured meshes of at triangles. The depth of the 3D volume is an
unknown of the problem. Therefore, depth average is locally found in the numerical ap-
proximation. The nal numerical scheme is based on computations of uxes found using
approximated solutions of Riemann problems.

For the simple basal geometry, we have recovered the solution of the classical dis-
cretization of the shallow water equations with optimal rate of convergence to the exact
solution. The application to the large-scale event, the Hsiaolin landslide, shows that the
numerical computation reasonably retraces the landslide paths and deposit, where sound
agreements can be identi ed with respect to the satellite picture and in-situ measurement.
As well, no expensive resources are requested for the computation. For the computation
of the Hsiaolin landslide event (371 222 vertices and 163,540 triangle elements in total)
with a single processor (core), the run time ranges from 0.8 hours (processor 3.60 GHz
Intel Core i-7-7700, 16 GB memory, Linux OS) to ca. 2 hours (processor 2.5 GHz Intel
Core i7, 16 GB memory, Mac-Book Pro). Hence, the proposed multi-mesh-scale approx-
imation has a high potential for engineering applications as it provides more exibility
in the representation of the topography. In this context, it is easier and more useful to
develop local re nement based on some speci c criteria such as curvature or geological
properties.

Although the results have shown the general applicability of the present approach,
it should be noted that it follows the depth-averaged concept, so that some important
effects or phenomena are neglected or still missing. For example, a shallow curvature
with respect to the ow thickness and the topography is required. In addition, the non-
uniform distribution of the velocity along the ow thickness is not taken into account yet.
In experiments of geophysical mass ows, either for dry granular ows or for saturated
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grain- uid debris ows where the impact of the viscosity is signi cant, the velocity pro-

les are generally non-uniform [63, 64]. This non-uniformity introduces the correction
(shape) factor (> 1) induced by the advective terms in the momentum equations, while
the non-unity value of the correction factor will change the characteristic structure of
the equation system (e.g., [65]), so that additional treatment is needed. Another issue is
the non-hydrostatic pressure, which could be induced by the non-uniform velocity pro-

le [48,49,63], grain-size-distribution [66], or the so-called enhanced gravity (excess pore

uid pressure induced by granular dilatancy) [3,37,66 68]. These neglected phenomena
might explain the employment of a small angle of basal friction in our back-calculation
for the Hsiaolin event. Two-phase models [8,10,11,27,36,39] or the more advanced multi-
phase models [12], in which the multi-component Coulomb-viscoplastic mixture consist-
ing of solid, ne-solid and uid is considered that takes into account the multi-phase
rheology, enhanced generalized drag and virtual mass forces, and Non-Newtonian vis-
cous effects, might be the plausible solution, but more parameters would be needed in
the model. As well, the erosion and deposition [2,4, 6,30, 33,34] should be integrated into
the numerical model for a more realistic scenario, where the determination of the evolu-
tion of the mesh system would play a crucial role. More efforts are requested on these
tasks and we will report on the future results in due time.
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Appendix

A.1 Surface integrals

In order to derive the nite volume scheme, we need to be able to compute integrals of
the form b4 7 7 7

r udr= U ndS; and rTde=
K e VE

1w

Tnds,, (A1)
Ve

where V{ is the considered element’s volume with its boundary V7 and T=u uU+P.
Let us recall that ® are the Cartesian coordinates, n is the outward unit normal vector in
this system of coordinates and dSg is the surface increment.
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In this context, it is more convenient to use a local surface coordinate in the evaluation
of the uxes (A.1). Thus, the transformation (2.2) will be used, which we rewrite here for
convenience:

B R =ng+hgh+Zgz,

where gy, gn and g, are the basis vectors of the local coordinate and = (x,h,z)". The
stress tensor then reads

T=Tw@ O+Ting" Oh+T.0" 0,
+Thx@" Ox+Thng" gn+Th.0" 0
+szgz gx+Tzth gh"'Tzng g;.

