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A T -ψ FINITE ELEMENT METHOD FOR A NONLINEAR

DEGENERATE EDDY CURRENT MODEL WITH
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Abstract. This paper is devoted to the study of a fully discrete T -ψ finite element method
based on H-decomposition to solve a nonlinear degenerate transient eddy current problem with

ferromagnetic materials. Here, the ferromagnetic properties are linked by a power material law.

We first design a nonlinear time-discrete scheme for approximation in suitable function spaces. We
show the well-posedness of the semidiscrete problem and prove the convergence of the nonlinear

scheme by the Minty-Browder technique. Finally, we suggest a fully discrete scheme, derive its

error estimate and give some numerical experiments to validate the theoretical result.
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1. Introduction

The growing industrial applications of superconducting materials increase the
necessity for accurate numerical methods and their solid mathematical analysis. To
derive a precise mathematical model, we usually use the eddy current approximation
of Maxwell’s equations by formally dropping the displacement currents:

(1)


∂B

∂t
+∇×E = 0,

∇×H = J ,

where E is the electric field, B stands for the magnetic induction, H denotes the
magnetic field and J is the current density.

Let Ω ⊂ R3 be a sufficiently large, bounded polyhedron with the connected
boundary ∂Ω. This domain consists of some simply-connected convex subdomains
occupied by ferromagnetic materials, which are denoted by Ωc with the boundary
∂Ωc. Let the complement Ωe = Ω\Ωc be the nonconducting domain. Taking into
account Ohm’s law,

J = σE,

where σ is the conductivity. We assume that σ is piecewise constants in Ωc and
vanishes outside Ωc, and there exist two constants σmin and σmax such that 0 <
σmin ≤ σ ≤ σmax in Ωc. The time-dependent magnetic variables are related as
follows:

(2) B(H) =

{
µ0

(
H +M(H)

)
in Ωc,

µ0H in Ωe,
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where µ0 denotes the magnetic permeability of free space and M stands for the
magnetization vector. One can characterize the relationship between M and H by
a material law (for some 0 < α < 1)

(3) M(H) =

{
|H|α−1H, if |H| ≤ 1,

|H|−1H, if |H| > 1.

We consider the eddy current problem (1) with magnetic and anisotropic materials.
Assume the boundary condition

H · n = 0 on ∂Ω× (0, T ]

and the initial condition

H(x, 0) = H0(x),

where n is regarded as the unit outward normal vector on ∂Ω or ∂Ωc. For physical
reasons, it is supposed that ∇ ·B(H0) = 0. Then we obtain the following initial
boundary value problem:

(4)



∂

∂t
B(H) +∇×

( 1

σ
∇×H

)
= 0 in Ωc,

∇ · ∂
∂t

(µ0H) = 0 in Ωe,

H · n = 0 on ∂Ω,

H(·, 0) = H0(·) in Ω.

The nonlinear PDEs of the type (4) have some applications in superconductors
(see [13, 14]). It is well known that high-field (hard) type-II superconductors are not
ideal conductors of electric current and are usually treated as electrically nonlinear
conductors. The process of electromagnetic field penetration in such devices is the
process of nonlinear diffusion. The equations describing the process can degenerate.
For an overview of models with some hierarchy structure we refer the readers to
[4, 10]. The magnetization of type-II superconductors in a nonstationary external
magnetic field can also be formulated in terms of a scalar p-Laplacian equation if
the magnetic field lies only in one direction. This situation has been studied in
many papers, e.g. [3, 29, 30]. Slodička applied the backward Euler scheme to this
type of equations for discretization in time and derived the error estimates for a
degenerate problem in [24] and an application in superconductors in [25]. These
error estimates for the time-discretization in both papers are suboptimal. Some
similar works can be also found in [8, 15, 19, 26].

To solve quasistationary Maxwell’s equations by the finite element methods, var-
ious formulations different in the choices of the primary unknowns are suggested,
such as, direct approaches based on the electric/magnetic field, and indirect ap-
proaches based on potential fields (e.g. the A-φ method from E-decomposition
and the T -ψ method from H-decomposition). The main difficulty in application
of nodal elements for direct approaches is that the normal component of the field
is discontinuous on the interface between different materials due to the presence of
inhomogeneous mediums, but indirect approaches can avoid it.

The T -ψ method is to decompose the magnetic field into summation of a vec-
tor potential T and the gradient of a scalar potential ψ in the simply-connected
conductors, and only the gradient of a scalar potential ψ outside the conductors
[1, 2, 6, 16, 17, 21, 33], afterward to approximate both potential fields by piecewise
polynomial functions. The T -ψ method has some advantages: First, although in-
troducing the vector and scalar potentials increases the number of unknowns and


