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Abstract. Some efficient numerical schemes are proposed for solving one-dimensional

(1D) and two-dimensional (2D) multi-term time fractional sub-diffusion equations, com-

bining the compact difference approach for the spatial discretisation and L1 approxima-

tion for the multi-term time Caputo fractional derivatives. The stability and convergence

of these difference schemes are theoretically established. Several numerical examples

are implemented, testifying to their efficiency and confirming their convergence order.
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1. Introduction

Fractional differential equations are now frequently invoked in various scientific and

engineering applications. Physical phenomena in fields such as viscoelasticity, diffusion

processes, relaxation vibrations and electrochemistry are successfully described by differ-

ential equations involving derivatives of fractional order [1–8]. Moreover, some underly-

ing processes that cannot be described by single term time fractional partial differential

equations can be described by multi-term equations — e.g. the multi-term time fractional

diffusion-wave equation modelling various types of viscoelastic damping [9].

In this article, we provide some numerical difference schemes to solve multi-term time

fractional sub-diffusion equations of the following form [9–11]:

P(C Dt)u(x , t) = κ
∂ 2u(x , t)

∂ x2
+ f (x , t) , 0< x < L , 0< t ≤ T , (1.1)
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where κ is a positive diffusion constant and the multi-term fractional operator P(C Dt) here

is defined by

P(C Dt)v(x , t) =

 

C
0 Dαt +

s
∑

i=1

ai
C
0 D

αi

t

!

v(x , t)

with 0 < αs < · · · < α1 < α < 1 and ai ∈ R, i = 1,2, · · · , s, and C
0 Dαt denotes the Caputo

fractional derivative of order α:

C
0 Dαt v(t) =

1

Γ(1−α)

∫ t

0

v′(s)
(t − s)α

ds .

We note that Luchko [10] obtained a priori solution estimates for the generalised multi-

term time fractional diffusion equation using an appropriate maximum principle, and es-

tablished solution uniqueness by the Fourier method. Daftardar-Gejji & Bhalekar [11]

used separation of variables to solve a multi-term fractional diffusion-wave equation with

homogeneous/nonhomogeneous boundary conditions. From Luchko’s Theorem and the

equivalent relationship between the Laplacian operator and the Riesz fractional derivative,

Jiang et al. [12, 13] derived analytical solutions for both multi-term time-space fractional

advection-diffusion and multi-term modified power law wave equations, respectively.

Other authors have discussed the numerical solution of fractional partial differential

equations, including the fractional anomalous diffusion equation [14–24]. Chen et al. [14]

proved the stability and convergence of an implicit difference approximation scheme of

the fractional sub-diffusion equation using Fourier analysis. Lynch et al. [15] studied the

numerical properties of the partial differential equations of fractional order 1 < α < 2.

Yuste [16, 17] presented an explicit scheme and weighted average finite difference meth-

ods for the time fractional diffusion equation, and analysed their stability by the von-

Neumann method. Zhuang et al. [18] obtained an implicit numerical method to solve

the sub-diffusion equation by integrating the original equation on both sides, and proved

the stability and convergence of their scheme by the energy method. Zhang et al. [19]

constructed a Crank-Nicolson-type difference scheme and a compact difference scheme, to

solve the time fractional sub-diffusion equation with a Riemann-Liouville fractional deriva-

tive. They proved that these two difference schemes are unconditionally stable, and the

numerical solution converges in the maximum norm. Zhao & Sun [20] provided a box-

type scheme for solving a class of fractional sub-diffusion equation with Neumann bound-

ary conditions. Later, Ren et al. [21] proposed a compact difference scheme for the time

fractional sub-diffusion equation with Neumann boundary conditions, and proved its un-

conditional stability and global convergence to be O(τ2−α+ h4) in the discrete L2 norm.

There has also been some previous work on the numerical solution of problems with

multiple fractional derivatives. Ford et al. [25] introduced a numerical method for solving

the space-time fractional telegraph equation. Based on a quadrature formula approxima-

tion of the Caputo fractional derivative in spatial and temporal direction respectively, they

proved the scheme was conditionally stable using the Fourier method. Liu et al. [26] pro-

posed an implicit difference scheme for modified anomalous sub-diffusion equations with

a nonlinear source term, and showed its convergence is O(τ+ h2) by the energy method.