We also urge the reader to recall that the Jacobian of the transformation is

J= 0Ox Onh 9z,

as was introduced in (2.3). Let us now compute the integrals (A.1) on three different types
of surfaces: basal, ow and side surfaces.
On basal surfaces

In this case, the surface is only parametrized by x and h, and 8 8 =xg,+hgy. First, for
the continuity equation, we get

z 7
i =
U ndSg= U _—dx —-dh
e * x ho Tx fh
Zz
= U g,dx grdh
x_h
Zz
= u’g; gxdx gndh
h
7'z
= Ju?dxdh
X h
and
e_ZZ gX gh
a dx gndh

B X hkgx ghk 9
Z7Z
= % gxdx gnhdh

X

Z7

= Jdxdh,
x h
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where af =1/6 for the triangular shape of the local element. Then, for the momentum
equation, the associated integral is
z 7 ZZ7

_eInng= ) hI gxdx gndh = ) hI gx gn dxdh
' Z7Z

= 1Tg*dxdh.
h

X

C

On ow surfaces

Here, the surface is parametrized by x and h: 8 8 =xg,+hgn+h(t,x,h)g,. Thus, the
surface integral associated to the continuity equation becomes

Z Z 7 % % Z 7
ce x h X Th X h
Z 7
= . hU gx 9n+Thhgx 9,+9xhg; gn dxdh
Z 7
= w ¢ Twhg" T.hg* dxdh
h
7'z

= u? fshu* TnhuM sdxdh,
X h
where the relations g*=1(gn 9,),9"=1(g, 9x)andg?=g,=2(g« gn) have been used.

In addition, the stress term in the momentum equation yields
VA Zz

eInng: hI Ox 9n+Thhgx g,+Mxhg; gn dxdh

C X

ZZ
= T ¢* Twhg" 95hg* dxdh.

X h
On side surfaces

In this last case, the surface is parametrized by “ and z, such that
B 8 =Ry+° axgx+angn +29;,

with a, and an being two constants. Then, the surface integral over TVZ\{Vy, is

VA ZZ q q ZZ h i
U ndSg= U Rl —Rdz = U a0x+angn g, ddz
TVENTVE, ‘<z T 1z <z
ZZ h i
= . U a.x gx gz +a.h gh gz d‘dZ
z
ZZ
= W ag"+ang* ddz
727

= 1 ug, a+u"g, B d“dz,
‘oz
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where the normal vector A is given by
R= acg"+ang" =gn RQ"+g, AQY,

witha, = ¢ B and a, =gy A. Proceeding in the same way, we get, for any tensor T,
z ZZ Zz

TndS,=  JTAd‘dz= J g, aTg*+g, aTg" d“dz.
‘oz ‘oz

VENTVE,

A.2 Interface normal vectors on a triangular element

In practice, we have plane surfaces for which the normal vectors are constant, and for-
mulations with the covariant vectors are straightforward.

Let us consider a given element de ned by the points &;, EJ- and By, oriented as in
Fig. 14. In order to obtain a nite volume approximation, we need to be able to de ne
cell interface normal vectors. For this, on the considered triangular element, we rst
introduce the midpoints

— _Ei+EJ‘ — _Ej‘i‘Ek — _Ek+Ei
= Rk = 5 By = >
and the triangle’s centroid
— Ri+R+R
gg — i 3] k,

Figure 14: Integrated normal vectors on a triangular element.
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so that the integrated normal vectors are given by

8 Z o
% Nj= md‘= Ry Bj 0,
Zii o
ka= md'= By By O,
§ 7'k o
- Ng= Ad‘= Ry B 0,
ki
where
2 B=L B B4+ =L o2& B) (% ® 9x+20n
Rg Eij:6 B Rj+2Rk :6 Z(Rk Ri) (Ej Ri) :XT’
2 m=1 B B4om 1 - = - - Ox On
Ry Ejk:6 B B, +2R; :6 (Ek Ei) (Ej Ri) :XT’
2 BR—L B R4 =X @& = - = 20x  On
Ry Bi=p B BiHR = (R B)+2(® RB) :_XG _

A relation that will be useful to derive simpli ed expressions for the above mentioned
normal vectors is

1
angh+aygx 9; :3 angn +ay0gx gx On

1 1
:3 ax0x gn+andn gn Ox 7 andx 9n+axdx 9x On
h i
1

- 3 axgx gn+andn 9n O« andx gnt+axgx 9x 9n .
having recalled Eq. (2.3). Finally, the normal vectors are formulated in the following way:

o= (2O 8 g, = 39 20n Oh 9x+ 20x On  Gx Ox On
1) ’

6 2 6J
= (O 8 o 0cOn+0nOn Ox  Ox On+Ox Ox Gn
S 9:= 6 ,
e _ ( gn+29y) 205 Oh+0h Oh Ox+  Ox On+20x Ox On
Nyi = 6 9;= 3 .
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