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Abstract. We present Lie symmetry analysis to explore solitary wave solutions, twosoliton type solutions and three-soliton type solutions in variable-coefficient nonlinear
physical phenomena. An example is a (2+1)-dimensional variable-coefficient Bogoyavlensky-Konopelchenko (VCBK) equation. We compute the Lie algebra of infinitesimals
of its symmetry vector fields and an optimal system of one-dimensional sub-Lie algebras
of the resulting symmetries. Two stages of Lie symmetry reductions will be built to
reduce the VCBK equation to nonlinear ordinary differential equations (ODEs) and new
analytical solutions to those ODEs will be found by using the integration method. Some
of such resulting solutions to the VCBK equation and their dynamics will be illustrated
through three-dimensional plots.
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1. Introduction
The (2+1) dimensional Bogoyavlensky-Konopelchenko (BK) equation reads
w t +αw x x x +β w x x y + 6αww x + 4β ww y + 4β w x ∂ x−1 w y = 0,
∗

(1.1)
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where α and β are arbitrary constants and ∂ x−1 is the integral with respect to x, cf. [1,2,16].
For simplicity, substituting w(x, y, t) = ν x , we get
ν x t +αν x x x x +βν x x x y + 6αν x ν x x + 4βν x ν x y + 4βν y ν x x = 0.

(1.2)

Many kinds of research [7, 22] depicted that ν (x, y, t) describes the interaction of
a Riemann wave propagating along y-axis and x-axis. From our fast review, there are
many presented solutions for (1.2). Ray [15, 16] applied the Lie symmetry analysis to
present some generators through the prolongation theorem and the geometric approach,
respectively, to reduce (1.2) to ODEs and generate exact solutions. The authors in [9]
presented some modifications to Ray’s works. Besides, the authors in [23] applied the Lie
symmetry method to (1.2) and investigated its conservation laws. Some lump solutions
and interacted soliton solutions had been obtained using the Hirota bilinear method in
[5, 6, 8, 11, 12, 14, 18]. On the other hand, some authors studied the variable-coefficient
Bogoyavlensky-Konopelchenko (VCBK) equation
ν x t +α(t)ν x x x x +β(t)ν x x x y + γ(t)ν x ν x x + δ(t)ν x ν x y + θ (t)ν y ν x x = 0,

(1.3)

where α(t), β(t), γ(t), δ(t) and θ (t) are real functions in time and γ(t) = 6α(t) and
δ(t) = θ (t) = 4β(t) [5, 9, 13, 23, 24].
The authors of [1] stratified the Hirota method and Bell polynomials to demonstrate the
solitons solutions for Eq. (1.3). The interaction between solitons was demonstrated in [13]
through utilizing the unified method. Numerous research efforts explore diverse solutions
of Eq. (1.3) by various methods such as the inverse scattering method with the aid of Lax
pairs and the G ′ /G expansion technique [20–22].
In this paper, we study the VCBK equation, based on the associated Lie algebra [3, 5,
10, 19–23]. Eq. (1.3) has four obscure vectors which were demonstrated in [1], and so
we perfect the Lie vectors consisting of arbitrary functions of time through a commutative
product for different magnitudes of functions and set the same steps for constant coefficients in Eq. (1.2). Over one or two steps of reduction, several ODEs that have no square
are disbanded using the integrating factors as in [17].
In Section 2, we demonstrate three cases for Eq. (1.3). In each case, we use a different
value for α(t), β(t), γ(t), δ(t) and θ (t). We examine new solitons and other solutions for
the VCBK equation in Section 3 using new Lie vectors that we got in the previous section.
In Section 4, we finalise the action by conclusion.

2. Infinitesimal Generators of Lie Symmetries
We present three cases, in each one we use a different value of the real function in
(1.3). Through the commutative product between the resulted vectors we investigate in
each case new infinitesimals for the VCBK equation.

