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Abstract

Schwarz method is put forward to solve second order backward stochastic differential
equations (2BSDEs) in this work. We will analyze uniqueness, convergence, stability and
optimality of the proposed method. Moreover, several simulation results are presented to
demonstrate the effectiveness; several applications of the 2BSDEs are investigated. It is
concluded from these results that the proposed the method is powerful to calculate the
2BSDEs listing from the financial engineering.
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1. Introduction

The search for fast and efficient schemes of the backward stochastic differential equations
(BSDEsS) is a challenging task. The study of parallel and distributed solutions is thus important.
These solutions employ two basic forms: domain decomposition and function decomposition
(task decomposition). The former is based on original BSDEs. It yields several sub-systems in
parallel, on each subdomain. The latter sub-divides the system of BSDEs into many components
(or task) to be parallelized.

Motivated by applications and probabilistic numerical methods for second order BSDEs
(2BSDEs), Cheridito et al. (2007) considered the connection between the 2BSDEs and fully
nonlinear parabolic PDEs. This connection is found through the dependence of a drift part. In
addition, Soner et al. (2012) proposed a form of 2BSDEs in connection with G-expectations
and G-martingales. We now present our discussed 2BSDEs, written by

(1.1)

ay, = —f(t, X4, Ys, Zy,T'y)dt + Z,dBy,
A7, = —Aydt —TydB,, ¢ € [0,T],

where Yr = ¢(Xr) and Zr = z. A; and T' are all measurable processes. ¢ and f are all
deterministic functions. X; is a diffusion process. B; = (B}, -,Br)T is a r-dimensional
Brownian motion. Here f(t,X;,Y:, Z:,Ty) = f(t, X4, Yy, Zi) + Tr(T¢)/2. Tt is worthy noting
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that, the system of 2BSDEs (1.1) is a special case of G-BSDEs mentioned by Hu et al. (2014).
Based on stochastic integral theory, the 2BSDESs can be listed as

T T
Yt = Qb(XT) ‘|’/ f(SaX37YS7 Z37Fs)d5 - / stBsa (1.2&)
t t
T T
iy =2 +/ A.ds +/ I'.dB,. (1.2b)
t t
With |7| = max; [t;+1 — t;|, and the partition 7 = {0 =¢( < --- < t; < --- <ty =T} on

[0,T]. YF = ¢(XT). X™ is a corresponding discretisation of X. We then have the following
time Euler discretisation of the 2BSDEs:

7r 1 Ty
th‘ = mEl [Y;flurl (Bti+1 - Bti)]v

™ 1 L u (13)
H. = mEl [Zti+1(Bti+1 - By,);

™ 1 T[T .
Af, = mEz (Zf, i€ [0, N —1],

which is similar to the works of Cheridito et al. (2007) and Soner et al. (2012). Under several
regularity conditions, a solution exists on Y, = u(t, Xt). We consider the following backward
second order parabolic PDEs on [0,7) x R", given by

Owu(t,x) + f(t,z,u(t, ), Du(t,x), D*u(t,x)) = 0, (1.4a)
u(T,2) = 6(x), (1.4D)
where z = (z!,--- ,2") € R". Here
0 9 0
8t = - Du = (Dlu), D u = (Diju), Dij = DiDj, Dz = 8 - .

ot’

x?,
Then
Y; = u(t, Xs), Z; = Du(t,X;), T'y = D*u(t,X;), Ay = LDu(t,X;)

is a solution of the 2BSDEs. The Dynkin operator £ of X is without the drift term, see also
Cheridito et al. (2007).

As to the aforementioned 2BSDEs, we give several conditions useful for the uniqueness of
solution.

(A0). For (t,z,y,2) € [0,T] x R" x Rx R, f(t,x,y,2,7) > f(t,z,y, 2,7) whenever v < 7
with 7,4 € RZ. For all ¢ € [0,7], the PDEs (1.4) satisfy the comparison principle.

(A1l). f satisfies Lipschitz condition when |[v||2 + [[Noll2 + [|Q]|2 is bounded. That is, for
fixed ¢, there exists a constant Ky (> 0) satisfying

Ky
T —t

| £t v, P @M+ No) = it PoM) | < 22 (llella + INollz + Q1 ).

(A0) constraints the viscosity of Equations (1.4). (A1) constraints the elements of f(¢,z, -, -, ),
and is a stronger consistency condition. In this case, Equations (1.4) have a solution. A u-
niqueness theorem and a simplified proof are respectively as follows.



